THESIS

The Pursuit of Non-Gaussian Fluctuations

in the Cosmic Microwave Background

(� � � �)

A dissertation submitted to Tohoku University in partial fulfillment of requirements for the degree of Doctor of Philosophy in Science

Eiichiro Komatsu

� � �

Astronomical Institute, Tohoku University

Abstract

We present theoretical and observational studies of non-Gaussian fluctuations in the cosmic microwave background (CMB) radiation anisotropy. We use the angular bispectrum and trispectrum, the harmonic transform of the angular three- and four-point correlation functions. If the primordial fluctuations are non-Gaussian, then this non-Gaussianity will be apparent in the CMB sky.

Non-linearity in inflation produces the primordial non-Gaussianity. We predict the primary angular bispectrum from inflation down to arcminutes scales, and forecast how well we can measure the primordial non-Gaussian signal. In addition to that, secondary anisotropy sources in the lowredshift universe also produce non-Gaussianity, so do foreground emissions from extragalactic or interstellar microwave sources. We study how well we can measure these non-Gaussian signals, including the primordial signal, separately. We find that when we can compute the predicted form of the bispectrum, it becomes a “matched filter” for finding non-Gaussianity in the data, being very powerful tool of measuring weak non-Gaussian signals and of discriminating between different non-Gaussian components. We find that slow-roll inflation produces too small bispectrum to be detected by any experiments; thus, any detection strongly constrains this class of models. We also find that the secondary bispectrum from coupling between the Sunyaev–Zel’dovich effect and the weak lensing effect, and the foreground bispectrum from extragalactic point sources, give detectable non-Gaussian signals on small angular scales.

We test Gaussianity of the COBE DMR sky maps, by measuring all the modes of the angular bispectrum down to the DMR beam size. We compare the data with the simulated Gaussian realizations, finding no significant signal of the bispectrum on the mode-by-mode basis. We also find that the previously reported detection of the bispectrum is consistent with a statistical fluctuation. By fitting the theoretical prediction to the data for the primary bispectrum, we put a constraint on non-linearity in inflation. Simultaneously fitting the foreground bispectra, which are estimated from interstellar dust and synchrotron template maps, shows that neither dust nor synchrotron emissions contribute significantly to the bispectrum at high Galactic latitude. We thus conclude that the angular bispectrum finds no significant non-Gaussian signals in the DMR data.

We present the first measurement of the angular trispectrum on the DMR sky maps, further testing Gaussianity of the DMR data. By applying the same method as used for the bispectrum to the DMR data, we find no significant non-Gaussian signals in the trispectrum. Therefore, the angular bispectrum and trispectrum show that the DMR sky map is comfortably consistent with Gaussianity.

The methods that we have developed in this thesis can readily be applied to the MAP data, and will enable us to pursue non-Gaussian CMB fluctuations with the unprecedented sensitivity. We show that high-sensitivity measurement of the CMB bispectrum and trispectrum will probe the physics of the early universe as well as the astrophysics in the low-redshift universe, independently of the CMB power spectrum.

Contents

1 Introduction 1 1.1 Why Pursue Non-Gaussianity in CMB? . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Inhomogeneity in Microwave Sky . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2.1 COBE DMR sky maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2.2 Post-COBE era . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3 Non-Gaussian Fluctuations in Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.3.1 Adiabatic production of non-Gaussian fluctuations . . . . . . . . . . . . . . . 9 1.3.2 Isocurvature fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Perturbation Theory in Inflation 16 2.1 Inflation—Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.2 Quantum Fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.2.1 Quantization in de Sitter spacetime . . . . . . . . . . . . . . . . . . . . . . . 18 2.2.2 Scale-invariant fluctuations on super-horizon scales . . . . . . . . . . . . . . . 22 2.2.3 Tilted “red” spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.2.4 Emergence of classical fluctuations . . . . . . . . . . . . . . . . . . . . . . . . 25 2.3 Linear Perturbation Theory in Inflation . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.3.1 Fluid representation of scalar field . . . . . . . . . . . . . . . . . . . . . . . . 27 2.3.2 Gauge-invariant perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.3.3 Generation of spatial curvature perturbations . . . . . . . . . . . . . . . . . . 29 2.3.4 Generation of primary CMB anisotropy . . . . . . . . . . . . . . . . . . . . . 31 2.4 Non-linear Perturbations in Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 2.4.1 Gradient expansion of Einstein equations . . . . . . . . . . . . . . . . . . . . 34 2.4.2 Generation of non-linear curvature perturbations . . . . . . . . . . . . . . . . 36 2.4.3 Generation of weakly non-Gaussian adiabatic fluctuations . . . . . . . . . . . 38

3 Angular n-point Harmonic Spectrum on the Sky 40 3.1 Statistical Isotropy of the Universe . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 3.2 Angular Power Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.2.1 Estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.2.2 Covariance matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 Angular Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.3.1 Estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 3.3.2 Covariance matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.4 Angular Trispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.4.1 Estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.4.2 Covariance matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 3.5 Power Spectrum and Bispectrum on the Incomplete Sky . . . . . . . . . . . . . . . . 53

4 Theoretical Predictions for the CMB Bispectrum 57 4.1 Reduced Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 4.2 Primary Bispectrum and Skewness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 4.2.1 Model of the primordial non-Gaussianity . . . . . . . . . . . . . . . . . . . . . 59 4.2.2 Numerical results of the primary bispectrum . . . . . . . . . . . . . . . . . . 61 4.2.3 Primary skewness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.3 Secondary Sources of the CMB Bispectrum . . . . . . . . . . . . . . . . . . . . . . . 65 4.3.1 Coupling between the weak lensing and the Sunyaev–Zel’dovich effects . . . . 67 4.3.2 Extragalactic radio and infrared sources . . . . . . . . . . . . . . . . . . . . . 69 4.4 Measuring Bispectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 4.4.1 Fisher matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 4.4.2 Measuring primary bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.4.3 Measuring secondary bispectra . . . . . . . . . . . . . . . . . . . . . . . . . . 77 4.4.4 Measuring primary skewness . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 4.5 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5 Measurement of Bispectrum on the COBE DMR sky maps 82 5.1 Angular Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.2 Measurement of Bispectrum on the DMR Sky Maps . . . . . . . . . . . . . . . . . . 84 5.2.1 The data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 5.2.2 Monte–Carlo Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 5.2.3 Normalized bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 5.2.4 Testing Gaussianity of the DMR map . . . . . . . . . . . . . . . . . . . . . . 87 5.3 Model Fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.3.1 Primary bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.3.2 Foreground bispectra from interstellar emissions . . . . . . . . . . . . . . . . 93 5.3.3 Constraints on non-linearity in inflation . . . . . . . . . . . . . . . . . . . . . 94 5.3.4 Null test of the normalized bispectrum . . . . . . . . . . . . . . . . . . . . . . 95 5.4 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6 In Pursuit of Angular Trispectrum 101 6.1 Angular Trispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 6.2 Normalized Trispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3 Testing Gaussianity of the DMR Map . . . . . . . . . . . . . . . . . . . . . . . . . . 105 6.3.1 Classification of trispectrum configurations . . . . . . . . . . . . . . . . . . . 105 6.3.2 Gaussianity test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 6.4 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

A Slow-roll Approximation 118

B Wigner 3-j Symbol 120 B.1 Triangle conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 B.2 Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 B.3 Orthogonality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 B.4 Rotation matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 B.5 Wigner 6-j symbol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

C Angular Bispectrum from Isocurvature Fluctuations 124

D Angular Trispectrum in Closed Hyperbolic Universe 127

List of Figures

1.1 COBE DMR Sky Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2 COBE DMR Angular Power Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 COBE DMR, QMASK, and BOOMERanG Angular Power Spectra . . . . . . . . . . 7 1.4 Sub-degree CMB Maps: BOOMERanG and QMASK . . . . . . . . . . . . . . . . . . 8 1.5 Three Steps for Non-Gaussian CMB Anisotropy . . . . . . . . . . . . . . . . . . . . . 10 1.6 Adiabatic Non-Gaussianity: One-point p.d.f . . . . . . . . . . . . . . . . . . . . . . . 12 1.7 Isocurvature Non-Gaussianity: One-point p.d.f . . . . . . . . . . . . . . . . . . . . . 15

2.1 Classical Evolution of Scalar Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.2 Physical Length Scales in Cosmic Evolution . . . . . . . . . . . . . . . . . . . . . . . 19 2.3 Color of Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.4 The Static Sachs–Wolfe Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 2.5 Hypersurface Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1 Ensemble Average of Angular Correlation Function . . . . . . . . . . . . . . . . . . . 41 3.2 Statistical Isotropy of Angular Correlation Function . . . . . . . . . . . . . . . . . . 42 3.3 Angular Bispectrum Configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.4 Variance of Angular Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 3.5 Angular Trispectrum Configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.6 Variance of Angular Trispectrum I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.7 Variance of Angular Trispectrum II . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.1 Components of Primary CMB Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . 62 4.2 Primary CMB Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.3 Primary Skewness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 4.4 SZ–lensing Coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.5 Equilateral Reduced Bispectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 4.6 Signal-to-noise Ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.7 Bispectrum vs Skewness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.1 Variance of Normalized Bispectrum and Bare Bispectrum . . . . . . . . . . . . . . . 88 5.2 Distribution of Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.3 Distribution of Normalized Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . 90 5.4 KS Test for Gaussianity with Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . 92 5.5 Constraint on Non-linearity in Inflation . . . . . . . . . . . . . . . . . . . . . . . . . 96 5.6 Constraint on Dust Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 5.7 Constraint on Synchrotron Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . 98 5.8 Null Test of Normalized Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

6.1 Variance of Normalized Trispectrum and Bare Trispectrum . . . . . . . . . . . . . . 104 6.2 KS Test for Gaussianity with Trispectrum I . . . . . . . . . . . . . . . . . . . . . . . 107 6.3 KS Test for Gaussianity with Trispectrum II . . . . . . . . . . . . . . . . . . . . . . 108 6.4 KS Test for Gaussianity with Trispectrum III . . . . . . . . . . . . . . . . . . . . . . 109

List of Tables

4.1 Fisher Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 4.2 Inverted Fisher Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 4.3 Signal-to-noise Ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 4.4 Signal Degradation and Correlation Matrix . . . . . . . . . . . . . . . . . . . . . . . 75 4.5 Detection Limit for the Non-linear Coupling Parameter . . . . . . . . . . . . . . . . 79

5.1 Monopole and Dipole Subtraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.1 Gaussianity Test with Normalized Trispectrum . . . . . . . . . . . . . . . . . . . . . 110