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ABSTRACT

Context. The appearance of blue loops in the evolutionary tracks of intermediate-mass core He-burning stars is essential for explaining
the observed characteristics of Cepheïds. The blue loops for lower mass Cepheïds cannot always be reproduced when only classical,
local mixing length theory (MLT) is used. Additionally, classical models result in a mass discrepancy compared to pulsational and
dynamical mass determinations. Both problems can be resolved through an ad hoc extension of the MLT for convection.
Aims. We use the nonlocal Kuhfuss turbulent convection model (TCM), which allows us to explain the overshooting directly by
solving the TCM equations. The primary objective of this study is to test the predictions of the Kuhfuss TCM when applied to
intermediate-mass core He-burning stars and validate the model predictions against observations of Cepheïds.
Methods. We used the state-of-the-art 1D stellar evolution code GARSTEC with the implementation of the Kuhfuss TCM and com-
puted evolutionary tracks for intermediate-mass core He-burning stars. We compared these tracks with those computed with MLT,
including and excluding ad hoc overshooting and with observations of five Cepheïds in detached binary systems obtained from the
literature.
Results. The stellar evolution tracks generated using the Kuhfuss TCM and MLT with ad hoc overshooting exhibit similar appear-
ances. Overshoot mixing from the convective boundaries and the occurrence of the Cepheïd blue-loop have been achieved naturally
as solutions to the equations of the Kuhfuss TCM. Furthermore, the evolutionary models, including the Kuhfuss TCM, have been
successful in reproducing the observed stellar parameters, including mass, luminosity, radius, and effective temperature.
Conlcusions. We successfully generated Cepheïds’ blue loops with a TCM without any fine-tuning of the involved numerical param-
eters and with overshooting predicted directly from the convection theory. Beyond the achievement of blue loops, our approach which
treats convection more physically has also been able to reproduce the observations of Cepheïds in eclipsing binary systems, with a
similar level of accuracy as MLT models with ad hoc overshooting.
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1. Introduction

Convection is one of the most important mechanisms for the
transport of energy, angular momentum, and chemical elements
within stars. It significantly impacts the stellar structure, evo-
lution, and pulsation properties. However, convection within
stars is a highly turbulent, non-linear, and time-dependent three-
dimensional (3D) phenomenon, resulting in considerable com-
putational demands. Furthermore, the implementation of 3D
turbulent convection into simplified one-dimensional (1D) cal-
culations is very challenging.

In the literature, the prevailing approach for describing
convection is the widely adopted mixing length theory (MLT
Biermann 1932; Böhm-Vitense 1958). However, MLT is time-
independent and local in nature. It considers the boundary
of convectively unstable regions (so-called Schwarzschild or
Ledoux boundary) as rigid, thus falling short in explaining
convective motions beyond this boundary. This scenario is
unphysical because when convective fluid parcels approach the
boundary with nonzero velocity, the velocity cannot drop to
zero immediately at the Schwarzschild boundary and the fluid
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parcel will penetrate some distance into the stable layers to
decelerate. Moreover, convective eddies are expected to rise
above the Schwarzschild boundary based on 3D simulations
as well as observations (e.g., Andersen 1991; Paterno et al.
1993; Caputo et al. 2000; Pietrinferni et al. 2004; Keller 2008;
Andrássy 2015; Anders et al. 2022; Higgins & Vink 2023). For
example, the standard MLT models without further additions
do not produce blue loops extended enough in the evolution-
ary tracks of classical Cepheïds (hereafter, Cepheïds) for cer-
tain masses. Cepheïds are a class of intermediate-mass pulsating
stars for which the existence and extent of the blue loops are
essential. To account for convective overshooting effects in stel-
lar models, the standard MLT can be modified. The influence
of convective eddies rising into the formally stable layers above
the Schwarzschild boundary can be mimicked by introducing
additional mixing beyond this boundary. This is a concept we
refer to as “ad hoc overshooting”. This is done either by extend-
ing the chemical mixing beyond the Schwarzschild boundary by
a certain fraction of the pressure scale height (step overshoot-
ing) or by using a diffusive process (Freytag et al. 1996), where
the diffusion coefficient decreases exponentially with the dis-
tance from the Schwarzschild boundary (exponential or diffusive
overshooting).
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The inclusion of ad hoc overshooting in MLT has suc-
cessfully produced the Cepheïd blue loops (Caputo et al.
2000; Keller 2008; Cassisi & Salaris 2011; Miller et al. 2020;
Bono et al. 2024). The parameters of this approach can be cal-
ibrated to observations. However, there is no physical justifi-
cation to generalize these parameter values, calibrated to a cer-
tain set of observations, to all possible applications. Besides, it
fails to predict the temperature gradient within the overshoot-
ing region or the extent of this region. Furthermore, due to its
time-independent nature, MLT models are not suitable for inter-
preting any dynamical process whose characteristic timescale is
comparable to that of convection. One such crucial process is
stellar pulsation. This underlines the need to incorporate more
physically grounded, numerically feasible and nonlocal theories
of convection such as a “turbulent convection model” (TCM)
into stellar structure and evolutionary and pulsation models.
TCMs are derived from the basic hydrodynamic conservation
equations, which describe the dynamics of the turbulent convec-
tive motions. Convective overshooting naturally emerges from
solving these equations without requiring any ad hoc descrip-
tions. Additionally, TCMs provide the convective flux, enabling
the prediction of the temperature gradient in the overshooting
region.

A large number of TCMs developed for stellar con-
vection can be found in the literature (Xiong 1978, 1986;
Stellingwerf 1982; Kuhfuß 1986, 1987; Canuto 1992, 1993,
1997; Canuto & Dubovikov 1998; Canuto 2011; Li & Yang
2007). These models vary in terms of the chosen variables,
approximations, and assumptions (Kupka et al. 2022, and ref-
erences therein). The TCM developed by Kuhfuß (1986,
1987) exists in two versions: the 1-equation (Kuhfuß 1986)
and 3-equation (Kuhfuß 1987) models. The original ver-
sion of the Kuhfuss TCM has undergone improvements by
Wuchterl & Feuchtinger (1998), Flaskamp (2003), Kupka et al.
(2022), and Ahlborn et al. (2022). In the present study, we use
the improved version of the Kuhfuss 1-equation TCM, which
has already been implemented into the Garching Stellar Evo-
lution Code (GARSTEC; Weiss & Schlattl 2008). For further
details on the implementation of the Kuhfuss TCM, we refer to
Flaskamp (2003), Kupka et al. (2022), Ahlborn et al. (2022) and
Braun et al. (2024). This model has already undergone thorough
testing in the context of convective cores of intermediate-mass
main-sequence stars and has demonstrated good agreement with
models using MLT with ad hoc overshooting, which were tuned
to match observations (Ahlborn et al. 2022). However, the pre-
diction of a standard solar model calculated with the Kuhfuss
1-equation TCM does not align well with the observed sound-
speed profile and the depth of the convective envelope of the Sun
(Braun et al. 2024). This discrepancy necessitates further test-
ing of the Kuhfuss TCM in stellar models across different mass
ranges and different evolutionary stages.

In the present study, we focus on testing and extending the
mixing properties of the 1-equation model and how they perform
when applied to intermediate-mass core He-burning stars, partic-
ularly Cepheïds. Cepheïds represent a class of intermediate-mass
pulsating stars in the core He-burning phase. They are particu-
larly known because of their period-luminosity relation (PLR),
which makes them excellent distance indicators (Leavitt 1908;
Leavitt & Pickering 1912; Bhardwaj et al. 2023). Besides being
crucial distance indicators, Cepheïds also provide us with ideal
stellar laboratories to test and validate stellar evolutionary and
pulsation theories because of the additional information we can
obtain about these stars due to their pulsations.

To test the 1-equation model, we made use of the “Cepheïd
mass discrepancy” problem (Stobie 1969; Cox 1980; Keller
2008), which is known to be sensitive to the treatment of con-
vection in the evolutionary models (Cassisi & Salaris 2011). The
“Cepheïd mass discrepancy” problem is a long-standing puzzle
in the field of stellar evolutionary and pulsation theories. Nev-
ertheless, this has presented us with a unique opportunity to
refine theoretical frameworks. A Cepheïd’s mass can be deter-
mined using both its evolutionary and pulsation properties. How-
ever, the Cepheïd’s evolutionary mass has been found to be sig-
nificantly higher than the pulsation mass (Stellingwerf 1982).
Cox (1980) reported this mass discrepancy to be ∼40%. The
improved opacity calculations performed by the OPAL group
(Iglesias & Rogers 1993, 1996) have reduced this discrepancy
to ∼(10−20)%. Nevertheless, it was not clear whether the evolu-
tionary mass or pulsation mass was correct until recently.

Pietrzyński et al. (2010) measured, for the first time, the
dynamical mass of Cepheïds to an accuracy of 1% for the
OGLE-LMC-CEP-0227 double line eclipsing binary system.
Their findings indicate consistency between the dynamical mass
and the pulsation mass within the margins of error. Hence, the
possible solutions for the remaining discrepancy concern the
improvement of the physics of the evolutionary model such as
convective core overshooting, mass loss, and rotational mix-
ing (Keller 2008; Neilson et al. 2011; Prada Moroni et al. 2012;
Anderson et al. 2014, and references therein). Convective core
overshooting during main sequence (MS) evolution leads to a
more massive post-MS helium core, thereby resulting in a more
luminous Cepheïd for the same mass (Cassisi & Salaris 2011).
Incorporating mass loss during the Cepheïd evolution can reduce
the stellar mass without affecting the stellar luminosity sig-
nificantly (Neilson et al. 2011). Finally, including rotation can
also increase the luminosity of the Cepheïd without increas-
ing the initial mass (Anderson et al. 2014). The model fitting
of light curves and radial velocity and radius time series of the
Cepheïd by Marconi et al. (2013) also provided an indication for
a slightly noncanonical mass-luminosity relation to be in better
agreement with observation. Thus, including these effects in evo-
lutionary models will help us to bring the evolutionary mass and
the dynamical mass into agreement. The present study focuses
on the more physical treatment of convective core overshooting.
Our goal is to test the TCM by Kuhfuß (1986) by comparing
model predictions with observations of Cepheïds in binary sys-
tems. In all cases the mass of the Cepheïd is close to 4 M� and,
thus, on the lower end of the Cepheïd mass range, where classi-
cal MLT models either do not produce blue loops or produce blue
loops that do not cross the Cepheid instability strip (cf. Fig. 1).

This paper is organized as follows. We give a brief math-
ematical overview of the Kuhfuss 1-equation model (TCM1)
in Sect. 2.1. In Sect. 2.2, we discuss the computation of stel-
lar models with TCM1 and the “ ad hoc MLT plus overshoot-
ing” approach, along with the different parameters adopted in
the calculations. Then, we compare TCM1 results with the
MLT model without and with the addition of overshooting in
Sect. 3. In Sect. 4, we explore how applying nonlocality to dif-
ferent convective boundaries in a star affects the blue loops.
Sect. 5 presents the models for the five Cepheïd binary systems
we studied (OGLE-LMC-CEP-0227, OGLE-LMC-CEP-1812,
OGLE-LMC-CEP-4506, OGLE-LMC-CEP-2532, and OGLE-
LMC-CEP-1718). We discuss the impact of the various uncer-
tainties involved in both theory and observations in Sect. 6.
Finally, our conclusions and future prospects for our findings are
presented in Sect. 7.
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2. Stellar evolutionary models with TCM

2.1. The Kuhfuss 1-equation turbulent convection model

Kuhfuß (1986, 1987) developed a TCM by applying the
Reynolds stress formalism to the fundamental hydrodynamic
equations. The TCM incorporates nonlocality and the time
dependence of convection. This allows the TCM to quantify the
extent of the convective boundary mixing (CBM) region based
on nonzero velocities as well as the temperature gradient within
this region.

The TCM of Kuhfuss exists in two versions: a 1-equation
and 3-equation model (Kuhfuß 1986, 1987). The 1-equation ver-
sion (TCM1) is the simplified version that determines the turbu-
lent kinetic energy (TKE; ω) using a single equation including
the nonlocal terms. In the stationary and local limit, the standard
MLT equations can be derived from this model. In the 3-equation
formalism (hereafter, TCM3), two additional equations describ-
ing the convective flux (Π) and the second order entropy fluctu-
ations (Φ) are considered. In the present work, we use the static
version of TCM1, including the nonlocal terms.

The equation that describes the TKE (ω) in TCM1 is given
as:

∂ω

∂t
=
∇adTΛαscp

H2
p

√
ω(∇ − ∇ad) −

CD

Λ
ω

3
2 − Fω, (1)

where ∇ and ∇ad represent the model and adiabatic temperature
gradient, respectively; then, αs is a free parameter. The variable
T corresponds to the stellar structure temperature and cp denotes
the specific heat capacity at constant pressure. The viscous dissi-
pation is described by the second term containing the free param-
eter CD, Λ is the length scale of TKE dissipation, which, in the
original version of TCM1, is the product of the pressure scale
height, Hp, and a free parameter, αΛ, which is analog to the mix-
ing length parameter in MLT. The expression for Λ was modified
by Wuchterl (1995) to account for small convective cores, where
Hp diverges, and reads in the current version of TCM1,

1
Λ

=
1

αΛHp
+

1
βr
, (2)

where r is the local radius and β is a free parameter.
The third term in Eq. (1) describes the nonlocal fluxes mod-

eled as,

Fω = −
1
ρ
∇ ·

(
αω ρΛ

√
ω∇ω

)
. (3)

This equation involves another free parameter, αω, which is used
to adjust the measure of nonlocality in the model and ρ is the
stellar density. The quantities with a bar are the spherically aver-
aged quantities. As we are interested in the static case, ∂ω

∂t is set
to zero in Eq. (1).

The main difference between TCM1 and TCM3 is that in the
derivation of TCM1 the convective flux is assumed to be propor-
tional to the entropy gradient,

Π = − αsΛ
√
ω
∂s
∂r
, (4)

where the specific entropy gradient is defined as

∂s
∂r

= −
cp

Hp
(∇ − ∇ad). (5)

Therefore, the temperature gradient from the TCM1 can be
obtained using the following equation:

∇ − ∇ad = (∇rad − ∇ad)
(
1 +

ρcpαsΛ
√
ω

κrad

)−1

, (6)

where ∇rad represents the temperature gradient when all the
energy is transported by radiation and krad is the radiative con-
duction coefficient.

We refer to the free parameters involved in the TCM1; αΛ,
αω, αs, CD, and β as TC parameters. The αΛ value was deter-
mined by a solar model calibration. A solar calibration was
used to find a model with the same radius, luminosity, and sur-
face metal to hydrogen fraction, Z�

X�
, as the present-day Sun. A

sequence of stellar models with varying initial values of Y , Z,
and αMLT or αΛ was calculated and evolved until the age of the
Sun to find the correct combination of these parameters for a
solar model. The solar calibration was done for a model with
MLT with overshooting and a model with the TCM1 using the
solar abundances as given by Grevesse & Sauval (1998). This
gave αMLT = 1.79 and αΛ = 1.78 for the model with MLT and
the model with TCM1, respectively. We note that while the αMLT
is not a part of TCM1, it is needed for the MLT evolutionary
models, which are used for comparison purposes (see Sect. 2.2).
Then, αω was set to 0.3, following Ahlborn et al. (2022) who
found this value results in a similar convective core size as that
predicted by a model with MLT including ad hoc overshooting
for a 5 M� star; αs and CD were kept as in Kuhfuß (1986, 1987),
obtained by calibrating the convective flux and convective veloc-
ity of the static and local version of TCM1 with the MLT predic-
tions (Kuhfuß 1987; Ahlborn 2022). The β value was set to 1 fol-
lowing Straka et al. (2005). The values used in the present work
are listed in Table 1. For detailed derivations and symbol defini-
tions, we refer to the works of Kuhfuß (1986, 1987), Flaskamp
(2003), Kupka et al. (2022), Ahlborn et al. (2022), Braun et al.
(2024).

2.2. Stellar evolutionary models

In this work, we computed two different sets of models. We
first compared the evolutionary tracks with different convective
approaches in Sect. 3 and then investigated how the characteris-
tics of the evolutionary tracks change if nonlocality is included
only at specific boundaries (Sect. 4). The second set of models
is computed to compare with the observations of the detached
eclipsing binaries (Sect. 5). For the first set, we computed evo-
lutionary tracks for a star of mass 5 M� from the zero-age main
sequence (ZAMS) up to the end of the core He-burning phase.
The tracks were computed using MLT alone, using MLT with
exponential overshooting as outlined in Freytag et al. (1996) and
using the TCM1. The initial model for the TCM1 was selected
from the MLT plus exponential overshooting evolutionary tracks
at the onset of the main sequence phase following Ahlborn et al.
(2022).

We adopted the free equation of state (FreeEOS) (Alan W.
Irwin) and employed OPAL opacities (Iglesias & Rogers 1996),
supplemented by low-temperature opacities from Ferguson et al.
(2005). For the results presented in Sects. 3 and 4, we chose the
mass fractions of hydrogen X = 0.7144, helium Y = 0.2671,
and metals Z = 0.0185 for the MLT models and X = 0.7152,
Y = 0.2665, and Z = 0.0183 for the TCM1 models (obtained
from solar calibration). The overshooting in the models using
MLT plus ad hoc overshooting is controlled by the parameter
fOV, which we set to fOV = 0.018. This parameter was calibrated
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Table 1. Values of turbulent convection model parameters used in this study.

Parameters Values Physical meaning Source or reference

αΛ 1.78 Turbulent length scale Solar calibrated
αω 0.3 Nonlocality Ahlborn et al. (2022)

αs
1
2

√
2
3 Entropy flux Kuhfuß (1986, 1987)

CD
8
3

√
2
3 Viscous dissipation Kuhfuß (1986, 1987)

β 1.0 Limitation of Λ Straka et al. (2005)

by fitting GARSTEC-isochrones to the color-magnitude dia-
grams of open cluster (Magic et al. 2010). For the MLT and MLT
plus overshoot calculations, the calibrated solar mixing length
parameter is αMLT = 1.79, while for the TCM1 approach, it is
αΛ = 1.78 (as described in Sect. 2.1).

For the results presented in Sect. 5, we used the same αΛ. The
parameters different from the first set-up are the initial masses
and chemical abundances, according to observational results. We
specify them in the corresponding section specific to each sys-
tem. To convert [Fe/H] to X,Y,Z, we use the following relations:

[Fe/H] = log (Z/X) − log (Z/X)�, (7)

Y = Y0 +
∆Y
∆Z

Z, and (8)

X = 1 − Y − Z, (9)

where we adopt primordial helium, Y0 = 0.2485 from
Hinshaw et al. (2013), Z�

X�
= 0.0231 from Grevesse & Sauval

(1998), and He-enrichment ratio ∆Y
∆Z = 0.98 obtained from solar

calibration. We tabulated all the [Fe/H] and the corresponding
X,Y, and Z values used in this work in Appendix A.

3. Comparison to MLT

The evolutionary tracks for a 5 M� star calculated with 1)
only MLT, 2) with MLT including ad hoc overshooting, and
3) with TCM1 are presented in Fig. 1, highlighting the dif-
ferences among the three tracks. The Cepheïd blue and red
instability strip (IS) edges plotted in Fig. 1 are taken from
Deka et al. (2024). It becomes apparent that the MLT approach
alone fails to reproduce the blue loops of Cepheïds of this
(and lower) mass. When including ad hoc overshooting, the
blue loops reappear, which can be seen from the orange line in
Fig. 1 (e.g., Prada Moroni et al. 2012). Remarkably, the TCM1
has accomplished this without requiring any finetuning of the
other involved numerical parameters. We also note that some
other input physics, such as nuclear reaction rates, rotation, and
metallicities influence the appearance of the blue loop (e.g.,
Lauterborn et al. 1971; Robertson 1971; Iben 1972; Robertson
1972; Bono et al. 2000; Xu & Li 2004; Anderson et al. 2014;
Zhao et al. 2023). Due to the larger cores on the main sequence,
the overall luminosity increases for the tracks with MLT plus ad
hoc overshooting and TCM1 as compared to that with MLT only,
thereby resolving the mass discrepancy. The extent of the blue
loop with TCM1 without finetuning the free parameters involved
is also similar to that of MLT with ad hoc overshooting models.
Achieving extended blue loops that cross the instability strip for
stars with masses closer to 4 M� and a Galactic composition is
very difficult. However, observationally, several such Cepheids
have been observed (e.g., Gallenne et al. 2018).
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Fig. 1. Comparison of the evolutionary tracks for a 5 M� star from the
Zero-Age Main Sequence to the core He-burning phase. The tracks are
computed using GARSTEC with three different convection treatments:
MLT only (gray), MLT with ad hoc overshooting (orange), and Kuhfuss
1-equation TCM (cyan). The blue and red lines represent the theoreti-
cal blue and red edges of the instability strip, respectively, as estimated
by Deka et al. (2024). The black dot represents a model with a cen-
tral helium abundance of 0.6, whose turbulent kinetic energy profile is
shown in Fig. 2.

In Fig. 2, we show the internal structure of a 5 M� star
with a convective, He-burning core computed with TCM1. This
model is marked in Fig. 1 by a black marker and has a cen-
tral helium abundance of Yc = 0.6. The upper panel of Fig. 2
displays the TKE profile as a function of fractional mass. The
lower panel shows the temperature gradients of the model and
the Schwarzschild boundary, where ∇ad = ∇rad. It can be seen
that the convective core is extended beyond the Schwarzschild
boundary, which has been achieved without any additional pre-
scription of overshooting. The temperature gradient does not
immediately drop to the radiative gradient at the Schwarzschild
boundary. It becomes sub-adiabatic at the Schwarzschild bound-
ary, but it stays very close to the adiabatic value throughout the
CBM region and only transitions to the radiative gradient just
before reaching the outer boundary of the CBM region.

A351, page 4 of 19



Deka, M., et al.: A&A, 699, A351 (2025)

10
0

10
3

10
6

10
9

TK
E,

 
 [

/
]

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
Fractional mass, /

0.25

0.30

0.35

0.40

Te
m

pe
ra

tu
re

 g
ra

di
en

t

Schwarzschild
 boundary

Fig. 2. Top: Turbulent kinetic energy profile as a function of fractional
mass for an evolutionary model of a 5 M� star computed using the
TCM1 with a central helium abundance of Yc = 0.6. Bottom: Tem-
perature gradient of the model (∇model, blue dashed line). The purple
and orange lines indicate the radiative ∇rad and adiabatic ∇ad temper-
ature gradients, respectively. The vertical gray dashed line denotes the
Schwarzschild boundary.

4. Influence of CBM at different convective
boundaries on Cepheïd blue loops

The morphology and extent of the Cepheïd blue loop are influ-
enced by several factors, such as convective core overshoot-
ing (Cassisi & Salaris 2011), rotation (Anderson et al. 2014;
Zhao et al. 2023), nuclear reaction rates (Halabi et al. 2012),
and helium and metal content (Bono et al. 2000). In this paper,
we primarily focus on the role of convection. The signifi-
cance of convective core overshooting during MS evolution is
well established in the literature (e.g., Huang & Weigert 1983;
Cassisi & Salaris 2011). Convective core overshooting not only
increases the MS lifespan but also produces a larger convec-
tive core during the core He-burning phase, thereby resulting
in a higher luminosity consistent with observations of Cepheïds
(Huang & Weigert 1983).

In this section, we discuss the effect of CBM at different
boundaries during the core He-burning phase on the blue loops
using the Kuhfuss TCM1. The CBM emerges naturally in the
solution of the equations due to the nonlocal nature of the model.
To test the effect of nonlocality during the core He-burning
phase, we first evolved a 5 M� model until the end of the MS
with nonlocality employed in the whole star. Then, at the end
of the MS, we evolved the model considering nonlocality1 at all
convective boundaries (case I), only at either the boundary of the
envelope (case II) or the core (case III) and with no nonlocality
at all boundaries in the He-burning phase (case IV) as given in
Table 2.

Cases I, II, and III result in similar extensions of the blue
loop, while Case IV leads to a shorter blue loop, as shown in
Fig. 3. From this figure, it is evident that the timescale of core
He-burning is affected by the consideration of the nonlocality of
convection which also influences the structure of the blue loop.

1 For simplicity, we use the term “nonlocal” as an abbreviation for
“nonlocal model for convection in . . . ”.

Table 2. Summary of the cases with CBM at different boundaries during
the core He-burning phase.

Core Envelope

Case I nonlocal nonlocal
Case II nonlocal local
Case III local nonlocal
Case IV local local

Models with a nonlocal He core have a longer core helium burn-
ing lifetime, as they have a larger reservoir of He to burn through.
Furthermore, all these different cases seem to slightly affect the
positioning of the second and third crossing of the blue loop in
terms of luminosity. Blue loops are also generated without non-
locality during the core He-burning phase either in the core or in
the envelope. This highlights the importance of including nonlo-
cality in the MS. However, its inclusion either in the core or in
the envelope or the whole star during the core He-burning phase
has an impact on the extension and the vertical gap between the
second and third crossings of the blue loop.

The cases shown in Fig. 3 also allow us to investigate the
influence of the nonlocal treatment of envelope convection (com-
paring the left and right panels). This treatment influences the
extent and efficiency of the first dredge-up, during which the
convective envelope penetrates progressively deeper into the for-
mer core region, mixing nuclear products of CNO-burning to
the surface. In the nonlocal case, we observe a slightly higher
helium enhancement, a more pronounced depletion of 12C, and
a lower 12C/13C ratio. However, the differences compared to the
local case remain small. For instance, the surface helium abun-
dance increases by 0.025 in the local model and by 0.029 in the
nonlocal one. Likewise, the nonlocal model exhibits a slightly
lower effective temperature, but both evolutionary tracks overlap
to a large extent, particularly in terms of the blue loop extension.
This relatively small impact is a consequence of the truncated red
giant branch (RGB) evolution in intermediate-mass stars. In con-
trast, for low-mass stars, one observable effect of overshooting
at the base of the convective envelope is the shift in the bright-
ness of the red giant bump in stellar clusters (Troisi et al. 2011;
Joyce & Chaboyer 2015; Fu et al. 2018).

5. Comparison to observations

For a more comprehensive comparison between the evolutionary
model computed using the TCM1 and observations, we selected
five detached eclipsing binary systems from Pilecki et al. (2018).
These systems consist of at least one companion which is
a Cepheïd. Because these systems are detached (Pilecki et al.
2018), single star evolutionary tracks are in principle suitable
for modeling the individual components. The stellar parameters
are obtained from binary modeling, and are listed in Table B.1
(cf. Pilecki et al. 2018). The input parameters adopted for each
system are mentioned in their corresponding subsections. We
chose slightly higher initial masses than their current dynam-
ical masses for all the systems. We utilized the same radia-
tive mass-loss rates from Reimers (1975, 1977), employing a
factor of η = 0.2 for all the systems. The metallicity has a
substantial impact on the surface properties of Cepheïds (dis-
cussed in Sect. 6). Unfortunately, precise metallicity measure-
ments are not available for any of the systems discussed in
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Fig. 3. Influence of convective boundary mixing at different boundaries during the core He-burning phase on the blue loops of a 5 M� star. During
the previous central hydrogen-burning phase the nonlocal TCM1 was applied. The four cases I-IV are indicated above the corresponding panel.
The blue and red lines represent the blue and red edges of the instability strip, respectively, as estimated by Deka et al. (2024). The core He-burning
region is color mapped by age. The green solid and dashed lines indicate the evolutionary tracks with and without nonlocality applied to the entire
evolution of the star, respectively.

this work. Most previous studies addressing the mass discrep-
ancy problem for OGLE-LMC-CEP-0227 adopted a metallicity
of [Fe/H] =−0.33 (Cassisi & Salaris 2011; Prada Moroni et al.
2012), based on the mean metallicity of the LMC. However, this
value was later refined by Romaniello et al. (2022) to −0.409,
similar to the value by Choudhury et al. (2021) of −0.42 ± 0.04.
In fact, Marconi et al. (2013) reported a significantly lower value
of [Fe/H] =−0.65 for OGLE-LMC-CEP-0227. Therefore, for all
systems analyzed in this work, we initially assumed a metallicity
of [Fe/H] =−0.5 following Gieren et al. (2015) and Pilecki et al.
(2018), changing it to lower or higher values, if we thought
this could improve the best fitting model. OGLE-LMC-CEP-
1812 was not explored with alternative metallicity values, as its
complex evolutionary discrepancies are unlikely to be resolved
through adjustments in metallicity alone.

We estimated the final parameters from the tracks by mini-
mizing the χ2 statistic, defined as:

χ2 =

N∑
i=1

(Oi − Ei)2

σ2
i

,

where
– Oi: Observed values of L/L�, Teff , and R/R� for each com-

ponent of the binary systems;
– Ei: Corresponding theoretical values predicted by the evolu-

tionary tracks;

– σi: Uncertainty associated with each observed parameter;
– N: Total number of observational constraints.

It is also important to note that in certain cases, despite achiev-
ing a minimum χ2 value, the derived parameters may seem to
deviate from the evolutionary tracks in the HRD due to the small
observed radius uncertainty dominating the χ2. The results are
summarized in Tables 3, 4, 5, 6, and 7. Note that we do not aim
for the absolutely best-fitting model. Our emphasis lies on the
comparison between reasonably well-fitting models employing
TCM or MLT plus overshooting. As such we did not, for exam-
ple, vary masses within the observed uncertainty ranges or tested
more than two metallicity values.

5.1. OGLE-LMC-CEP-0227

OGLE-LMC-CEP-0227 is the first classical Cepheïd that was
spectroscopically confirmed to be a member of an eclipsing
binary system, and for which the dynamical masses and other
physical parameters were determined (Pietrzyński et al. 2010).
They found the mass of the Cepheïd (the “primary”) and
the non-pulsating companion (“secondary”) to be very simi-
lar (4.14 ± 0.04 M�, resp. 4.14 ± 0.07 M�), such that within
the errors the mass hierarchy is not conclusive. When model-
ing this system, Cassisi & Salaris (2011) and Prada Moroni et al.
(2012) assumed that the secondary has a slightly higher mass.
Pilecki et al. (2013) estimated the fundamental properties of
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Fig. 4. Evolutionary tracks for OGLE-LMC-CEP-0227 computed using both MLT plus ad hoc overshooting (dashed lines) and TCM1 (solid
lines). The left panel shows the tracks in the radius–effective temperature (RTeff) plane, while the right panel shows them in the luminosity–
effective temperature (LTeff) plane. The observed positions in each plane are indicated by the colored stars (green for the primary, orange for the
secondary). The best-fitting models are shown by colored circles. The observational error bars are indicated in this and all other plots, but are often
comparable to or even smaller than the symbols, in particular in the (RTeff) plane. The blue and red lines in this plot represent the first overtone
Cepheïd blue and red edges taken from Deka et al. (2024). This figure is discussed in detail in Sect. 5.1.

this system with significantly improved precision as compared
to Pietrzyński et al. (2010). In their re-analysis of the orbital
solution, they claim that the mass of the companion is indeed
lower than that of the Cepheïd (4.165 ± 0.003 M� vs. 4.134 ±
0.004 M�). In Pilecki et al. (2018) they reported the masses to
be 4.15 ± 0.03 M� and 4.06 ± 0.03 M� for the Cepheïd and its
companion. We adopted the values by Pilecki et al. (2013) for a
first set of models (see Table 3).

The adopted initial masses are Mp = 4.195 M� and Ms =
4.165 M� for the primary and secondary, respectively, in order to
account for the mass lost in earlier evolutionary phases. We first
adopted for these calculations a metallicity of [Fe/H] = −0.5.
The resulting tracks are shown in Fig. 4. The left panel shows the
tracks in the R−Teff , and the right panel in the L−Teff plane. Both
sets of evolutionary tracks consistently predict effective tempera-
tures, luminosities, and radii that agree with the observed values.
The Cepheïd component occupies the Cepheïd IS, whereas the
non-pulsating companion is outside the IS.

While our models nicely reproduce the location in the HRD
for both components, with the selected mass values the evolu-
tionary state of the stars is inconsistent because the secondary
(of lower mass, but same age) appears to be further evolved.
This contradicts basic stellar physics, and was probably the rea-
son why the authors of previous studies used an inverted mass
ratio. We followed this approach as well and assigned tenta-
tively the higher mass to the secondary and the lower one to
the Cepheïd. The resulting evolutionary tracks are shown in
Fig. C.1. The parameters of the models are also given in Table 3
under the label of “model with inverted mass ratio”. Now, the
locations along the tracks are consistent with the more mas-
sive star being already in a more advanced phase of evolution.
We suggest further mass determinations to clarify this relevant
issue.

Since this, as all other systems we considered, lacks a precise
metallicity estimate, we further computed evolutionary tracks for
this system, slightly lowering the metallicity to [Fe/H] = −0.6,
keeping the mass assignments as in the first case. The param-

eters of the resulting models that now reproduce the observed
locations in the diagrams of Fig. D.1 are also given in Table. 3,
labeled as the “low-metallicity model.” Also, in this case, the
more massive star is the less evolved component.

An alternative solution to the problem could be of theoreti-
cal nature. For the original mass assignments, one could assume
that the luminosity of our models might be too low by about
0.1 dex, and therefore both the ad hoc overshooting approach
and our TCM1 model are both underestimating the size of the
mixed core. In this case (shifting the tracks in Fig. 4 upward),
the Cepheïd would lie on the lower blue loop branch, while the
less massive non-pulsating companion would be close to enter-
ing it from the red, thereby being in agreement with theoreti-
cal expectations for the standard mass hierarchy. This could be
achieved by increasing the nonlocal parameter, αω, of the TCM1
which would increase the convective core size on the MS and
in turn lead to a higher luminosity in the core He-burning phase
(Fig. B.2 in Ahlborn et al. 2022).

However, given the current constraints on the metal-
licity, it is also difficult to determine whether a different
value of αω is really needed or whether the mismatch is
just an effect of an incorrect metallicity. Considering the
assumptions of the TCM1, we expect the same TC param-
eter values to apply to different systems. In conclusion,
even this system, which has been modeled several times
in the literature, is not free of open questions. It contin-
ues to pose challenges in both observational and theoretical
studies.

5.2. OGLE-LMC-CEP-1812

OGLE-LMC-CEP-1812 is the second classical Cepheïd known
to exist in an eclipsing binary system. The metallicity is taken
to be [Fe/H] = −0.33 following Pietrzyński et al. (2011). We
adopted the initial masses for the primary and secondary com-
panion as 3.775 M� and 2.635 M�, respectively. The tracks are
displayed in Fig. 5. Interestingly, the Cepheïd is found to be
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Table 3. Stellar parameters obtained for the components of the OGLE
LMC-CEP-0227 system from the evolutionary tracks are listed below.

Parameters Initiala Finalb Observations

Mp/M� 4.195 4.166 4.165 ± 0.032
Ms/M� 4.165 4.136 4.134 ± 0.037
Rp/R� 34.86 34.92 ± 0.29
Rs/R� 44.71 44.85 ± 0.34
log (Lp/L�) 3.136 3.158 ± 0.049
log (Ls/L�) 3.082 3.097 ± 0.047
Teff,p (K) 5953 6050 ± 160
Teff,s (K) 5093 5120 ± 130
agep (Myr) 158.18
ages (Myr) 161.13
[Fe/H] −0.5
χ2

p 0.76
χ2

s 0.56
Model with inverted mass ratio

Mp/M� 4.165 4.137 4.165 ± 0.032
Ms/M� 4.195 4.166 4.134 ± 0.037
Rp/R� 34.84 34.92 ± 0.29
Rs/R� 44.85 44.85 ± 0.34
log (Lp/L�) 3.124 3.158 ± 0.049
log (Ls/L�) 3.099 3.097 ± 0.047
Teff,p (K) 5912 6050 ± 160
Teff,s (K) 5138 5120 ± 130
agep (Myr) 160.84
ages (Myr) 158.44
[Fe/H] −0.5
χ2

p 1.13
χ2

s 0.15
Low-metallicity model

Mp/M� 4.195 4.165 4.165 ± 0.032
Ms/M� 4.165 4.134 4.134 ± 0.037
Rp/R� 34.96 34.92 ± 0.29
Rs/R� 44.97 44.85 ± 0.34
log (Lp/L�) 3.169 3.158 ± 0.049
log (Ls/L�) 3.129 3.097 ± 0.047
Teff,p (K) 6058 6050 ± 160
Teff,s (K) 5220 5120 ± 130
agep (Myr) 154.38
ages (Myr) 157.50
[Fe/H] −0.6
χ2

p 0.26
χ2

s 1.09

Notes. Here, M, R, L, and Teff refer to mass, radius, luminosity, and
effective temperature, respectively. The subscripts p and s refer to the
primary and secondary components, respectively. (a)Initial parameters
considered to compute the evolutionary tracks. (b)Obtained parameters
from the computed evolutionary tracks.

in the first crossing of the IS similar to the previous studies
(e.g., Neilson et al. 2012), which is a rare phenomenon as typ-
ically only a few percent of the Cepheïds should be found at

Table 4. Stellar parameters obtained for the components of the OGLE
LMC-CEP-1812 system from the evolutionary tracks are listed below.

Parameters Initiala Finalb Observations

Mp/M� 3.78 3.76 3.76 ± 0.03
Ms/M� 2.64 2.62 2.62 ± 0.02
Rp/R� 17.90 17.85 ± 0.13
Rs/R� 11.80 11.83 ± 0.08
log (Lp/L�) 2.66 2.61 ± 0.04
log (Ls/L�) 1.94 1.95 ± 0.04
Teff,p (K) 6307 6120 ± 150
Teff,s (K) 5147 5170 ± 120
agep (Myr) 186.57
ages (Myr) 471.47
[Fe/H] −0.33
χ2

p 1.78
χ2

s 0.42

Notes. The symbols have the same meanings as Table 3. (a)Initial param-
eters considered to compute the evolutionary tracks. (b)Obtained param-
eters from the computed evolutionary tracks.

this stage. This is because the intermediate-mass and massive
stars evolve on a thermal timescale after they exhaust the hydro-
gen in their cores (cf. Gautschy 2022). Also, another crucial
aspect of this system is that, as in the case of OGLE-LMC-CEP-
0227, the less massive companion appears to be more evolved
than the Cepheïd, independently of whether it is at the end of
the first crossing or already in core He-burning. Neilson et al.
(2015) modeled this system using MLT plus overshooting. They
also found that the Cepheïd is located on the first crossing of
the IS and that the companion is further evolved than the more
massive Cepheïd implying that both stars reach their observed
radii at different ages. Indeed, the ages of our best-fitting mod-
els differ far more than any uncertainty in the observed param-
eters could explain. One explanation put forward for this age
anomaly is that this system originally was a triple system, and
the Cepheïd evolved from the merger of two MS stars. Another
possible explanation is that the observed age difference could be
attributed to mass transfer between the binary system’s two com-
ponents. In both cases, the assumption of single star evolution
for both components is unjustified, except when the interaction
happened already in the earliest MS phase. More investigation
is needed to put constraints on this. However, we note that the
scope of this project is to test the TCM1. We find that again we
obtain the same result with the TCM1 as the typical MLT plus
overshooting approach, and that our results are consistent with
Neilson et al. (2015).

5.3. OGLE-LMC-CEP-4506

This highly excentric binary system was analyzed by
Gieren et al. (2015)2. While both companions appear to be in
the IS, the secondary with a mass of 3.52 M� is not pul-
sating. The primary is a slightly more massive Cepheïd of
3.61 M�. Both components have very similar effective temper-

2 Originally called OGLE LMC 562.05.9009.
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Fig. 5. Same as Fig. 4, but for the OGLE-LMC-CEP-1812 system. This figure is discussed in detail in Sect. 5.2.

atures3, determined by Pilecki et al. (2018) to be 6120 ± 160 K
and 6070 ± 150 K, for the primary and secondary, respec-
tively. We computed the evolution for each of the stars in the
OGLE-LMC-CEP-4506 system with initial masses of 3.63 M�
(Cepheïd) and 3.54 M� (non-pulsating companion), and a metal-
licity [Fe/H] of −0.5 (Fig. 6). The slightly more massive pri-
mary appears to be located on the upper branch of the blue
loop (see in particular the left panel of Fig. 6), and is there-
fore more evolved, as to be expected. Gieren et al. (2015) mod-
eled this system using MLT plus overshooting and found a
similar result, but speculate that a better determination of Teff

could place the secondary outside the red edge of the IS. This
appears to be unlikely, as the observed temperature is too high
and the later re-determination by Pilecki et al. (2018) basically
confirmed the earlier values, although, due to the very long
orbital period of 1550 days, acquiring well-distributed spectro-
scopic data presents a significant challenge. Further observa-
tions are probably needed for this system to put precise con-
straints on its stellar parameters (Pilecki et al. 2018). Our chosen
metallicity is identical to the one used by Pilecki et al. (2018),
although it appears to be too low compared to the average LMC
value of [Fe/H] = −0.42 by Choudhury et al. (2021). The best-
fit models from this set of tracks exhibit luminosities that are
approximately ∼2σ lower than the observed values. Therefore,
we further computed another set of evolutionary tracks with the
same initial masses but with an even lower metallicity value
of −0.6 (Fig. D.2). We obtained a marginally lower χ2 for this
set of calculation, but otherwise the same result. In both cases,
the best-fitting models differ by about 6% in age, which is
slightly more than the range allowed by the uncertainty in mass
(1% for both stars).

We note that computations with MLT plus ad hoc over-
shooting lead to a slightly better agreement between the evo-
lutionary tracks and the observations (see Fig. D.2) due to
a larger convective core size on the MS (see Ahlborn et al.
2022, their Fig. 7). This also could be achieved in the
TCM model by increasing αω, as discussed in Sect. 5.1.
The difference between the tracks is however much smaller

3 The observed effective temperature indicates the mean effective tem-
perature over a pulsation cycle.

than compared to MLT without overshooting, as mentioned
before.

5.4. OGLE-LMC-CEP-2532

OGLE-LMC-CEP-2532 is a binary system with a first overtone
Cepheïd as the primary component and a non-pulsating star
as the secondary component. Its orbit was first analysed by
Pilecki et al. (2015) and later revised by Pilecki et al. (2018).
We used the latter results for the stellar parameters. The
Cepheïd in this system has the most accurate dynamical mass
(3.98 ± 0.10 M�) determined for a first overtone Cepheïd. The
secondary, non-pulsating companion is slightly less massive
(3.94 ± 0.09 M�), although within the errors, their masses
could also be equal. We adopted initial masses of 4.05 M� and
3.95 M�, respectively, and as before two metallicity values:
[Fe/H] of −0.5 and −0.6 (see Table 6). The tracks corresponding
to −0.5 are shown in Fig. 7, and those for −0.6 are shown
in Fig. D.3. Both stars can be modeled almost exactly in
the corresponding R-Teff and HR diagrams. The primary is
already on the third crossing of the blue loop for both sets
of models. For the lower metallicity, [Fe/H] = −0.6, the
secondary is still on the lower RGB, at the onset of core
He-burning. For [Fe/H] = −0.5 it may be in this phase, too, or
has already entered the lower branch of the loop. The evolution-
ary age differences of the two components of the best-fitting
models are ∼1 and 7 Myrs, respectively, for the higher and
lower metallicity. This is well within the mass uncertainty.
The χ2 value is found to be minimal for [Fe/H] =−0.5.
This is one of the best theory-consistent systems in
this work.

5.5. OGLE-LMC-CEP-1718

OGLE-LMC-CEP-1718 consists of two first-overtone (FO)
Cepheïds. It was first detected by Soszyński et al. (2008) and
spectroscopically confirmed by Gieren et al. (2014). It is the first
ever detected binary system which consists of two FO Cepheïds,
and presents a unique opportunity to test both evolutionary and
pulsation models. Here, the primary component is slightly more
massive than the secondary 4.27 vs. 4.22 M�, yet both have
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Fig. 6. Same as Fig. 4, but for OGLE-LMC-CEP-4506 system with [Fe/H] = −0.5. This figure is discussed in detail in Sect. 5.3.
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Fig. 7. Same as Fig. 4, but for the OGLE-LMC-CEP-2532 system, for a metallicity of [Fe/H] = −0.5. This figure is discussed in detail in Sect. 5.4.

similar effective temperatures, being within 40 K at an uncer-
tainty of 150 K (see Table 7). Interestingly, the secondary com-
ponent exhibits higher luminosity than the primary, which sug-
gests that the secondary, despite its lower mass, is in a more
advanced evolutionary stage. This again contradicts basic stel-
lar physics, where the more massive star is expected to evolve
more quickly. However, within the quoted mass uncertainty of
0.04 M� the mass hierarchy could also be inverted, reconciling
observations with theoretical expectations for the evolution of
two non-interacting single stars.

For this system, we adopted initial masses of 4.28 M� and
4.24 M�, and considered three metallicity values: [Fe/H] =−0.5,
−0.6 and −0.3 (the motivation for the highest value is given
below). The evolutionary tracks corresponding to these metal-
licities are shown in Figs. 8, D.4 and D.5, respectively. While
the secondary component’s observed parameters align well with
theoretical predictions with metallicity [Fe/H] =−0.6, there is a
mismatch in radius and luminosity between the observed and
predicted parameters for the primary Cepheïd. Increasing the

metallicity will shift the evolutionary track to lower luminosity
thereby reducing the difference between observation and models.
The result of this calculation is shown in Appendix D.5. We note
that in all three metallicity cases, the observed parameters are
recovered within 2σ. However, the age differences are incom-
patible with the uncertainties in mass for all metallicities, but
lowest in the [Fe/H] =−0.3 case (Table 7).

The radius or luminosity difference between the two objects
is too large to assume that they are both in the blue loop phase,
but in different crossings, as the lower and upper branches are
too close to each other at the objects’ temperature. Rather, radii
or luminosities suggest that one star is on the first crossing, and
the other one in the loop. Furthermore, the secondary is moving
blueward, based on period change measurements (Pilecki et al.
2018), which is a further indication that the secondary is actu-
ally on the second crossing (lower loop branch). Together with
a mass inversion, this would yield consistency with theory. For
the lowest metallicity, [Fe/H] =−0.6, we indeed find that one star
is on the first crossing, while the other is in the loop (Fig. D.4).
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Table 5. Stellar parameters obtained for the components of the OGLE
LMC-CEP-4506 system from the evolutionary tracks are listed below.

Parameters Initiala Finalb Observations

Mp/M� 3.63 3.61 3.61 ± 0.03
Ms/M� 3.54 3.52 3.52 ± 0.03
Rp/R� 28.4 28.5 ± 0.2
Rs/R� 26.2 26.4 ± 0.2
log (Lp/L�) 2.89 3.01 ± 0.05
log (Ls/L�) 2.86 2.93 ± 0.05
Teff,p (K) 5743 6120 ± 160
Teff,s (K) 5850 6070 ± 150
agep (Myr) 222.59
ages (Myr) 236.38
[Fe/H] −0.5
χ2

p 3.25
χ2

s 2.14
Low-metallicity model

Mp/M� 3.63 3.61 3.61 ± 0.03
Ms/M� 3.54 3.52 3.52 ± 0.03
Rp/R� 28.4 28.5 ± 0.2
Rs/R� 26.4 26.4 ± 0.2
log (Lp/L�) 2.94 3.01 ± 0.05
log (Ls/L�) 2.90 2.93 ± 0.05
Teff,p (K) 5891 6120 ± 160
Teff,s (K) 5982 6070 ± 150
agep (Myr) 216.98
ages (Myr) 230.23
[Fe/H] −0.6
χ2

p 2.04
χ2

s 0.81

Notes. The symbols have the same meanings as Table 3. (a)Initial param-
eters considered to compute the evolutionary tracks. (b)Obtained param-
eters from the computed evolutionary tracks.

Pilecki et al. (2018) also commented on this problem, suggesting
physical effects like rotation or overshooting as possible solu-
tions. However, given the very similar masses, such physical
effects should be similar in both stars.

These problems may stem from the complex nature of the
system, as both components are pulsating variables, making light
curve modeling particularly challenging. Additionally, the sys-
tem presents further difficulty since only one shallow eclipse is
visible in each cycle. As a result, the parameters derived from
light curve modeling rely on several assumptions and are subject
to significant uncertainty.

6. Summary and discussion

The evolutionary tracks, particularly the blue loops and lumi-
nosity levels of Cepheïds, are highly sensitive to variations of
the model parameters and assumptions set on the input physics.
As is known and as we have shown, CBM is a crucial process
that needs to be included in evolutionary models to successfully
model Cepheids, particularly for reproducing the correct lumi-
nosity at a given stellar mass. In general, MLT plus overshooting

Table 6. Stellar parameters obtained for the components of the OGLE
LMC-CEP-2532 system from the evolutionary tracks are listed below.

Parameters Initiala Finalb Observations

Mp/M� 4.05 4.02 3.98 ± 0.10
Ms/M� 3.95 3.93 3.94 ± 0.09
Rp/R� 29.0 29.2 ± 1.4
Rs/R� 38.1 38.1 ± 1.8
log (Lp/L�) 3.09 3.10 ± 0.06
log (Ls/L�) 2.84 2.84 ± 0.09
Teff,p (K) 6351 6350 ± 150
Teff,s (K) 4799 4800 ± 220
agep (Myr) 171.36
ages (Myr) 171.12
[Fe/H] −0.5
χ2

p 0.20
χ2

s 0.02
“low-metallicity model”

Mp/M� 4.05 4.02 3.98 ± 0.10
Ms/M� 3.95 3.94 3.94 ± 0.09
Rp/R� 29.1 29.2 ± 1.4
Rs/R� 38.1 38.1 ± 1.8
log (Lp/L�) 3.09 3.10 ± 0.06
log (Ls/L�) 2.83 2.84 ± 0.09
Teff,p (K) 6349 6350 ± 150
Teff,s (K) 4776 4800 ± 220
agep (Myr) 163.86
ages (Myr) 157.38
[Fe/H] −0.6
χ2

p 0.14
χ2

s 0.14

Notes. The symbols have the same meanings as Table 3. (a)Initial param-
eters considered to compute the evolutionary tracks. (b)Obtained param-
eters from the computed evolutionary tracks.

models are adequate for predicting the observations of Cepheïds.
However, the exact amount of overshooting required to explain
individual cases remains uncertain and the free parameter in the
overshooting prescription needs to be determined. Our aim in
this study was to improve the modeling of convection and to
provide a more physically grounded approach to treating non-
locality. We have included slight mass loss in our models, but
we have not concentrated on varying its amount, nor considered
other potentially influential effects such as rotation.

While the mass and radius of the five Cepheïd systems we
modeled are known with a high level of precision, their metal-
licity is rather uncertain. The influence of metallicity is demon-
strated in the top left panel of Fig. 9, where we present the evo-
lutionary tracks for a 5 M� star corresponding to three different
metallicity values ([Fe/H] = −0.6,−0.3, 0.0). Metallicity has a
significant impact on the luminosity of the tracks, the tempera-
ture along the RGB, and the extent of the blue loops, particularly
when we transition from the metal-poor to the metal-rich mod-
els (from [Fe/H] = −0.6 to 0.0 ). These effects mainly originate
from the evolution on the main sequence, where more metal-rich
stars are cooler and fainter than their metal-poor counterparts,
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Fig. 8. Same as Fig. 7, but for the OGLE-LMC-CEP-1718 system with [Fe/H] = −0.5. This figure is discussed in detail in Sect. 5.5.

due to the higher opacities. This well-known and global effect
pertains throughout the evolution and explains the trends seen
in the upper left panel of Fig. 9: the RGB parts of more metal-
poor models are slightly hotter, loops more extended, while the
radii somewhat larger. However, the influence of metallicity on
the details and extent of the blue loop is not as clear and not nec-
essarily monotonic (Salaris & Cassisi 2005, cf. their Figs. 6.10
and 6.11). As an example, we refer to the discussion in Sect. 5.5,
where a higher metallicity than usually assumed leads to a fainter
track, locates the Cepheïd component on the second crossing and
thereby allows for a better fit (compare Figs. 8 and D.5). Under-
standing the details of the influence of metallicity will require
a detailed investigation, which is beyond the scope of this work.
Nonetheless, the evolution of Cepheïds during core helium burn-
ing is obviously highly sensitive to their metallicity.

We also tested the influence of the parameters of TCM1 (see
Sect. 2.1). In the top right panel of Fig. 9, we present the evo-
lutionary tracks for a 5 M� star with [Fe/H] = 0.0 by vary-
ing the αΛ parameter. This parameter has very little impact on
the extent and luminosity of the blue loops. It mainly increases
the RGB temperature as we increase the value of αΛ. This is
similar to the effect of the mixing-length parameter of MLT
models. Next, we show the impact of αω on the evolutionary
track of a 5 M� star with [Fe/H] = 0.0 in the lower panels
of Fig. 9. This parameter determines the extent of the over-
shooting region as it indicates the impact of the nonlocal flux
of the TKE (Ahlborn et al. 2022). Hence, this parameter has a
strong influence on the extent and luminosity level of the blue
loops (lower left panel). Larger αω values lead to a larger core
and an overall higher luminosity. It also decreases the extent
of the blue loop. This behavior is analogous to the effects of
the overshooting parameter in MLT models. The extent of the
blue loop can be primarily characterized by the core poten-
tial (≈core mass divided by the core radius) (Kippenhahn et al.
2013). A smaller value of this ratio results in a more extended
blue loop and vice versa. Overshooting on the main sequence
increases this ratio with a rising nonlocal parameter, αω, or
overshooting parameter fOV and, consequently, results in a less
extended blue loop. Fixing αω during the MS phase and vary-
ing it only in the post-MS phase has a minimal impact on the
blue loops (lower right panel). Thus, nonlocality on the MS has

the largest impact on the emergence of a blue loop. A detailed
investigation of the influence of each of these parameters in the
various evolutionary phases goes beyond the purpose of this
study; and therefore only metallicity, as an observational param-
eter, was varied, when we compared our models to observed
Cepheïds.

Out of the five systems tested, our models successfully repro-
duced the observations for OGLE-LMC-CEP-0227 and OGLE-
LMC-CEP-2532. The fact that these two systems have the most
precisely estimated parameters highlights the importance of
observational precision for a better understanding and tighter
constraints on the underlying evolutionary physics. For the other
three systems, we found similar problems in obtaining the cor-
rect values from the models as reported for modeling efforts done
with MLT plus overshooting.

The Cepheïd of the OGLE-LMC-CEP-1812 system is pre-
dicted to be in a very short-lived stellar evolutionary phase,
which is not impossible but rather unlikely. Additionally, the
less massive, non-pulsating companion is found to be in a more
advanced evolutionary stage. This may point to a complex binary
evolutionary scenario, potentially involving mass transfer, binary
mergers, or other interactions, a detailed investigation of which
is beyond the scope of this paper (Neilson et al. 2015). In this
case, our treatment of two single stars evolving independently
would not be applicable.

In the case of OGLE-LMC-CEP-4506, there is a possibil-
ity of a large uncertainty in estimating the effective temperature
from observations due to its relatively long orbital period. Cur-
rently, the MLT plus overshooting model appears to fit this sys-
tem better than TCM1, as it predicts a slightly higher luminos-
ity. However, this conclusion is also uncertain, given the lack of
precise metallicity estimates for any of the binary systems con-
sidered in this study. We discuss this further below.

Neither one of our models are able to simultaneously fit the
observations for both components of OGLE-LMC-CEP-1718.
Given that both stars in this system are pulsating, the complex-
ities in their light curve modeling may have introduced uncer-
tainty in the estimated parameters (also see Pilecki et al. 2018).
A possible alternative to fitting both stars with the same metal-
licity (∼−0.3 as in Fig. D.5) involves widening the gap between
the second and third crossings in terms of luminosity. This could
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Fig. 9. Evolutionary tracks of a 5 M� Cepheïd for varying metallicity, dissipation length parameter, αΛ, and nonlocal parameter, αω. The variations
of the metallicity and αΛ are shown in the top left and right panel, respectively. In the lower left panel, αω is varied in the whole evolution of the
star, while in the lower right panel, αω is only varied in the post-main sequence evolution. Parameters other than the ones indicated are kept at their
default values.

be achieved with a suitable choice of free parameters in TCM1.
As shown in Fig. 3, considering nonlocality in different regions
of the stars alters this gap, suggesting that tuning the parameters
might offer a solution. In the future, a thorough parameter study
of the free parameters of the TCM1 could help in improving the
models to provide a better match to observations and also to find
the ideal parameter set to use with stellar models.

Another important future aspect of this study will be esti-
mating a mass-luminosity relation for Cepheïds based on evolu-
tionary models incorporating TCM1. This mass-luminosity rela-
tion is crucial for constructing pulsation model grids. In previous
studies, the mass-luminosity relation is based on MLT plus over-
shooting evolutionary models (Bono et al. 2000; Anderson et al.
2014), which is a time-independent convection theory and the
overshooting is an ad hoc, empirical fix for the shortcomings
of the local MLT. However, for pulsation calculations, we need a
nonlocal and time-dependent convection treatment. For example,
mesa-rsp uses a modified version of the Kuhfuß (1986) model.
As a result of these differing convection treatments, it remains
challenging to directly continue pulsational model computations

from the envelope of evolutionary models (Paxton et al. 2019).
Moreover, the light curve structures of radially pulsating stars are
highly sensitive to the convection treatment in their envelopes. In
our future work, we aim to explore the integration of TCM3 into
both the evolutionary and pulsation models of radially pulsating
stars. We anticipate that this approach could improve our abil-
ity to model the observed properties of these stars with greater
accuracy, although its effectiveness will depend on how well the
TCM3 captures the underlying physical processes.

7. Conclusions

The evolutionary tracks of Cepheïds, especially the appearance
of the blue loops, are highly sensitive to the input physics of the
stellar models. In combination with the highly accurate obser-
vations of binary systems, this makes Cepheïds ideal laborato-
ries to test new physics of stellar evolutionary models. In this
study, we used the observations of Cepheïds in eclipsing binary
systems to test the predictions of the TCM1 convection model
(Kuhfuß 1986, 1987). Furthermore, we investigated the influ-
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Table 7. Stellar parameters obtained for the components of the OGLE
LMC-CEP-1718 system from the evolutionary tracks are listed below.

Parameters Initiala Finalb Observations

Mp/M� 4.28 4.25 4.27 ± 0.04
Ms/M� 4.24 4.21 4.22 ± 0.04
Rp/R� 29.6 27.8 ± 1.2
Rs/R� 32.6 33.1 ± 1.3
log (Lp/L�) 3.16 3.04 ± 0.06
log (Ls/L�) 3.15 3.18 ± 0.06
Teff,p (K) 6506 6310 ± 150
Teff,s (K) 6231 6270 ± 160
agep (Myr) 147.06
ages (Myr) 154.14
[Fe/H] −0.5
χ2

p 2.66
χ2

s 0.52
Low-metallicity model

Mp/M� 4.28 4.27 4.27 ± 0.04
Ms/M� 4.24 4.21 4.22 ± 0.04
Rp/R� 25.8 27.8 ± 1.2
Rs/R� 33.2 33.1 ± 1.3
log (Lp/L�) 2.92 3.04 ± 0.06
log (Ls/L�) 3.18 3.18 ± 0.06
Teff,p (K) 6127 6310 ± 150
Teff,s (K) 6276 6270 ± 160
agep (Myr) 131.24
ages (Myr) 150.06
[Fe/H] −0.6
χ2

p 2.75
χ2

s 0.09
High-metallicity model

Mp/M� 4.28 4.26 4.27 ± 0.04
Ms/M� 4.24 4.21 4.22 ± 0.04
Rp/R� 28.9 27.8 ± 1.2
Rs/R� 32.4 33.1 ± 1.3
log (Lp/L�) 3.11 3.04 ± 0.06
log (Ls/L�) 3.13 3.18 ± 0.06
Teff,p (K) 6444 6310 ± 150
Teff,s (K) 6158 6270 ± 160
agep (Myr) 147.91
ages (Myr) 156.14
[Fe/H] −0.3
χ2

p 1.77
χ2

s 1.18

Notes. The symbols have the same meanings as Table 3. (a)Initial param-
eters considered to compute the evolutionary tracks. (b)Obtained param-
eters from the computed evolutionary tracks.

ence of CBM on the structure and evolution models of Cepheïds,
by testing how the blue loop changes if we apply CBM only at
specific boundaries, followed by a parameter study of the most
important free parameters of the TCM1.

We show above that the solution of the TCM1 equation
without any external descriptions or any finetuning of the
numerical parameters involved predicts the overshooting zone
beyond the Schwarzschild boundary. This leads to the emer-
gence of blue loops in the evolutionary tracks of intermedi-
ate mass stars, which is a necessity to explain the observations
of Cepheïds.

We do find that the inclusion or neglect of nonlocality at dif-
ferent boundaries in the post-MS evolution slightly modifies the
morphology and extent of the blue loops (see Fig. 3). However,
the nonlocality in the MS phase seems to be most decisive for
the emergence of a blue loop. Furthermore, the model effectively
constrains the temperature gradient in the overshooting zone,
which the ad hoc overshooting in MLT implementation can-
not predict. However, as shown by Braun et al. (2024), TCM1
struggles to accurately model the temperature stratification in the
solar convective envelope. The application of TCM3 is expected
to model convection more accurately in the envelopes of 1D stel-
lar evolutionary models (Braun et al. 2024).

The problem of the “Cepheïd mass discrepancy” has long
stood as a challenging puzzle in astrophysics. One proposed
solution that has been put forward to solve this discrepancy con-
cerns the size of the MS convective core (Sect. 4). Previously,
this had been addressed by incorporating overshooting in an
ad hoc manner (e.g., Cassisi & Salaris 2011; Prada Moroni et al.
2012). This mainly involves adjusting the overshooting param-
eters to match observations without considering the underlying
physics of convection. The comparison of TCM1 models to the
observations of five Cepheïd systems shows that TCM1 repro-
duces the observations with a similar level of accuracy as MLT
models, including ad hoc overshooting. This is achieved without
any finetuning of the TMC1 model parameters.

Comparing the evolutionary tracks in Figs. 4–8, it is apparent
that the TCM1 blue loops are slightly more extended and that the
luminosity of the TCM1 models is generally lower than for the
MLT plus overshooting tracks. This difference increases slightly
with decreasing mass, even if the mass range of the Cepheïds
investigated here is rather limited. These luminosity differences
could probably be minimized or even eliminated by fine-tuning
the αω parameter. However, our primary focus is on reproducing
the observations using the same values of the free parameters
involved in TCM1, rather than adjusting them individually for
each observation. Hence, we conclude that TCM1 predicts the
overshooting at convective boundaries very accurately for the
default parameters.

Finally, TCM1 still relies on certain assumptions about
the free parameters, which are calibrated using the local and
time-independent MLT plus overshooting model (e.g., Ahlborn
2022). These assumptions are not mandatory. A more effective
approach to constrain these parameters would be to integrate
evolutionary models with full amplitude stable mode pulsation
models and compare their predictions with observations, partic-
ularly for radially pulsating stars. Additionally, carrying out a
comparison as done in this work with the more physically com-
plete TCM3 would be the next step toward improving models of
convection in stellar evolution codes.
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Appendix A: Chemical composition

All the [Fe/H] values and the corresponding X, Y and Z adopted in this work are given in Table A.1.

Table A.1. Chemical compositions of the adopted models.

[Fe/H] X Y Z

0.0 0.7152 0.2665 0.0183
−0.6 0.7429 0.2527 0.0043
−0.5 0.7407 0.2538 0.0054
−0.3 0.7346 0.2568 0.0085

0.3 0.6886 0.2796 0.0317
0.6 0.6357 0.3057 0.0584

Appendix B: Stellar parameters for the binary systems considered in this work

The stellar parameters of the binary systems obtained from the literature are given in Table B.1. We chose five of the systems
described by Pilecki et al. (2013) and Pilecki et al. (2018) to test the TCM1 and have included them in the table.

Table B.1. Properties of the eclipsing binary systems obtained from the literature.

OGLE ID Parameter Primary Secondary

OGLE-LMC-CEP-0227 Orbital period (days) 309.404
(F) Pulsation period (days) 3.797 . . .
Source: Pilecki et al. (2013) M/M� 4.165 ± 0.032 4.134 ± 0.037

R/R� 34.92 ± 0.29 44.85 ± 0.34
log (L/L�) 3.158 ± 0.049 3.097 ± 0.047

Teff (K) 6050 ± 160 5120 ± 130

OGLE-LMC-CEP-1812 Orbital period (days) 551.8
(F) Pulsation period (days) 1.313 . . .
Source: Pilecki et al. (2018) M/M� 3.76 ± 0.03 2.62 ± 0.02

R/R� 17.85 ± 0.13 11.83 ± 0.08
log (L/L�) 2.61 ± 0.04 1.95 ± 0.04

Teff (K) 6120 ± 150 5170 ± 120

OGLE-LMC-CEP-4506 Orbital period (days) 1550
(F) Pulsation period (days) 2.988 . . .
Source: Pilecki et al. (2018) M/M� 3.61 ± 0.03 3.52 ± 0.03

R/R� 28.5 ± 0.2 26.4 ± 0.2
log (L/L�) 3.01 ± 0.05 2.93 ± 0.05

Teff (K) 6120 ± 160 6070 ± 150

OGLE-LMC-CEP-1718 Orbital period (days) 412.8
(FO+FO) Pulsation period (days) 1.964 2.481
Source: Pilecki et al. (2018) M/M� 4.27 ± 0.04 4.22 ± 0.04

R/R� 27.8 ± 1.2 33.1 ± 1.3
log (L/L�) 3.04 ± 0.06 3.18 ± 0.06

Teff (K) 6310 ± 150 6270 ± 160

OGLE-LMC-CEP-2532 Orbital period (days) 800.4
(FO) Pulsation period (days) 2.035 . . .
Source: Pilecki et al. (2018) M/M� 3.98 ± 0.10 3.94 ± 0.09

R/R� 29.2 ± 1.4 38.1 ± 1.8
log (L/L�) 3.10 ± 0.06 2.84 ± 0.09

Teff (K) 6350 ± 150 4800 ± 220

Notes. “F” and “FO” denote the fundamental and first-overtone pulsation modes of Cepheïds, respectively.
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Appendix C: Evolutionary tracks for OGLE-LMC-CEP-0227 with inverted mass ratio

Fig. C.1 presents the evolutionary tracks for OGLE-LMC-CEP-0227, plotted with inverted mass ratio compared to the observations,
as discussed in Sect. 5.1.
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Fig. C.1. Alternate models for OGLE-LMC-CEP-0227 by assigning inverted mass to primary and secondary components. This figure is discussed
in detail in Sect. 5.1.

Appendix D: Evolutionary tracks with different metallicities

This section provides supplementary figures (Figs. D.1 – D.5) of the evolutionary tracks of the observed binary systems with
different metallicities as discussed in Sect. 5.
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Fig. D.1. Same as Fig. 4, but with different [Fe/H] value (−0.6). Some error bars are smaller than the symbols. This figure is discussed in detail in
Sect. 5.1.
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Fig. D.2. Same as Fig. 6, but with a different metallicity, [Fe/H] = −0.6. This figure is discussed in detail in Sect. 5.3.
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Fig. D.3. Same as Fig. 7, but with a different metallicity, [Fe/H] = −0.6. This figure is discussed in detail in Sect. 5.4.

A351, page 18 of 19



Deka, M., et al.: A&A, 699, A351 (2025)

3.653.703.753.803.853.90
/

10

20

30

40

50

60

70

/

3.653.703.753.803.853.90
/

2.4

2.6

2.8

3.0

3.2

3.4

3.6

/

OGLE-LMC-CEP-1718 ([Fe/H] = .  dex)

. MLT+OV

. MLT+OV

. TCM1

. TCM1
IS blue edge
IS red edge
Primary (obs.)
Secondary (obs.)
Primary (model)
Secondary (model)

Fig. D.4. Same as Fig. 8, but with a different metallicity, [Fe/H] = −0.6. This figure is discussed in detail in Sect. 5.5.
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Fig. D.5. Same as Fig. 8, but with a different metallicity, [Fe/H] = −0.3. This figure is discussed in detail in Sect. 5.5.
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