
Lecture 2: Propagation of Light

1

The lecture slides are available at

  https://wwwmpa.mpa-garching.mpg.de/~komatsu/

lectures--reviews.html

https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html
https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html


Part I: Light propagation in an 
expanding universe
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How does light propagate in space?
Distance between two points

• The first step is to define the distance between two points in space.


• In Cartesian coordinates, the distance between two points in Euclidean space is


• To include the isotropic expansion of space, 

y

x Scale Factor3 comoving coordinates



How does light propagate in space?
Distance traveled by light in an expanding Universe

• When the light propagates in x direction, the time interval of the travel is
y

x

<latexit sha1_base64="w8xos8RGPPlikxcibalgzsiA/PE=">AAACBHicbVC7TgJBFJ3FF+ILtaSZSEywIbsbjTYmRBtLTOSRAEtmZweYMDu7mblrJITCxl+xsdAYWz/Czr9xWCgUPMnNPTnn3szc48eCa7Dtbyuzsrq2vpHdzG1t7+zu5fcP6jpKFGU1GolINX2imeCS1YCDYM1YMRL6gjX84fXUb9wzpXkk72AUs05I+pL3OCVgpG6+QD03AM/FlzjQaSOeW4KT4MFzu/miXbZT4GXizEkRzVHt5r/aQUSTkEmggmjdcuwYOmOigFPBJrl2ollM6JD0WctQSUKmO+P0iAk+NkqAe5EyJQGn6u+NMQm1HoW+mQwJDPSiNxX/81oJ9C46Yy7jBJiks4d6icAQ4WkiOOCKURAjQwhV3PwV0wFRhILJLWdCcBZPXiZ1t+ycle3b02Llah5HFhXQESohB52jCrpBVVRDFD2iZ/SK3qwn68V6tz5moxlrvnOI/sD6/AHBSZWb</latexit>

c2dt2 = ds2 = a2(t)dx2
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How does light propagate in space?
Distance traveled by light in an expanding Universe

• When the light propagates in x direction, the time interval of the travel is
ct

x

<latexit sha1_base64="w8xos8RGPPlikxcibalgzsiA/PE=">AAACBHicbVC7TgJBFJ3FF+ILtaSZSEywIbsbjTYmRBtLTOSRAEtmZweYMDu7mblrJITCxl+xsdAYWz/Czr9xWCgUPMnNPTnn3szc48eCa7Dtbyuzsrq2vpHdzG1t7+zu5fcP6jpKFGU1GolINX2imeCS1YCDYM1YMRL6gjX84fXUb9wzpXkk72AUs05I+pL3OCVgpG6+QD03AM/FlzjQaSOeW4KT4MFzu/miXbZT4GXizEkRzVHt5r/aQUSTkEmggmjdcuwYOmOigFPBJrl2ollM6JD0WctQSUKmO+P0iAk+NkqAe5EyJQGn6u+NMQm1HoW+mQwJDPSiNxX/81oJ9C46Yy7jBJiks4d6icAQ4WkiOOCKURAjQwhV3PwV0wFRhILJLWdCcBZPXiZ1t+ycle3b02Llah5HFhXQESohB52jCrpBVVRDFD2iZ/SK3qwn68V6tz5moxlrvnOI/sD6/AHBSZWb</latexit>

c2dt2 = ds2 = a2(t)dx2

space-time diagram

“45 degrees”
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Strictly speaking, the angle is 45 degrees when the y-axis is 
the so-called “conformal time” instead of the physical time (t). 
This difference is not essential for a decelerated expansion of 

the Universe, so we ignore this subtlety in this lecture. 

For more information on this point, see “further readings” in


https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--
reviews.html

https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html
https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html


How does light propagate in space?
Comoving distance traveled by light in an expanding Universe

• When the light propagates in x direction, the time interval of the travel is
ct

x

<latexit sha1_base64="w8xos8RGPPlikxcibalgzsiA/PE=">AAACBHicbVC7TgJBFJ3FF+ILtaSZSEywIbsbjTYmRBtLTOSRAEtmZweYMDu7mblrJITCxl+xsdAYWz/Czr9xWCgUPMnNPTnn3szc48eCa7Dtbyuzsrq2vpHdzG1t7+zu5fcP6jpKFGU1GolINX2imeCS1YCDYM1YMRL6gjX84fXUb9wzpXkk72AUs05I+pL3OCVgpG6+QD03AM/FlzjQaSOeW4KT4MFzu/miXbZT4GXizEkRzVHt5r/aQUSTkEmggmjdcuwYOmOigFPBJrl2ollM6JD0WctQSUKmO+P0iAk+NkqAe5EyJQGn6u+NMQm1HoW+mQwJDPSiNxX/81oJ9C46Yy7jBJiks4d6icAQ4WkiOOCKURAjQwhV3PwV0wFRhILJLWdCcBZPXiZ1t+ycle3b02Llah5HFhXQESohB52jCrpBVVRDFD2iZ/SK3qwn68V6tz5moxlrvnOI/sD6/AHBSZWb</latexit>

c2dt2 = ds2 = a2(t)dx2

x0 x0+r
t0

t0+T
The comoving distance traveled by light:

<latexit sha1_base64="U4O7Ey65msMyXqBi0mNTZw1hSk0=">AAACD3icbVDLSgMxFM3UV62vqks3waJUhDIjim6EohuXFfqCtg6ZNNOGZjJDckcow/yBG3/FjQtF3Lp159+YabvQ6oF7OZxzL8k9XiS4Btv+snILi0vLK/nVwtr6xuZWcXunqcNYUdagoQhV2yOaCS5ZAzgI1o4UI4EnWMsbXWd+654pzUNZh3HEegEZSO5zSsBIbvFQ4UtMu1yCm4Brp3dZP66nXV8RmvQhTUgZjlK3WLIr9gT4L3FmpIRmqLnFz24/pHHAJFBBtO44dgS9hCjgVLC00I01iwgdkQHrGCpJwHQvmdyT4gOj9LEfKlMS8ET9uZGQQOtx4JnJgMBQz3uZ+J/XicG/6CVcRjEwSacP+bHAEOIsHNznilEQY0MIVdz8FdMhMUmAibBgQnDmT/5LmicV56xi356WqlezOPJoD+2jMnLQOaqiG1RDDUTRA3pCL+jVerSerTfrfTqas2Y7u+gXrI9vViGcPA==</latexit>

r = c

Z t0+T

t0

dt

a(t)
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How does light propagate in space?
Physical distance traveled by light in an expanding Universe

• When the light propagates in x direction, the time interval of the travel is
ct

x

<latexit sha1_base64="w8xos8RGPPlikxcibalgzsiA/PE=">AAACBHicbVC7TgJBFJ3FF+ILtaSZSEywIbsbjTYmRBtLTOSRAEtmZweYMDu7mblrJITCxl+xsdAYWz/Czr9xWCgUPMnNPTnn3szc48eCa7Dtbyuzsrq2vpHdzG1t7+zu5fcP6jpKFGU1GolINX2imeCS1YCDYM1YMRL6gjX84fXUb9wzpXkk72AUs05I+pL3OCVgpG6+QD03AM/FlzjQaSOeW4KT4MFzu/miXbZT4GXizEkRzVHt5r/aQUSTkEmggmjdcuwYOmOigFPBJrl2ollM6JD0WctQSUKmO+P0iAk+NkqAe5EyJQGn6u+NMQm1HoW+mQwJDPSiNxX/81oJ9C46Yy7jBJiks4d6icAQ4WkiOOCKURAjQwhV3PwV0wFRhILJLWdCcBZPXiZ1t+ycle3b02Llah5HFhXQESohB52jCrpBVVRDFD2iZ/SK3qwn68V6tz5moxlrvnOI/sD6/AHBSZWb</latexit>

c2dt2 = ds2 = a2(t)dx2

x0 x0+r
t0

t0+T
The physical distance traveled by light:

The physical distance does not depend on the arbitrary, unphysical normalisation of a(t)!

<latexit sha1_base64="hrSv+HzLqpNIR/yZljYfXn9DmeI=">AAACF3icbVDLSgMxFM34rPVVdekmWIQWocyIohuh6MZlhb6grUMmk2lDM5khuSOUYf7Cjb/ixoUibnXn35g+Ftp6IHA451xu7vFiwTXY9re1tLyyurae28hvbm3v7Bb29ps6ShRlDRqJSLU9opngkjWAg2DtWDESeoK1vOHN2G89MKV5JOswilkvJH3JA04JGMktVHx8hSkpgWuf1MtdLsFNDc/u04mSdQNFaOpDlppMOXMLRbtiT4AXiTMjRTRDzS18df2IJiGTQAXRuuPYMfRSooBTwbJ8N9EsJnRI+qxjqCQh0710cleGj43i4yBS5knAE/X3REpCrUehZ5IhgYGe98bif14ngeCyl3IZJ8AknS4KEoEhwuOSsM8VoyBGhhCquPkrpgNimgBTZd6U4MyfvEiapxXnvGLfnRWr17M6cugQHaESctAFqqJbVEMNRNEjekav6M16sl6sd+tjGl2yZjMH6A+szx8cA56y</latexit>

d = ca(t0 + T )

Z t0+T

t0

dt

a(t)
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Horizon
How far has the light traveled since t=0?

ct

x

The physical distance does not depend on the arbitrary, unphysical normalisation of a(t)!

<latexit sha1_base64="xE5yzmUP0Wl9ODP1xDo8xD0fdCY=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxJRdCMU3XRZoS9oaphMJjo4mYSZG6GEfIIbf8WNC0XcunTn3zh9LLR64HIP59zLzD1BKrgGx/my5uYXFpeWSyvl1bX1jU17a7ujk0xR1qaJSFQvIJoJLlkbOAjWSxUjcSBYN7i7HPnde6Y0T2QLhikbxORG8ohTAkby7YPQb1Rbh/gcU2K6xyX4znXeKrxIEZqHUOSkCoeFb1ecmjMG/kvcKamgKZq+/emFCc1iJoEKonXfdVIY5EQBp4IVZS/TLCX0jtywvqGSxEwP8vFBBd43SoijRJmSgMfqz42cxFoP48BMxgRu9aw3Ev/z+hlEZ4OcyzQDJunkoSgTGBI8SgeHXDEKYmgIoYqbv2J6S0wSYDIsmxDc2ZP/ks5RzT2pOVfHlfrFNI4S2kV7qIpcdIrqqIGaqI0oekBP6AW9Wo/Ws/VmvU9G56zpzg76BevjG1Trm5E=</latexit>

dH(T ) = ca(T )

Z
T

0

dt

a(t)

<latexit sha1_base64="2Ny82zeorVYOMlLmkACWkFZm+RM=">AAACDHicbVDLSgMxFM34rPVVdekmWIR2U2ZE0Y1QdNNlhb6gHYdMmmlDM5khuSOUYT7Ajb/ixoUibv0Ad/6N6WOhrQcCh3PO5eYePxZcg21/Wyura+sbm7mt/PbO7t5+4eCwpaNEUdakkYhUxyeaCS5ZEzgI1okVI6EvWNsf3U789gNTmkeyAeOYuSEZSB5wSsBIXqGovFqpUcbXmPa4BM++TxtZL1CEpn3IUlKCcmZSdsWeAi8TZ06KaI66V/jq9SOahEwCFUTrrmPH4KZEAaeCZfleollM6IgMWNdQSUKm3XR6TIZPjdLHQaTMk4Cn6u+JlIRaj0PfJEMCQ73oTcT/vG4CwZWbchknwCSdLQoSgSHCk2ZwnytGQYwNIVRx81dMh8Q0Aaa/vCnBWTx5mbTOKs5Fxb47L1Zv5nXk0DE6QSXkoEtURTVUR01E0SN6Rq/ozXqyXqx362MWXbHmM0foD6zPHyQEmnE=</latexit>

rH(T ) = c

Z
T

0

dt

a(t)

The physical horizon distance:

The comoving horizon distance:

rH

T
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Concept of the “light cone”
The farther away we look in distance, the further back we look in time

• The light arrives at us at the time T. 


• The light emitted at a distance r2 had to be emitted 
earlier than that at r1, for us to see them both at the 
same time T.


• Here, “ti” is called the “look-back time”, in units of 
“years ago”.


• The corresponding comoving distances from us are 
given by rH – ri.

x

ct

T

r2

T–t1

T–t2

r1 rH
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Concept of the “light cone”
The farther away we look in distance, the further back we look in time

• The light arrives at us at the time T. 


• The light emitted at a distance r2 had to be emitted 
earlier than that at r1, for us to see them both at the 
same time T.


• Here, “ti” is called the “look-back time”, in units of 
“years ago”.


• The corresponding comoving distances from us are 
given by rH – ri.


• We can see things only within this cone. Hence the 
name “light cone”
x

ct

T
T–t1

T–t2

maximum observable region 10



Light Cone, Explained

11
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Horizon can be larger than the naive expectation
Do you think dH(T)=cT? You would be surprised…

ct

x

T

rH

<latexit sha1_base64="xE5yzmUP0Wl9ODP1xDo8xD0fdCY=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxJRdCMU3XRZoS9oaphMJjo4mYSZG6GEfIIbf8WNC0XcunTn3zh9LLR64HIP59zLzD1BKrgGx/my5uYXFpeWSyvl1bX1jU17a7ujk0xR1qaJSFQvIJoJLlkbOAjWSxUjcSBYN7i7HPnde6Y0T2QLhikbxORG8ohTAkby7YPQb1Rbh/gcU2K6xyX4znXeKrxIEZqHUOSkCoeFb1ecmjMG/kvcKamgKZq+/emFCc1iJoEKonXfdVIY5EQBp4IVZS/TLCX0jtywvqGSxEwP8vFBBd43SoijRJmSgMfqz42cxFoP48BMxgRu9aw3Ev/z+hlEZ4OcyzQDJunkoSgTGBI8SgeHXDEKYmgIoYqbv2J6S0wSYDIsmxDc2ZP/ks5RzT2pOVfHlfrFNI4S2kV7qIpcdIrqqIGaqI0oekBP6AW9Wo/Ws/VmvU9G56zpzg76BevjG1Trm5E=</latexit>

dH(T ) = ca(T )

Z
T

0

dt

a(t)

The physical horizon distance:

2rH
observable

• In non-expanding space, dH(T) = cT, as you expect. 


• However, this relation does not hold in expanding space! 

• For a(t) ~ tn (with n<1; decelerating Universe), we obtain 
<latexit sha1_base64="/TkbgGi+Ksykk3q7T3EWSQH9HKc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLiyJKLpRim66rJA+oA1hMpm0QyeTMDMRSsjGjb/ixoUibv0Hd/6N08dCWw9cOJxzL/fe4yeMSmVZ30ZhaXllda24XtrY3NreMXf3WjJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2h3djv/1AhKQxd9QoIW6E+pyGFCOlJc88DLx6xTmB17AXCoQz7OSZfcpzeAOx45llq2pNABeJPSNlMEPDM796QYzTiHCFGZKya1uJcjMkFMWM5KVeKkmC8BD1SVdTjiIi3WzyRQ6PtRLAMBa6uIIT9fdEhiIpR5GvOyOkBnLeG4v/ed1UhVduRnmSKsLxdFGYMqhiOI4EBlQQrNhIE4QF1bdCPEA6DaWDK+kQ7PmXF0nrrGpfVK3783LtdhZHERyAI1ABNrgENVAHDdAEGDyCZ/AK3own48V4Nz6mrQVjNrMP/sD4/AFeH5aU</latexit>

dH(T ) =
cT

1� n
> cT The horizon grows 

faster than cT!
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“Entering the Horizon”

• In a decelerating 
Universe, we can 
see more of the 
Universe as time 
goes by.


• If we wait long 
enough, we can see 
the entire Universe!


• But in reality, 
today’s Universe 
is accelerating, 
so this won’t 
happen in future 
unfortunately.

10 Gpc today

1 Gpc today

100 Mpc today

10 Mpc today

1 Mpc today

“enter the horizon”

Radiation Era Matter Era

today’s scale factor

[c/H(a)]

<latexit sha1_base64="Dk5Da7ZtW1pW9M5lXDMH7zaYW3Q="></latexit>

a(t) / t1/2

dH(t) = 2ct / a2

<latexit sha1_base64="A+0G57ao4Y83vfNpsKZOBl5qx0k="></latexit>

a(t) / t2/3

dH(t) = 3ct / a3/2
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Accelerating Universe

10 Gpc today

1 Gpc today

100 Mpc today

10 Mpc today

1 Mpc today

“enter the horizon”

Radiation Era Matter Era

today’s scale factor

[c/H(a)]

<latexit sha1_base64="Dk5Da7ZtW1pW9M5lXDMH7zaYW3Q="></latexit>

a(t) / t1/2

dH(t) = 2ct / a2

<latexit sha1_base64="A+0G57ao4Y83vfNpsKZOBl5qx0k="></latexit>

a(t) / t2/3

dH(t) = 3ct / a3/2
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For a(t) ~ tn, 

<latexit sha1_base64="sW0ywYsYST9eHqPJ32nR+faX13U="></latexit>

dH(t) = ca(t)

Z
t

t⇤

dt0

a(t0)

=

✓
t

t⇤

◆n

� t

t⇤

�
ct⇤

n� 1

/ a(t) for n > 1

Dark Energy Era



Part II: Light propagation in a 
clumpy universe
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Introducing the curved space
Non-Euclidean space

• Writing the distance between two points in Euclidean space:

• …in a fancy way:

1 for i=j
0 otherwise{=
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Introducing the curved space
Non-Euclidean space

• Writing the distance between two points in Euclidean space:

• …in a fancy way:

18

metric perturbation
-> CURVED SPACE!



Notation
From now on…

• The notation in my lectures follows mainly “Cosmology” by Steven Weinberg.
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Spatial curvature: Ψ and Dij
Non-Euclidean space

• Re-writing this fancy expression:

• …in a fancier way:

20

metric perturbation
-> CURVED SPACE!



Spatial curvature: Ψ and Dij
Non-Euclidean space

• Re-writing this fancy expression:

• …in a fancier way:

21

metric perturbation
-> CURVED SPACE!

Scalar curvature 

perturbation

Tensor perturbation

= Gravitational wave



Tensor perturbation Dij
Area-conserving deformation of space = Gravitational wave

• Determinant of the matrix

22

is given by                          . 

• Thus, Dij must be trace-less:                           , 

so that the determinant is not modified by Dij.



Not just space…
Distance between two points in space AND TIME

• The four-dimensional space-time distance in non-expanding Euclidean space 
is given by


• The light path is given by ds42=0 (hence called “null”). 


• Let us write this in a compact matrix form with 4-dimensional coordinates:

23

<latexit sha1_base64="Wk2a7w/M0E3dWqvMe4mJvnZs3o4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQxJKEim6EohuXFewD2iRMJtN26OTBzESMoT/gxl9x40IRt+7d+TdO2yy09cBwD+fcy517vJhRIQ3jWyssLC4trxRXS2vrG5tb+vZOU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS84dXYb90RLmgU3so0JnaA+iHtUYykklz9wBdu1bEuTrBj+dKx4DH076clnZYHx3L1slExJoDzxMxJGeSou/pX149wEpBQYoaE6JhGLO0McUkxI6NSNxEkRniI+qSjaIgCIuxscs0IHirFh72IqxdKOFF/T2QoECINPNUZIDkQs95Y/M/rJLJ3bmc0jBNJQjxd1EsYlBEcRwN9ygmWLFUEYU7VXyEeII6wVAGWVAjm7MnzpGlVzNOKcVMt1y7zOIpgD+yDI2CCM1AD16AOGgCDR/AMXsGb9qS9aO/ax7S1oOUzu+APtM8fCqOYXg==</latexit>

ds24 = �c2dt2 + dx2 + dy2 + dz2

<latexit sha1_base64="U8EtatMhIN1uGhKowXjQKfl3xVA=">AAACI3icbVBJSwMxFM641rpVPXoJFsFTmakVRSgUvXisYBfoMmQyaRuaZIYsYhn6X7z4V7x4UIoXD/4X03YO2vog5FveI3lfEDOqtOt+OSura+sbm5mt7PbO7t5+7uCwriIjManhiEWyGSBFGBWkpqlmpBlLgnjASCMY3k79xiORikbiQY9i0uGoL2iPYqSt5OeuQ+WXusVyWxnuJ21uyu64e54yMWf9mWHZOHzqWgSnlzB+Lu8W3FnBZeClIA/Sqvq5STuMsOFEaMyQUi3PjXUnQVJTzMg42zaKxAgPUZ+0LBSIE9VJZjuO4alVQtiLpD1Cw5n6eyJBXKkRD2wnR3qgFr2p+J/XMrp31UmoiI0mAs8f6hkGdQSngcGQSoI1G1mAsKT2rxAPkERY21izNgRvceVlUC8WvIuCe1/KV27SODLgGJyAM+CBS1ABd6AKagCDZ/AK3sGH8+K8ORPnc9664qQzR+BPOd8/xFak/w==</latexit>

ds24 =
3X

µ=0

3X

⌫=0

gµ⌫dx
µdx⌫

<latexit sha1_base64="1BY8cPegJ+bAcbd7GFKdqY8vZbQ=">AAAB9XicbVBNSwMxEM36WetX1aOXYBEqSNkVRS9C0YvHCvYD2m3Jptk2NMkuyay2lP4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4gFN+C6387S8srq2npmI7u5tb2zm9vbr5oo0ZRVaCQiXQ+IYYIrVgEOgtVjzYgMBKsF/duJX3tk2vBIPcAwZr4kXcVDTglYqTVoNWVyXaBwOmjxk3Yu7xbdKfAi8VKSRynK7dxXsxPRRDIFVBBjGp4bgz8iGjgVbJxtJobFhPZJlzUsVUQy44+mV4/xsVU6OIy0LQV4qv6eGBFpzFAGtlMS6Jl5byL+5zUSCK/8EVdxAkzR2aIwERgiPIkAd7hmFMTQEkI1t7di2iOaULBBZW0I3vzLi6R6VvQuiu79eb50k8aRQYfoCBWQhy5RCd2hMqogijR6Rq/ozXlyXpx352PWuuSkMwfoD5zPH52Yke4=</latexit>

xµ = (ct, xi)

<latexit sha1_base64="jZwSJQ9oVUXfQiZO0IdEYaDb4KA=">AAACC3icbZC7TsMwFIYdrqXcAowsViskBqgcBIKlUgULY5HoRWqiyHHc1tS5YDtIVZSdhVdhYQAhVl6AjbfBTTNAyy9Z+vyfc2Sf34s5kwqhb2NhcWl5ZbW0Vl7f2NzaNnd22zJKBKEtEvFIdD0sKWchbSmmOO3GguLA47Tjja4m9c4DFZJF4a0ax9QJ8CBkfUaw0pZrVgZuilBWP7aO7PsE+1Df2V1Wt33KFc7ZNauohnLBebAKqIJCTdf8sv2IJAENFeFYyp6FYuWkWChGOM3KdiJpjMkID2hPY4gDKp003yWDB9rxYT8S+oQK5u7viRQHUo4DT3cGWA3lbG1i/lfrJap/4aQsjBNFQzJ9qJ9wqCI4CQb6TFCi+FgDJoLpv0IyxAITpeMr6xCs2ZXnoX1Ss85q6Oa02rgs4iiBfVABh8AC56ABrkETtAABj+AZvII348l4Md6Nj2nrglHM7IE/Mj5/AAJqmm0=</latexit>

g00 = �1, gij = �ij
For the example above, we have

called the “metric tensor”



Not just space…
Distance between two points in space AND TIME

• The four-dimensional space-time distance in non-expanding Euclidean space 
is given by


• The light path is given by ds42=0 (hence called “null”). 


• Including the expanding space and curvature in space AND TIME, we write
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ds24 = �c2dt2 + dx2 + dy2 + dz2

Newtonian 

gravitational potential
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• Including the expanding space and curvature in space AND TIME, we write
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<latexit sha1_base64="Wk2a7w/M0E3dWqvMe4mJvnZs3o4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQxJKEim6EohuXFewD2iRMJtN26OTBzESMoT/gxl9x40IRt+7d+TdO2yy09cBwD+fcy517vJhRIQ3jWyssLC4trxRXS2vrG5tb+vZOU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS84dXYb90RLmgU3so0JnaA+iHtUYykklz9wBdu1bEuTrBj+dKx4DH076clnZYHx3L1slExJoDzxMxJGeSou/pX149wEpBQYoaE6JhGLO0McUkxI6NSNxEkRniI+qSjaIgCIuxscs0IHirFh72IqxdKOFF/T2QoECINPNUZIDkQs95Y/M/rJLJ3bmc0jBNJQjxd1EsYlBEcRwN9ygmWLFUEYU7VXyEeII6wVAGWVAjm7MnzpGlVzNOKcVMt1y7zOIpgD+yDI2CCM1AD16AOGgCDR/AMXsGb9qS9aO/ax7S1oOUzu+APtM8fCqOYXg==</latexit>

ds24 = �c2dt2 + dx2 + dy2 + dz2

<latexit sha1_base64="U8EtatMhIN1uGhKowXjQKfl3xVA=">AAACI3icbVBJSwMxFM641rpVPXoJFsFTmakVRSgUvXisYBfoMmQyaRuaZIYsYhn6X7z4V7x4UIoXD/4X03YO2vog5FveI3lfEDOqtOt+OSura+sbm5mt7PbO7t5+7uCwriIjManhiEWyGSBFGBWkpqlmpBlLgnjASCMY3k79xiORikbiQY9i0uGoL2iPYqSt5OeuQ+WXusVyWxnuJ21uyu64e54yMWf9mWHZOHzqWgSnlzB+Lu8W3FnBZeClIA/Sqvq5STuMsOFEaMyQUi3PjXUnQVJTzMg42zaKxAgPUZ+0LBSIE9VJZjuO4alVQtiLpD1Cw5n6eyJBXKkRD2wnR3qgFr2p+J/XMrp31UmoiI0mAs8f6hkGdQSngcGQSoI1G1mAsKT2rxAPkERY21izNgRvceVlUC8WvIuCe1/KV27SODLgGJyAM+CBS1ABd6AKagCDZ/AK3sGH8+K8ORPnc9664qQzR+BPOd8/xFak/w==</latexit>

ds24 =
3X

µ=0

3X

⌫=0

gµ⌫dx
µdx⌫ with{



From now on, I will set the speed 
of light to be unity: c=1
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Equation of motion for photons
Evolution of photon’s coordinates

• Photon’s path is determined such that the distance traveled by a photon 
between two points is minimised. This yields the equation of motion for 
photon’s coordinates                   : 
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This equation is known as the “geodesic equation”.  
The second term is needed to keep the form of the equation unchanged 

under general coordinate transformation => GRAVITATIONAL EFFECT!

y

x

“u” labels  
photon’s path



Equation of motion for photons
Evolution of photon’s momentum
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•The magnitude of photon’s momentum is equal to photon’s 
energy:

y

x

“u” labels  
photon’s path

• It is more convenient to write down the geodesic equation in terms of 
photon’s momentum: 



Some calculations…

With ( )

Scalar perturbation [valid to all orders] Tensor perturbation [valid to 1st order in D]



Recap so far
Math may be messy but the concept is transparent!

• Requiring photons to travel between two points in space-time with the 
minimum path length, we obtained the geodesic equation.


• The geodesic equation contains        that is required to make the form of the 
equation unchanged under general coordinate transformation.


• Expressing        in terms of the metric perturbations, we can obtain the 
desired result - the equation that describes the rate of change of the 
photon energy.
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Rewrite in terms of 



The Result
Sachs & Wolfe (1967)

• Let’s interpret this equation physically. Explain each term in words!

31

γi is a unit vector of the direction of 

photon’s momentum:



The Result
Sachs & Wolfe (1967)

• Cosmological redshift 

• Photon’s wavelength is stretched in proportion to the scale factor, and thus 
the photon energy decreases as

32

γi is a unit vector of the direction of 

photon’s momentum:

p / a�1



The Result
Sachs & Wolfe (1967)

• Cosmological redshift - part II 

• The spatial metric is given by


• Thus, locally we can define a new scale factor: 


• Then the photon energy decreases as 
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γi is a unit vector of the direction of 

photon’s momentum:

ds2 = a2(t) exp(�2 )dx2

ã(t,x) = a(t) exp(� )

p / ã�1



The Result
Sachs & Wolfe (1967)

• Gravitational blue/redshift (Scalar)
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γi is a unit vector of the direction of 

photon’s momentum:

Potential well (φ < 0)



The Result
Sachs & Wolfe (1967)

• Gravitational blue/redshift (Tensor)
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γi is a unit vector of the direction of 

photon’s momentum:

y

x



The Result
Sachs & Wolfe (1967)

• Gravitational blue/redshift (Tensor)
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γi is a unit vector of the direction of 

photon’s momentum:

y

x


