
Lecture 5: Sound Waves in the 
Fireball Universe
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Die kosmische Miso-Suppe 
• When matter and radiation were hotter than 3000 K, 

matter was completely ionised. The Universe was 
filled with plasma, which behaves just like a soup 

• Think about a Miso soup (if you know what it is). 
Imagine throwing Tofus into a Miso soup, while 
changing the density of Miso  

• And imagine watching how ripples are created and 
propagate throughout the soup
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This is a viscous fluid, 
in which the amplitude of 

sound waves damps 
at shorter wavelength
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Part I: Basics of Sound Waves
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Getting a wave out of conservation equations
Surprisingly easy!

• What do you imagine when you hear the word “sound”? 


• In this lecture, the “sound wave” refers to a longitudinal (pressure) wave.


• The sound wave arises from two most important conservation equations in 
physics: mass and momentum conservation.


• Let’s work out the simplest possible case as a warm up.


• Ideal fluid (no viscosity) 


• Non-relativistic


• No gravity, no expansion of space
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The mass and momentum conservation
The most important conservation equations in all physics

• Mass density and bulk velocity of a fluid element:  


• Mass conservation (continuity equation)


• Momentum conservation (Euler equation)


• Now, let the fun begin: linear perturbation analysis. 


• We perturb (displace) the fluid from its equilibrium configuration, 
in which ρ=const and v=0.

<latexit sha1_base64="7FUZLtf/iMxVbYweadBlboK5P2M="></latexit>

⇢̇+r · (⇢v) = 0

⇢
dv

dt
= ⇢ (v̇ + v ·rv) = �rP

<latexit sha1_base64="Vo9bKaYtMNlhGbHTNurI+x6YawU=">AAACHnicbVDLSgMxFM34rPU16tJNsAgVSpkRi24KRTcuK9gHdIaSyWTa0MzDJFMsQ7/Ejb/ixoUigiv9GzPTWdTWC0lOzjmX5B4nYlRIw/jRVlbX1jc2C1vF7Z3dvX394LAtwphj0sIhC3nXQYIwGpCWpJKRbsQJ8h1GOs7oJtU7Y8IFDYN7OYmI7aNBQD2KkVRUX69ZfBjW060sK4nlePBxelaxHmLkwuw6ntbzc87Q10tG1cgKLgMzByWQV7Ovf1luiGOfBBIzJETPNCJpJ4hLihmZFq1YkAjhERqQnoIB8omwk2y8KTxVjAu9kKsVSJix8x0J8oWY+I5y+kgOxaKWkv9pvVh6V3ZCgyiWJMCzh7yYQRnCNCvoUk6wZBMFEOZU/RXiIeIIS5VoUYVgLo68DNrnVbNWNe4uSo3rPI4COAYnoAxMcAka4BY0QQtg8ARewBt41561V+1D+5xZV7S85wj8Ke37F5l3oYY=</latexit>

⇢ = ⇢(t,x), v = v(t,x)

Pressure 
gradient
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Linear perturbation analysis
The most powerful technique in all physics

• Let the system be in its equilibrium. 


• Add a perturbation: How does the system respond to a perturbation? 


• Will it remain stable, or become unstable? 


• How does the (un)stable solution behave?


• Advice: When you start dealing with any physical system for the first time, do 
the linear perturbation analysis. This gives you a lot of physical insight into the 
system, and often allows you to write a (influential) paper!


• E.g., Magneto-rotational instability (a.k.a. Balbus-Hawley instability)
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Linear perturbation analysis of a perfect fluid
Without gravity

• Add perturbations:

<latexit sha1_base64="7FUZLtf/iMxVbYweadBlboK5P2M="></latexit>

⇢̇+r · (⇢v) = 0

⇢
dv

dt
= ⇢ (v̇ + v ·rv) = �rP

• Keep the terms up to linear order in perturbation. Then…

<latexit sha1_base64="Ujbk0H7/AEL+xIdR5MPxPgtcGmQ="></latexit>

⇢ = ⇢̄+ �⇢(t,x)

v = r�u(t,x)

P = P̄ + �P (t,x)

[δu: velocity potential] We do not consider vorticity,

which arises at second-order 


in perturbation.

11



Linear perturbation analysis of a perfect fluid
Equation of state and the speed of sound

• We now need “equation of state”, i.e., how is pressure related density?


• For a “barotropic fluid”,                   , which is a useful approximation.


• Then, 

<latexit sha1_base64="F7ua1yzL9iTQXVmX6L1cllDO0DE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXFL0IQS8eVzAPSZYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuihJGtfG8b6ewsrq2vlHcLG1t7+zulfcPmlqmCpMGlkyqdoQ0YVSQhqGGkXaiCOIRI61odDv1W09EaSrFgxknJORoIGhMMTJWegyug2pXDeVpr1zxat4M7jLxc1KBHEGv/NXtS5xyIgxmSOuO7yUmzJAyFDMyKXVTTRKER2hAOpYKxIkOs9nBE/fEKn03lsqWMO5M/T2RIa71mEe2kyMz1IveVPzP66QmvgozKpLUEIHni+KUuUa60+/dPlUEGza2BGFF7a0uHiKFsLEZlWwI/uLLy6R5VvMvat79eaV+k8dRhCM4hir4cAl1uIMAGoCBwzO8wpujnBfn3fmYtxacfOYQ/sD5/AGr8o+r</latexit>

P = P (⇢)
<latexit sha1_base64="JmsjDr7UD2TvlfOusWn3nNtqZzE=">AAACJXicbZDLSsNAFIYnXmu9VV26GSyCq5IURRcKRTcuK9gLNLFMJift0MnFmUmhhL6MG1/FjQuLCK58FSdtQG09MPDx/+dw5vxuzJlUpvlpLC2vrK6tFzaKm1vbO7ulvf2mjBJBoUEjHom2SyRwFkJDMcWhHQsggcuh5Q5uMr81BCFZFN6rUQxOQHoh8xklSkvd0qXtAVcE1/EVtn1BaOrVx6lni340nlkZYhseEzbEtCsfqj9yt1Q2K+a08CJYOZRRXvVuaWJ7EU0CCBXlRMqOZcbKSYlQjHIYF+1EQkzogPSgozEkAUgnnV45xsda8bAfCf1Chafq74mUBFKOAld3BkT15byXif95nUT5F07KwjhRENLZIj/hWEU4iwx7TABVfKSBUMH0XzHtE52V0sEWdQjW/MmL0KxWrLOKeXdarl3ncRTQITpCJ8hC56iGblEdNRBFT+gFvaGJ8Wy8Gu/Gx6x1ychnDtCfMr6+AQskpaA=</latexit>

�P =
dP

d⇢
�⇢ ⌘ c2s�⇢ [cs: speed of sound]

• Now, combine these 3 equations!

<latexit sha1_base64="SPGhjyY906gC2rWq20e/bGimik0="></latexit>

�⇢̇+ ⇢̄r2�u = 0

⇢̄�u̇ = ��P
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Linear perturbation analysis of a perfect fluid
Tadaa - the sound wave!

• This is a wave equation! 


• To see this, Fourier transform 

• The solution:

<latexit sha1_base64="WXRZbVpOGh9PxQ013fzIp4uqSxs=">AAACFnicbVBNSwMxEM36WetX1aOXYBG8WHZF0YtQ9OKxgq1Cdy2z2dQGs8mSzAql9Fd48a948aCIV/HmvzFt9+DXg2Ee782QzIszKSz6/qc3NT0zOzdfWigvLi2vrFbW1ltW54bxJtNSm6sYLJdC8SYKlPwqMxzSWPLL+PZ05F/ecWOFVhfYz3iUwo0SXcEAndSp7IYJlwhhkmgMTU/TXco69novVBBLcH1ij5xj6ncqVb/mj0H/kqAgVVKg0al8hIlmecoVMgnWtgM/w2gABgWTfFgOc8szYLdww9uOKki5jQbjs4Z02ykJ7WrjSiEdq983BpBa209jN5kC9uxvbyT+57Vz7B5FA6GyHLlik4e6uaSo6SgjmgjDGcq+I8CMcH+lrAcGGLokyy6E4PfJf0lrrxYc1Pzz/Wr9pIijRDbJFtkhATkkdXJGGqRJGLknj+SZvHgP3pP36r1NRqe8YmeD/ID3/gWTV55X</latexit>

�⇢̈� c2sr2�⇢ = 0

<latexit sha1_base64="M/3EzMTRLfoeKGFs8WRc/bmg9Vg=">AAACIXicbVDLSsNAFJ3UV62vqks3g0UQhJIURTdC0Y3LCvYBTQ2TycQOnWTizI1QQn/Fjb/ixoUi3Yk/47TNQlsPDBzOOZc79/iJ4Bps+8sqLC2vrK4V10sbm1vbO+XdvZaWqaKsSaWQquMTzQSPWRM4CNZJFCORL1jbH1xP/PYTU5rL+A6GCetF5CHmIacEjOSVL9yACSBuEEhwVV96meuH+HGETzD19H3t8b6WJ36bl9j2yhW7ak+BF4mTkwrK0fDKYzeQNI1YDFQQrbuOnUAvIwo4FWxUclPNEkIH5IF1DY1JxHQvm144wkdGCXAolXkx4Kn6eyIjkdbDyDfJiEBfz3sT8T+vm0J40ct4nKTAYjpbFKYCg8STunDAFaMghoYQqrj5K6Z9oggFU2rJlODMn7xIWrWqc1a1b08r9au8jiI6QIfoGDnoHNXRDWqgJqLoGb2id/RhvVhv1qc1nkULVj6zj/7A+v4BVqCi8g==</latexit>

�⇢̈q + c2sq
2�⇢q = 0

<latexit sha1_base64="n+lDXf+SbQEALG76OP2p8xpOik4="></latexit>

�⇢(t,x) =

Z
d3q

(2⇡)3
�⇢q(t) exp(iq · x)

<latexit sha1_base64="0Xgg6vyfrhtE0WQi+mKHsddAkdY="></latexit>

�⇢q(t) = Aq cos(qcst) +Bq sin(qcst)



With gravity
Add a Newtonian potential gradient to the Euler equation

• The potential can be provided by either:


1. The fluid itself (self-gravitating system), or


2. Some external force

<latexit sha1_base64="7FUZLtf/iMxVbYweadBlboK5P2M="></latexit>

⇢̇+r · (⇢v) = 0

⇢
dv

dt
= ⇢ (v̇ + v ·rv) = �rP

<latexit sha1_base64="GpBjlgk6G8M4pTHIzufXL4gI7Go=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyURRY9FLx4r2A9oQtlst83SzW7Y3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5UcqZNp737aysrq1vbJa2yts7u3sVd/+gpWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2Nbqd++5EqzaR4MOOUhgkeCjZgBBsr9dzKWaBiGQgccRw0YtZzq17NmwEtE78gVSjQ6LlfQV+SLKHCEI617vpeasIcK8MIp5NykGmaYjLCQ9q1VOCE6jCfHT5BJ1bpo4FUtoRBM/X3RI4TrcdJZDsTbGK96E3F/7xuZgbXYc5EmhkqyHzRIOPISDRNAfWZosTwsSWYKGZvRSTGChNjsyrbEPzFl5dJ67zmX9a8+4tq/aaIowRHcAyn4MMV1OEOGtAEAhk8wyu8OU/Oi/PufMxbV5xi5hD+wPn8AWn6ku4=</latexit>�⇢r�
Potential 
gradient
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With gravity
Add a Newtonian potential gradient to the Euler equation

• The potential can be provided by either:


1. The fluid itself (self-gravitating system):


2. Some external force

<latexit sha1_base64="7FUZLtf/iMxVbYweadBlboK5P2M="></latexit>

⇢̇+r · (⇢v) = 0

⇢
dv

dt
= ⇢ (v̇ + v ·rv) = �rP

<latexit sha1_base64="GpBjlgk6G8M4pTHIzufXL4gI7Go=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyURRY9FLx4r2A9oQtlst83SzW7Y3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5UcqZNp737aysrq1vbJa2yts7u3sVd/+gpWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2Nbqd++5EqzaR4MOOUhgkeCjZgBBsr9dzKWaBiGQgccRw0YtZzq17NmwEtE78gVSjQ6LlfQV+SLKHCEI617vpeasIcK8MIp5NykGmaYjLCQ9q1VOCE6jCfHT5BJ1bpo4FUtoRBM/X3RI4TrcdJZDsTbGK96E3F/7xuZgbXYc5EmhkqyHzRIOPISDRNAfWZosTwsSWYKGZvRSTGChNjsyrbEPzFl5dJ67zmX9a8+4tq/aaIowRHcAyn4MMV1OEOGtAEAhk8wyu8OU/Oi/PufMxbV5xi5hD+wPn8AWn6ku4=</latexit>�⇢r�
Potential 
gradient

<latexit sha1_base64="oj3sVaZOgwocRZi4rXRqn1vRAe0=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZDRBshaKFlBPOAbAx3J7PZIbMzy8ysEEJKG3/FxkIRWz/Bzr9x8ig08cCFwzn3cu89QcKZNq777WSWlldW17LruY3Nre2d/O5eXctUEVojkkvVDEBTzgStGWY4bSaKQhxw2gj6V2O/8UCVZlLcmUFC2zH0BAsZAWOlTv7QFxBwuC/51YjhC1z2E4av/S7lBnwVyU6+4BbdCfAi8WakgGaodvJffleSNKbCEA5atzw3Me0hKMMIp6Ocn2qaAOlDj7YsFRBT3R5OHhnhY6t0cSiVLWHwRP09MYRY60Ec2M4YTKTnvbH4n9dKTXjeHjKRpIYKMl0Uphwbicep4C5TlBg+sASIYvZWTCJQQIzNLmdD8OZfXiT1UtE7Lbq35ULlchZHFh2gI3SCPHSGKugGVVENEfSIntErenOenBfn3fmYtmac2cw++gPn8wfpaZik</latexit>

r2� = 4⇡G�⇢
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With gravity
Add a Newtonian potential gradient to the Euler equation

• The potential can be provided by either:


1. The fluid itself (self-gravitating system), or


2. Some external force:

<latexit sha1_base64="7FUZLtf/iMxVbYweadBlboK5P2M="></latexit>

⇢̇+r · (⇢v) = 0

⇢
dv

dt
= ⇢ (v̇ + v ·rv) = �rP

<latexit sha1_base64="GpBjlgk6G8M4pTHIzufXL4gI7Go=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyURRY9FLx4r2A9oQtlst83SzW7Y3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5UcqZNp737aysrq1vbJa2yts7u3sVd/+gpWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2Nbqd++5EqzaR4MOOUhgkeCjZgBBsr9dzKWaBiGQgccRw0YtZzq17NmwEtE78gVSjQ6LlfQV+SLKHCEI617vpeasIcK8MIp5NykGmaYjLCQ9q1VOCE6jCfHT5BJ1bpo4FUtoRBM/X3RI4TrcdJZDsTbGK96E3F/7xuZgbXYc5EmhkqyHzRIOPISDRNAfWZosTwsSWYKGZvRSTGChNjsyrbEPzFl5dJ67zmX9a8+4tq/aaIowRHcAyn4MMV1OEOGtAEAhk8wyu8OU/Oi/PufMxbV5xi5hD+wPn8AWn6ku4=</latexit>�⇢r�
Potential 
gradient

<latexit sha1_base64="oj3sVaZOgwocRZi4rXRqn1vRAe0=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZDRBshaKFlBPOAbAx3J7PZIbMzy8ysEEJKG3/FxkIRWz/Bzr9x8ig08cCFwzn3cu89QcKZNq777WSWlldW17LruY3Nre2d/O5eXctUEVojkkvVDEBTzgStGWY4bSaKQhxw2gj6V2O/8UCVZlLcmUFC2zH0BAsZAWOlTv7QFxBwuC/51YjhC1z2E4av/S7lBnwVyU6+4BbdCfAi8WakgGaodvJffleSNKbCEA5atzw3Me0hKMMIp6Ocn2qaAOlDj7YsFRBT3R5OHhnhY6t0cSiVLWHwRP09MYRY60Ec2M4YTKTnvbH4n9dKTXjeHjKRpIYKMl0Uphwbicep4C5TlBg+sASIYvZWTCJQQIzNLmdD8OZfXiT1UtE7Lbq35ULlchZHFh2gI3SCPHSGKugGVVENEfSIntErenOenBfn3fmYtmac2cw++gPn8wfpaZik</latexit>

r2� = 4⇡G�⇢
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other
This is the most relevant case for this lecture because 

the gravitational force is dominated by cold dark matter, 
which does not form a sound wave.

Nonetheless, let’s study #1 first because  
it is a very famous example.
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Jeans (1902)
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The Jeans Instability
Instability of a self-gravitating cloud of gas
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Jeans (1902)

<latexit sha1_base64="SPGhjyY906gC2rWq20e/bGimik0="></latexit>

�⇢̇+ ⇢̄r2�u = 0

⇢̄�u̇ = ��P

<latexit sha1_base64="oj3sVaZOgwocRZi4rXRqn1vRAe0=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZDRBshaKFlBPOAbAx3J7PZIbMzy8ysEEJKG3/FxkIRWz/Bzr9x8ig08cCFwzn3cu89QcKZNq777WSWlldW17LruY3Nre2d/O5eXctUEVojkkvVDEBTzgStGWY4bSaKQhxw2gj6V2O/8UCVZlLcmUFC2zH0BAsZAWOlTv7QFxBwuC/51YjhC1z2E4av/S7lBnwVyU6+4BbdCfAi8WakgGaodvJffleSNKbCEA5atzw3Me0hKMMIp6Ocn2qaAOlDj7YsFRBT3R5OHhnhY6t0cSiVLWHwRP09MYRY60Ec2M4YTKTnvbH4n9dKTXjeHjKRpIYKMl0Uphwbicep4C5TlBg+sASIYvZWTCJQQIzNLmdD8OZfXiT1UtE7Lbq35ULlchZHFh2gI3SCPHSGKugGVVENEfSIntErenOenBfn3fmYtmac2cw++gPn8wfpaZik</latexit>

r2� = 4⇡G�⇢

<latexit sha1_base64="JmsjDr7UD2TvlfOusWn3nNtqZzE=">AAACJXicbZDLSsNAFIYnXmu9VV26GSyCq5IURRcKRTcuK9gLNLFMJift0MnFmUmhhL6MG1/FjQuLCK58FSdtQG09MPDx/+dw5vxuzJlUpvlpLC2vrK6tFzaKm1vbO7ulvf2mjBJBoUEjHom2SyRwFkJDMcWhHQsggcuh5Q5uMr81BCFZFN6rUQxOQHoh8xklSkvd0qXtAVcE1/EVtn1BaOrVx6lni340nlkZYhseEzbEtCsfqj9yt1Q2K+a08CJYOZRRXvVuaWJ7EU0CCBXlRMqOZcbKSYlQjHIYF+1EQkzogPSgozEkAUgnnV45xsda8bAfCf1Chafq74mUBFKOAld3BkT15byXif95nUT5F07KwjhRENLZIj/hWEU4iwx7TABVfKSBUMH0XzHtE52V0sEWdQjW/MmL0KxWrLOKeXdarl3ncRTQITpCJ8hC56iGblEdNRBFT+gFvaGJ8Wy8Gu/Gx6x1ychnDtCfMr6+AQskpaA=</latexit>

�P =
dP

d⇢
�⇢ ⌘ c2s�⇢

• OK, let’s go!

<latexit sha1_base64="HMEe/3l6D280SrQLxsetcJdG6Dw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4sSSi6LHoxWMF+wFNKJvtplm62Y27m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwpWWmCG0SyaXqhFhTzgRtGmY47aSK4iTktB0O76Z+e0SVZlI8mnFKgwQPBIsYwcZKwbkfYuWrWPqNmPUqVbfmzoCWiVeQKhRo9Cpffl+SLKHCEI617npuaoIcK8MIp5Oyn2maYjLEA9q1VOCE6iCfHT1Bp1bpo0gqW8Kgmfp7IseJ1uMktJ0JNrFe9Kbif143M9FNkDORZoYKMl8UZRwZiaYJoD5TlBg+tgQTxeytiMRYYWJsTmUbgrf48jJpXdS8q5r7cFmt3xZxlOAYTuAMPLiGOtxDA5pA4Ame4RXenJHz4rw7H/PWFaeYOYI/cD5/AGzTkeA=</latexit>�⇢̄�



The Jeans Instability
Instability of a self-gravitating cloud of gas

19

Jeans (1902)

<latexit sha1_base64="SPGhjyY906gC2rWq20e/bGimik0="></latexit>

�⇢̇+ ⇢̄r2�u = 0

⇢̄�u̇ = ��P

<latexit sha1_base64="oj3sVaZOgwocRZi4rXRqn1vRAe0=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZDRBshaKFlBPOAbAx3J7PZIbMzy8ysEEJKG3/FxkIRWz/Bzr9x8ig08cCFwzn3cu89QcKZNq777WSWlldW17LruY3Nre2d/O5eXctUEVojkkvVDEBTzgStGWY4bSaKQhxw2gj6V2O/8UCVZlLcmUFC2zH0BAsZAWOlTv7QFxBwuC/51YjhC1z2E4av/S7lBnwVyU6+4BbdCfAi8WakgGaodvJffleSNKbCEA5atzw3Me0hKMMIp6Ocn2qaAOlDj7YsFRBT3R5OHhnhY6t0cSiVLWHwRP09MYRY60Ec2M4YTKTnvbH4n9dKTXjeHjKRpIYKMl0Uphwbicep4C5TlBg+sASIYvZWTCJQQIzNLmdD8OZfXiT1UtE7Lbq35ULlchZHFh2gI3SCPHSGKugGVVENEfSIntErenOenBfn3fmYtmac2cw++gPn8wfpaZik</latexit>

r2� = 4⇡G�⇢

<latexit sha1_base64="JmsjDr7UD2TvlfOusWn3nNtqZzE=">AAACJXicbZDLSsNAFIYnXmu9VV26GSyCq5IURRcKRTcuK9gLNLFMJift0MnFmUmhhL6MG1/FjQuLCK58FSdtQG09MPDx/+dw5vxuzJlUpvlpLC2vrK6tFzaKm1vbO7ulvf2mjBJBoUEjHom2SyRwFkJDMcWhHQsggcuh5Q5uMr81BCFZFN6rUQxOQHoh8xklSkvd0qXtAVcE1/EVtn1BaOrVx6lni340nlkZYhseEzbEtCsfqj9yt1Q2K+a08CJYOZRRXvVuaWJ7EU0CCBXlRMqOZcbKSYlQjHIYF+1EQkzogPSgozEkAUgnnV45xsda8bAfCf1Chafq74mUBFKOAld3BkT15byXif95nUT5F07KwjhRENLZIj/hWEU4iwx7TABVfKSBUMH0XzHtE52V0sEWdQjW/MmL0KxWrLOKeXdarl3ncRTQITpCJ8hC56iGblEdNRBFT+gFvaGJ8Wy8Gu/Gx6x1ychnDtCfMr6+AQskpaA=</latexit>

�P =
dP

d⇢
�⇢ ⌘ c2s�⇢

• This is an important minus sign: 
Instability for cs2q2 < 4πGρ

<latexit sha1_base64="HMEe/3l6D280SrQLxsetcJdG6Dw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4sSSi6LHoxWMF+wFNKJvtplm62Y27m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwpWWmCG0SyaXqhFhTzgRtGmY47aSK4iTktB0O76Z+e0SVZlI8mnFKgwQPBIsYwcZKwbkfYuWrWPqNmPUqVbfmzoCWiVeQKhRo9Cpffl+SLKHCEI617npuaoIcK8MIp5Oyn2maYjLEA9q1VOCE6iCfHT1Bp1bpo0gqW8Kgmfp7IseJ1uMktJ0JNrFe9Kbif143M9FNkDORZoYKMl8UZRwZiaYJoD5TlBg+tgQTxeytiMRYYWJsTmUbgrf48jJpXdS8q5r7cFmt3xZxlOAYTuAMPLiGOtxDA5pA4Ame4RXenJHz4rw7H/PWFaeYOYI/cD5/AGzTkeA=</latexit>�⇢̄�}<latexit sha1_base64="vT/x8hgPzIGw5EG2NnJqKramDMU="></latexit>

�⇢̈+
�
�c2sr2 � 4⇡G⇢̄

�
�⇢ = 0

Fourier transform
<latexit sha1_base64="n+lDXf+SbQEALG76OP2p8xpOik4="></latexit>

�⇢(t,x) =

Z
d3q

(2⇡)3
�⇢q(t) exp(iq · x)

<latexit sha1_base64="y4EceVbdLC3xGhq5OG/nnqzmm94="></latexit>

�⇢̈q +
�
c2sq

2 � 4⇡G⇢̄
�
�⇢q = 0



The Jeans Instability
Instability of a self-gravitating cloud of gas
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Jeans (1902)

• This is an important minus sign: 
Instability for cs2q2 < 4πGρ

<latexit sha1_base64="y4EceVbdLC3xGhq5OG/nnqzmm94="></latexit>

�⇢̈q +
�
c2sq

2 � 4⇡G⇢̄
�
�⇢q = 0

• Two regimes:


1. Short wavelength (large q): Stability, with


2. Long wavelength (small q): Instability, with 

<latexit sha1_base64="XUkQQj57tCzD0rkrNGlO80z9coI=">AAACLHicbZDLSgNBEEV7fMb4irp00xgERQwzouhGiHHjUsEkQiYMPZ0a06Tnke4aMQz5IDf+iiAuFHHrd9iJI/gqaDjcW0V1XT+RQqNtv1gTk1PTM7OFueL8wuLScmlltaHjVHGo81jG6spnGqSIoI4CJVwlCljoS2j6vdOR37wBpUUcXeIggXbIriMRCM7QSF7p1O2AROaqbuxlrh/Q/pAe05MvduE22RLc033cpju09kPfzQ2vVLYr9rjoX3ByKJO8zr3So9uJeRpChFwyrVuOnWA7YwoFlzAsuqmGhPEeu4aWwYiFoNvZ+Ngh3TRKhwaxMi9COla/T2Qs1HoQ+qYzZNjVv72R+J/XSjE4amciSlKEiH8uClJJMaaj5GhHKOAoBwYYV8L8lfIuU4yjybdoQnB+n/wXGnsV56BiX+yXq7U8jgJZJxtkizjkkFTJGTkndcLJHXkgz+TFureerFfr7bN1wspn1siPst4/AGPJpw4=</latexit>

�⇢q = Aq exp(icsqt) +Bq exp(�icsqt)
<latexit sha1_base64="6q/5vi0aAvuoXOpqPSgziTZ3b78=">AAACMHicbZBNSwMxEIazftb6VfXoJVgERSy7ouhFKCroUcGq0C0lm862odnNmsyKZelP8uJP0YuCIl79Faa1il8DgYf3nWEyb5BIYdB1H52h4ZHRsfHcRH5yanpmtjA3f2ZUqjlUuJJKXwTMgBQxVFCghItEA4sCCedBe7/nn1+BNkLFp9hJoBaxZixCwRlaqV449Bsgkfm6peqZH4T0skt36f4n+3CdrPgqgiajuErX6MEPZ/3LqheKbsntF/0L3gCKZFDH9cKd31A8jSBGLpkxVc9NsJYxjYJL6Ob91EDCeJs1oWoxZhGYWtY/uEuXrdKgodL2xUj76veJjEXGdKLAdkYMW+a31xP/86ophju1TMRJihDzj0VhKikq2kuPNoQGjrJjgXEt7F8pbzHNONqM8zYE7/fJf+Fso+RtldyTzWJ5bxBHjiySJbJCPLJNyuSIHJMK4eSG3JMn8uzcOg/Oi/P60TrkDGYWyI9y3t4BwQWoJg==</latexit>

�⇢q = Cq exp(!t) +Dq exp(�!t)

Sound wave: oscillating solutions

Gravitational collapse: exponential growth

<latexit sha1_base64="d1rnDzO/DKUI7HsDRtIO9Sijslw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRS0WXRhS4r2Ac0oUymN+3QSSadmRRK6N6Nv+LGhSJu/QF3/o3Tx0JbD1w4nHMv994TJJwp7TjfVm5tfWNzK79d2Nnd2z+wD48aSqSSQp0KLmQrIAo4i6GumebQSiSQKODQDAY3U785AqmYiB/0OAE/Ir2YhYwSbaSOXfREBD3iwTBlI+ypodRZxUsYvvUCIj3ZF5OOXXLKzgx4lbgLUkIL1Dr2l9cVNI0g1pQTpdquk2g/I1IzymFS8FIFCaED0oO2oTGJQPnZ7JcJPjVKF4dCmoo1nqm/JzISKTWOAtMZEd1Xy95U/M9rpzq88jMWJ6mGmM4XhSnHWuBpMLjLJFDNx4YQKpm5FdM+kYRqE1/BhOAuv7xKGudl96Ls3FdK1etFHHl0goroDLnoElXRHaqhOqLoET2jV/RmPVkv1rv1MW/NWYuZY/QH1ucPR/SbMg==</latexit>

! ⌘
p
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Balbus & Hawley (1991)

…equations continue…

You should now be familiar with these 
equations. The new ingredient is the 

magnetic field, but the basic 

concept is the same: 


The conservation equations plus 
extra ingredients



We are now done yet
• We need to add a few more ingredients:


• Expansion of the Universe


• Viscosity (departure from an ideal fluid)


• Interaction between electrons and photons (via Thomson scattering)


• Coulomb interaction between electrons, protons and helium nuclei


• But don’t worry: we will not include magnetic fields. If you insist, see:
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Part II: Sound Horizon
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When do sound waves become important?
Sound horizon

• When would the Sachs-Wolfe approximation (purely gravitational effects) 
become invalid?


• The key to the answer: Sound-crossing Time 

• Sound waves cannot alter temperature anisotropy at a given angular scale if 
there was not enough time for sound waves to propagate to the 
corresponding distance at the last-scattering surface


• The distance traveled by sound waves within a given time = The Sound Horizon

25



Photon Horizon and Sound Horizon
The difference is the speed of sound.
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• First, the comoving distance traveled by 
photons is given by setting the space-time 
distance to be null:

ds2 = �c2dt2 + a2(t)dr2 = 0

rphoton = c

Z t

0

dt0

a(t0)

4

rs =

Z t

0

dt0

a(t0)
cs(t

0)

• We cannot ignore the effects of sound waves for qrs > 1

• Then, we replace the speed of light with 
a time-dependent speed of sound:



Sound Speed
• Sound speed of an adiabatic fluid is given by

-δP: pressure perturbation

-δρ: density perturbation

• For a baryon-photon system:

We can ignore the baryon pressure because  
it is much smaller than the photon pressure
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Sound Speed
• Using the adiabatic relationship between photons and baryons:

and pressure-density relation of a relativistic fluid, δPγ=δργ/3, we obtain

[i.e., the ratio of the number densities of baryons and photons is equal everywhere] 

• Or equivalently 
(light speed is c=1) where

sound speed is reduced!



The value of R?
• The baryon mass density goes like [a(t)]–3, whereas the photon energy 

density goes like [a(t)]–4. Thus, the ratio of the two, R, goes like a(t).


• The proportionality constant is:

where we used 

for
29



Cosmological Parameters
•Unless stated otherwise, we shall assume a spatially-

flat Λ Cold Dark Matter (ΛCDM) model with 

which implies:

;

Dark matter density
Cosmological


Constant

Baryon density

Total matter density



Value of R?
• The baryon mass density goes like a–3, whereas the photon 

energy density goes like a–4. Thus, the ratio of the two, R, 
goes like a.


• The proportionality constant is:

where we used 

for

For the last-scattering redshift of zL=1090  
(or last-scattering temperature of TL=2974 K),  

a0rs = 145.3 Mpc 
We cannot ignore the effects of sound waves 

if qrs>1. Since l~qrL, this means 

l > rL/rs = 96 
where we used a0rL=13.95 Gpc
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rL
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