
Lecture 10: Gravitational Waves
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The lecture slides are available at

  https://wwwmpa.mpa-garching.mpg.de/~komatsu/

lectures--reviews.html

https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html
https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html


B-mode from lensing

E-mode  
from sound waves

Temperature  
from sound waves

B-mode from GW

We understand this now!
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We understand this now!

We understand this now!

Today’s topic



Part I: Basics of the Gravitational 
Waves
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Gravitational waves are coming towards you!
To visualise the waves, watch motion of test particles.
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Gravitational waves are coming towards you!
To visualise the waves, watch motion of test particles.
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Distance between two points

y

x
Scale Factor
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• In Cartesian coordinates, the distance between two points in 
Euclidean space is


• To include the isotropic expansion of space, 



Distortion in space

x2

x1

δij  = 1 for i=j; 

δij  = 0 otherwise

Distortion in space!7

• Compact notation using Kronecker’s delta symbol:


• To include distortion in space,

<latexit sha1_base64="YoTRacSiS3FMLfHUDZyO6/m/S54=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjUg8cI5gHJEmYns8kk81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS6nfrNJ6oNU/LRjhMaCtyXLGYEWyc17roZG066pbJf8WdAyyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNJsZMammAywn3adlRiQU2Yza6doFOn9FCstCtp0Uz9PZFhYcxYRK5TYDswi95U/M9rpza+DjMmk9RSSeaL4pQjq9D0ddRjmhLLx45gopm7FZEB1phYF1DRhRAsvrxMGueV4LLiP1yUqzd5HAU4hhM4gwCuoAr3UIM6EBjCM7zCm6e8F+/d+5i3rnj5zBH8gff5A56kjyg=</latexit>

Dij



• The gravitational wave shall be transverse. 

• The direction of distortion is perpendicular to the propagation direction

Four conditions for gravitational waves

3 conditions for DĳThus,
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i=1

qiDij = 0



Four conditions for gravitational waves

• The gravitational wave shall not change the area 

• The determinant of δij+Dij is 1

Thus,
3X

i=1

hii = 0
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1 condition for Dĳ
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• The symmetric matrix Dij has 6 components, but there are 4 conditions. Thus, we 
have two degrees of freedom.


• If the GW propagates in the x3=z axis, non-vanishing components of Dij are

6 – 4 = 2 degrees of freedom for GW
We call them “plus” and “cross” modes

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0
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h+=cos(kz)

Propagation direction of GW

h+=cos(qz)

hx=cos(qz)

z
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Tensor-to-scalar Ratio, the “r”
Everyone is after this!

• The current upper bound is r < 0.044 (95%CL) [Tristram et al., 
arXiv:2010.01139]


• We want to find this in the B-mode polarisation of the CMB.
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P
ijhDijDiji
h⇣2i



How to detect GW?
Laser interferometer technique, used by LIGO and VIRGO

13

Mirror

Detector No Signal

Mirror

Mirror

Signal!Detector

Mirror

Beam splitter Beam splitter

The wavelength of GW detectable by 

this method is the size of Earth 


(a few thousand km). 

How do we detect GW with 


billions of light-years’s wavelength?



Detecting GW by CMB
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Isotropic radiation field (CMB) Isotropic radiation field (CMB)
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H

H C

C
H

H

Quadrupole temperature anisotropy generated by red- and blue-shifting of photons

Sachs & Wolfe (1967)

From Lecture 2:



Detecting GW by CMB
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Isotropic radiation field (CMB) Isotropic radiation field (CMB)
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Quadrupole temperature anisotropy generated by red- and blue-shifting of photons

Sachs & Wolfe (1967)



Detecting GW by CMB Polarisation
Quadrupole temperature anisotropy scattered by an electron
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Isotropic radiation field (CMB) Isotropic radiation field (CMB)
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Generation and erasure  
of tensor quadrupole (viscosity)

• Gravitational waves create quadrupole temperature 
anisotropy (i.e., tensor viscosity of a photon-baryon 
fluid) gravitationally, without a velocity potential.


• Still, tight-coupling between photons and baryons 
erases the tensor viscosity exponentially before the 
last scattering.

negligible contribution before the last scattering
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Part II: Propagation of 
Gravitational Waves in an 
Expanding Universe
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Equation of Motion of the Gravitational Wave
Wave equation in a non-expanding Universe

• Einstein’s equation gives a wave equation for the GW:
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ij The stress-energy 

source of GW
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Equation of Motion of the Gravitational Wave
Wave equation in an expanding Universe

• Einstein’s equation gives a wave equation for the GW:
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( )<latexit sha1_base64="uA6tGC9QkHmnDRGPgJRdKVnqhts="></latexit>

ds24 = �dt2 + a2(t)dx2

=
X

µ⌫

gµ⌫dx
µdx⌫



Equation of Motion of the Gravitational Wave
Wave equation in an expanding Universe

• Einstein’s equation gives a wave equation for the GW:
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Effect of the expansion 

of the Universe!



Equation of Motion of the Gravitational Wave
Wave equation in an expanding Universe

• Einstein’s equation gives a wave equation for the GW:
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Effect of the expansion 

of the Universe!
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r2 exp(iq · x) = �q2 exp(iq · x)



Equation of Motion of the Gravitational Wave
Wave equation in an expanding Universe

• Einstein’s equation gives a wave equation for the GW:
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Effect of the expansion 

of the Universe!
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In Fourier space
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r2 exp(iq · x) = �q2 exp(iq · x)

Physical wavenumber, q/a



Super-horizon Solution (q << aH)

• Super-horizon tensor perturbation is conserved!  

• Similar to the conserved scalar perturbation, ζ.


• Thus, no ISW temperature anisotropy on super-horizon 
scales 

• It does not look like “gravitational waves”, but it will start 
oscillating and behaving like waves once it enters the horizon

Dij = constant + decaying term
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Matter-dominated Solution

• ∂Dij/∂t gives the ISW. It peaks at the horizon 
crossing, qr~2. 

• The energy density is given by (∂Dij/∂t)2, which 
indeed decays like radiation, a–4.

/ 1

a(t)
<latexit sha1_base64="tt+hBjENX0OF7Ntykl1fzbjM13A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiKDLohuXFewDOkPJpJk2NJOEJCOUcRb+ihsXirj1N9z5N6btLLT1wIXDOfdy7z2RZFQbz/t2Siura+sb5c3K1vbO7p67f9DWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROObqd95IEpTwe/NRJIwQUNOY4qRsVLfPQqkEtIIGMQK4czPM1QzZ3nfrXp1bwa4TPyCVEGBZt/9CgYCpwnhBjOkdc/3pAkzpAzFjOSVINVEIjxGQ9KzlKOE6DCb3Z/DU6sMYCyULW7gTP09kaFE60kS2c4EmZFe9Kbif14vNfFVmFEuU0M4ni+KUwbtv9Mw4IAqgg2bWIKwovZWiEfIBmFsZBUbgr/48jJpn9d9r+7fXVQb10UcZXAMTkAN+OASNMAtaIIWwOARPINX8OY8OS/Ou/Mxby05xcwh+APn8we83JXm</latexit><latexit sha1_base64="tt+hBjENX0OF7Ntykl1fzbjM13A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiKDLohuXFewDOkPJpJk2NJOEJCOUcRb+ihsXirj1N9z5N6btLLT1wIXDOfdy7z2RZFQbz/t2Siura+sb5c3K1vbO7p67f9DWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROObqd95IEpTwe/NRJIwQUNOY4qRsVLfPQqkEtIIGMQK4czPM1QzZ3nfrXp1bwa4TPyCVEGBZt/9CgYCpwnhBjOkdc/3pAkzpAzFjOSVINVEIjxGQ9KzlKOE6DCb3Z/DU6sMYCyULW7gTP09kaFE60kS2c4EmZFe9Kbif14vNfFVmFEuU0M4ni+KUwbtv9Mw4IAqgg2bWIKwovZWiEfIBmFsZBUbgr/48jJpn9d9r+7fXVQb10UcZXAMTkAN+OASNMAtaIIWwOARPINX8OY8OS/Ou/Mxby05xcwh+APn8we83JXm</latexit><latexit sha1_base64="tt+hBjENX0OF7Ntykl1fzbjM13A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiKDLohuXFewDOkPJpJk2NJOEJCOUcRb+ihsXirj1N9z5N6btLLT1wIXDOfdy7z2RZFQbz/t2Siura+sb5c3K1vbO7p67f9DWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROObqd95IEpTwe/NRJIwQUNOY4qRsVLfPQqkEtIIGMQK4czPM1QzZ3nfrXp1bwa4TPyCVEGBZt/9CgYCpwnhBjOkdc/3pAkzpAzFjOSVINVEIjxGQ9KzlKOE6DCb3Z/DU6sMYCyULW7gTP09kaFE60kS2c4EmZFe9Kbif14vNfFVmFEuU0M4ni+KUwbtv9Mw4IAqgg2bWIKwovZWiEfIBmFsZBUbgr/48jJpn9d9r+7fXVQb10UcZXAMTkAN+OASNMAtaIIWwOARPINX8OY8OS/Ou/Mxby05xcwh+APn8we83JXm</latexit><latexit sha1_base64="tt+hBjENX0OF7Ntykl1fzbjM13A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiKDLohuXFewDOkPJpJk2NJOEJCOUcRb+ihsXirj1N9z5N6btLLT1wIXDOfdy7z2RZFQbz/t2Siura+sb5c3K1vbO7p67f9DWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROObqd95IEpTwe/NRJIwQUNOY4qRsVLfPQqkEtIIGMQK4czPM1QzZ3nfrXp1bwa4TPyCVEGBZt/9CgYCpwnhBjOkdc/3pAkzpAzFjOSVINVEIjxGQ9KzlKOE6DCb3Z/DU6sMYCyULW7gTP09kaFE60kS2c4EmZFe9Kbif14vNfFVmFEuU0M4ni+KUwbtv9Mw4IAqgg2bWIKwovZWiEfIBmFsZBUbgr/48jJpn9d9r+7fXVQb10UcZXAMTkAN+OASNMAtaIIWwOARPINX8OY8OS/Ou/Mxby05xcwh+APn8we83JXm</latexit>

/ 1

a2(t)
<latexit sha1_base64="OECroyH6Bm5+Rqs2nC0WT7KE1do=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFEGXRTcuK9gHdMaSSTNtaCYJSUYoQ934K25cKOLWv3Dn35i2s9DWA4HDOfdyc04kGdXG876dwsrq2vpGcbO0tb2zu+fuH7S0SBUmTSyYUJ0IacIoJ01DDSMdqQhKIkba0eh66rcfiNJU8DszliRM0IDTmGJkrNRzjwKphDQCBrFCOPMnGbqvVczZpOeWvao3A1wmfk7KIEej534FfYHThHCDGdK663vShBlShmJGJqUg1UQiPEID0rWUo4ToMJslmMBTq/RhLJR93MCZ+nsjQ4nW4ySykwkyQ73oTcX/vG5q4sswo1ymhnA8PxSnDNrE0zpgnyqCDRtbgrCi9q8QD5GtwtjSSrYEfzHyMmnVqr5X9W/Py/WrvI4iOAYnoAJ8cAHq4AY0QBNg8AiewSt4c56cF+fd+ZiPFpx85xD8gfP5A/Jfloo=</latexit><latexit sha1_base64="OECroyH6Bm5+Rqs2nC0WT7KE1do=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFEGXRTcuK9gHdMaSSTNtaCYJSUYoQ934K25cKOLWv3Dn35i2s9DWA4HDOfdyc04kGdXG876dwsrq2vpGcbO0tb2zu+fuH7S0SBUmTSyYUJ0IacIoJ01DDSMdqQhKIkba0eh66rcfiNJU8DszliRM0IDTmGJkrNRzjwKphDQCBrFCOPMnGbqvVczZpOeWvao3A1wmfk7KIEej534FfYHThHCDGdK663vShBlShmJGJqUg1UQiPEID0rWUo4ToMJslmMBTq/RhLJR93MCZ+nsjQ4nW4ySykwkyQ73oTcX/vG5q4sswo1ymhnA8PxSnDNrE0zpgnyqCDRtbgrCi9q8QD5GtwtjSSrYEfzHyMmnVqr5X9W/Py/WrvI4iOAYnoAJ8cAHq4AY0QBNg8AiewSt4c56cF+fd+ZiPFpx85xD8gfP5A/Jfloo=</latexit><latexit sha1_base64="OECroyH6Bm5+Rqs2nC0WT7KE1do=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFEGXRTcuK9gHdMaSSTNtaCYJSUYoQ934K25cKOLWv3Dn35i2s9DWA4HDOfdyc04kGdXG876dwsrq2vpGcbO0tb2zu+fuH7S0SBUmTSyYUJ0IacIoJ01DDSMdqQhKIkba0eh66rcfiNJU8DszliRM0IDTmGJkrNRzjwKphDQCBrFCOPMnGbqvVczZpOeWvao3A1wmfk7KIEej534FfYHThHCDGdK663vShBlShmJGJqUg1UQiPEID0rWUo4ToMJslmMBTq/RhLJR93MCZ+nsjQ4nW4ySykwkyQ73oTcX/vG5q4sswo1ymhnA8PxSnDNrE0zpgnyqCDRtbgrCi9q8QD5GtwtjSSrYEfzHyMmnVqr5X9W/Py/WrvI4iOAYnoAJ8cAHq4AY0QBNg8AiewSt4c56cF+fd+ZiPFpx85xD8gfP5A/Jfloo=</latexit><latexit sha1_base64="OECroyH6Bm5+Rqs2nC0WT7KE1do=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFEGXRTcuK9gHdMaSSTNtaCYJSUYoQ934K25cKOLWv3Dn35i2s9DWA4HDOfdyc04kGdXG876dwsrq2vpGcbO0tb2zu+fuH7S0SBUmTSyYUJ0IacIoJ01DDSMdqQhKIkba0eh66rcfiNJU8DszliRM0IDTmGJkrNRzjwKphDQCBrFCOPMnGbqvVczZpOeWvao3A1wmfk7KIEej534FfYHThHCDGdK663vShBlShmJGJqUg1UQiPEID0rWUo4ToMJslmMBTq/RhLJR93MCZ+nsjQ4nW4ySykwkyQ73oTcX/vG5q4sswo1ymhnA8PxSnDNrE0zpgnyqCDRtbgrCi9q8QD5GtwtjSSrYEfzHyMmnVqr5X9W/Py/WrvI4iOAYnoAJ8cAHq4AY0QBNg8AiewSt4c56cF+fd+ZiPFpx85xD8gfP5A/Jfloo=</latexit>
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<latexit sha1_base64="kkYfHEkJaFTdmfjaYt65H6sssaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3nOM+g==</latexit>r
<latexit sha1_base64="kkYfHEkJaFTdmfjaYt65H6sssaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3nOM+g==</latexit>r

<latexit sha1_base64="kkYfHEkJaFTdmfjaYt65H6sssaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3nOM+g==</latexit>r
<latexit sha1_base64="kkYfHEkJaFTdmfjaYt65H6sssaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3nOM+g==</latexit>r

<latexit sha1_base64="iTspYwpnXB1/e0caaEcb3xFQamM=">AAACCHicbVBNS8NAEN3Ur1q/oh49GCzS9lISUfQiFL14rGA/oKlls920SzebsDsRSsjRi3/FiwdFvPoTvPlv3LY5aOuDgcd7M8zM8yLOFNj2t5FbWl5ZXcuvFzY2t7Z3zN29pgpjSWiDhDyUbQ8rypmgDWDAaTuSFAcepy1vdD3xWw9UKhaKOxhHtBvggWA+Ixi01DMPZRkql8RlAnr2Pbi+xCTpQylNcBlKlbRnFu2qPYW1SJyMFFGGes/8cvshiQMqgHCsVMexI+gmWAIjnKYFN1Y0wmSEB7SjqcABVd1k+khqHWulb/mh1CXAmqq/JxIcKDUOPN0ZYBiqeW8i/ud1YvAvugkTUQxUkNkiP+YWhNYkFavPJCXAx5pgIpm+1SJDrLMAnV1Bh+DMv7xImidV56xq354Wa1dZHHl0gI5QGTnoHNXQDaqjBiLoET2jV/RmPBkvxrvxMWvNGdnMPvoD4/MHcUSY+A==</latexit>

r(t) = c

Z t

0

dt0

a(t0)
<latexit sha1_base64="Ok7JEJsATJBsby5baGRpbEeBgBs=">AAACHHicbVC7TsMwFHXKq5RXgJElokIqA1VSQLAgVbAwFok+pCZEjuu0po6T2g5SFeVDWPgVFgYQYmFA4m9w2gzQciRbx+fcq+t7vIgSIU3zWyssLC4trxRXS2vrG5tb+vZOS4QxR7iJQhryjgcFpoThpiSS4k7EMQw8itve8Crz2w+YCxKyWzmOsBPAPiM+QVAqydWP712rMuKHF7bPIUpsQVj2TJPsvqulR7mOQjHVRzx19bJZNScw5omVkzLI0XD1T7sXojjATCIKhehaZiSdBHJJEMVpyY4FjiAawj7uKspggIWTTJZLjQOl9Aw/5OowaUzU3x0JDIQYB56qDKAciFkvE//zurH0z52EsCiWmKHpID+mhgyNLCmjRzhGko4VgYgT9VcDDaBKQ6o8SyoEa3bledKqVa3TqnlzUq5f5nEUwR7YBxVggTNQB9egAZoAgUfwDF7Bm/akvWjv2se0tKDlPbvgD7SvHxmkoWs=</latexit>

j1(qr) =
sin(qr)

(qr)2
� cos(qr)

qr

Cf: Sound wave

The oscillation of the GW solution is given by 
the photon horizon, not the sound horizon, 
as the GW propagates at the speed of light.



Energy density of the gravitational waves

• The equation of motion yields
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ḣij / a�2(t)

<latexit sha1_base64="QOP+I55nI9ExnxnyHW+2wczt66M=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWoC0tSKrosunFZwT6gjWEynbZjJ8kwcyOUkJUbf8WNC0Xc+g3u/BunbRbaemDgcM69M3OOLzhTYNvfRm5peWV1Lb9e2Njc2t4xd/eaKooloQ0S8Ui2fawoZyFtAANO20JSHPictvzR1cRvPVCpWBTewlhQN8CDkPUZwaAlzzzs9iJIhqmXsPu0K2QkILLwXXJaSUtw4plFu2xPYS0SJyNFlKHumV/6PhIHNATCsVIdxxbgJlgCI5ymhW6sqMBkhAe0o2mIA6rcZBojtY610rP6kdQnBGuq/t5IcKDUOPD1ZIBhqOa9ifif14mhf+EmLBQx0JDMHurH3NJRJ51YPSYpAT7WBBPJ9F8tMsQSE9DNFXQJznzkRdKslJ1q+eymWqxdZnXk0QE6QiXkoHNUQ9eojhqIoEf0jF7Rm/FkvBjvxsdsNGdkO/voD4zPH0oumP0=</latexit>

⇢GW(t) / a�4(t)

<latexit sha1_base64="R+Tx0lbEj4qx1UXdB8EKx7EPVRQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBRTBWMMBYJPqQmhA5rttadWLLdpCqqDMLv8LCAEKsfAEbf4PTZoDCkSwdnXOvrs8JBaNKO86XVVhYXFpeKa6W1tY3Nrfs7Z2W4onEpIk547ITIkUYjUlTU81IR0iCopCRdji6zPz2PZGK8vhWjwXxIzSIaZ9ipI0U2PueHPIg9WQEr9qTij7yhORCc4ju0uNaJgR22ak6U8C/xM1JGeRoBPan1+M4iUisMUNKdV1HaD9FUlPMyKTkJYoIhEdoQLqGxigiyk+nUSbw0Cg92OfSvFjDqfpzI0WRUuMoNJMR0kM172Xif1430f1zP6WxSDSJ8exQP2HQRM16gT0qCdZsbAjCkpq/QjxEEmFt2iuZEtz5yH9J66Tq1qqnN7Vy/SKvowj2wAGoABecgTq4Bg3QBBg8gCfwAl6tR+vZerPeZ6MFK9/ZBb9gfXwD1AyZtA==</latexit>

The GW density redshifts 
as relativistic particles (radiation)!

⇢GW(t) =
1

4
M2

pl

X

ij

hḣij(t,x)ḣij(t,x)i

=
1

2
M2

pl

X

�=+,⇥
hḣ2

�(t,x)i

<latexit sha1_base64="oEGJ0tyWa5Bsh4ulSTWcMlCwuMw="></latexit>

Mpl = (8⇡G)�1/2
<latexit sha1_base64="sb3kvG0b3zx6DLFWE8n+264RI2E=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFexGKLrQjVDBPqCJYTKdtkMnyTAzEUoIuPFX3LhQxK0/4c6/cdpmodYDFw7n3Mu99/icUaks68vIzc0vLC7llwsrq2vrG+bmVlNGscCkgSMWibaPJGE0JA1FFSNtLggKfEZa/vBi7LfuiZA0Cm/ViBM3QP2Q9ihGSkueuXPtJY4IIGfpWanqcAovD+6SQ/uoknpm0SpbE8BZYmekCDLUPfPT6UY4DkioMENSdmyLKzdBQlHMSFpwYkk4wkPUJx1NQxQQ6SaTH1K4r5Uu7EVCV6jgRP05kaBAylHg684AqYH8643F/7xOrHpVN6EhjxUJ8XRRL2ZQRXAcCOxSQbBiI00QFlTfCvEACYSVjq2gQ7D/vjxLmpWyfVyu3JwUa+dZHHmwC/ZACdjgFNTAFaiDBsDgATyBF/BqPBrPxpvxPm3NGdnMNvgF4+MbU86WBQ==</latexit>

<latexit sha1_base64="YoTRacSiS3FMLfHUDZyO6/m/S54=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjUg8cI5gHJEmYns8kk81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS6nfrNJ6oNU/LRjhMaCtyXLGYEWyc17roZG066pbJf8WdAyyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNJsZMammAywn3adlRiQU2Yza6doFOn9FCstCtp0Uz9PZFhYcxYRK5TYDswi95U/M9rpza+DjMmk9RSSeaL4pQjq9D0ddRjmhLLx45gopm7FZEB1phYF1DRhRAsvrxMGueV4LLiP1yUqzd5HAU4hhM4gwCuoAr3UIM6EBjCM7zCm6e8F+/d+5i3rnj5zBH8gff5A56kjyg=</latexit>

Dij
<latexit sha1_base64="YoTRacSiS3FMLfHUDZyO6/m/S54=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjUg8cI5gHJEmYns8kk81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS6nfrNJ6oNU/LRjhMaCtyXLGYEWyc17roZG066pbJf8WdAyyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNJsZMammAywn3adlRiQU2Yza6doFOn9FCstCtp0Uz9PZFhYcxYRK5TYDswi95U/M9rpza+DjMmk9RSSeaL4pQjq9D0ddRjmhLLx45gopm7FZEB1phYF1DRhRAsvrxMGueV4LLiP1yUqzd5HAU4hhM4gwCuoAr3UIM6EBjCM7zCm6e8F+/d+5i3rnj5zBH8gff5A56kjyg=</latexit>

Dij

<latexit sha1_base64="YoTRacSiS3FMLfHUDZyO6/m/S54=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjUg8cI5gHJEmYns8kk81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS6nfrNJ6oNU/LRjhMaCtyXLGYEWyc17roZG066pbJf8WdAyyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNJsZMammAywn3adlRiQU2Yza6doFOn9FCstCtp0Uz9PZFhYcxYRK5TYDswi95U/M9rpza+DjMmk9RSSeaL4pQjq9D0ddRjmhLLx45gopm7FZEB1phYF1DRhRAsvrxMGueV4LLiP1yUqzd5HAU4hhM4gwCuoAr3UIM6EBjCM7zCm6e8F+/d+5i3rnj5zBH8gff5A56kjyg=</latexit>

Dij

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

<latexit sha1_base64="hlPrrvhryKWK4jM72Qr7KwPo/K0="></latexit>

<latexit sha1_base64="YoTRacSiS3FMLfHUDZyO6/m/S54=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjUg8cI5gHJEmYns8kk81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS6nfrNJ6oNU/LRjhMaCtyXLGYEWyc17roZG066pbJf8WdAyyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNJsZMammAywn3adlRiQU2Yza6doFOn9FCstCtp0Uz9PZFhYcxYRK5TYDswi95U/M9rpza+DjMmk9RSSeaL4pQjq9D0ddRjmhLLx45gopm7FZEB1phYF1DRhRAsvrxMGueV4LLiP1yUqzd5HAU4hhM4gwCuoAr3UIM6EBjCM7zCm6e8F+/d+5i3rnj5zBH8gff5A56kjyg=</latexit>

Dij



Part III: Temperature Anisotropy 
from Gravitational Waves
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Formal Solution (Tensor)
Sachs & Wolfe (1967)

negligible contribution before the last scattering
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Formal Solution (Tensor)

negligible contribution before the last scattering

Sachs & Wolfe (1967)
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Formal Solution (Tensor)

negligible contribution before the last scattering

When a plane wave gravitational wave propagates 
in the z direction, no temperature anisotropy is 

seen towards the poles (θ=0, π). The anisotropy is 
maximised on the horizon (θ=π/2) with cos(2φ) & 
sin(2φ) modulation in the azimuthal directions.

Sachs & Wolfe (1967)



Formal Solution (Tensor)

negligible contribution before the last scattering

Spherical harmonics  
Ylm(θ,φ) with (l,m)=(2,2)

Sachs & Wolfe (1967)
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Temperature Cl from GW
Scale-invariant
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r = 1



Entered the horizon after  
the last scattering

Tensor mode 
damped by 

redshifts between 
the horizon re-
entry and the 
decoupling

Tensor 
ISW

Temperature Cl from GW
Scale-invariant
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Temperature Cl from GW
Scale-invariant

This is NOT a Silk-
like damping!  

It’s not 
exponential, but a 

power-law due 
simply to redshifts

34



Part IV: E- and B-mode 
Polarisation from Gravitational 
Waves
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propagation direction of GW

h+=cos(qz)

Polarisation directions perpendicular/parallel to the wavenumber vector  
-> E mode polarisation
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propagation direction of GW

hx=cos(qz)

Polarisation directions 45 degrees tilted from to the wavenumber vector  
-> B mode polarisation

37

<latexit sha1_base64="8JevDjhlbMKbZzex9P0mFXaZn7Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0s4m7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZqdcfIsqdpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buqug+XldptHkcRTuAUzsGDa6jBPdShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCoko/H</latexit>

~q



CAUTION: we are NOT seeing a single plane wave 
propagating perpendicular to our line of sight

Signature of gravitational 
waves in the sky [?]
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CAUTION: we are NOT seeing a single plane wave 
propagating perpendicular to our line of sight

Signature of gravitational 
waves in the sky [?]

if you wish, you could associate 
one pattern with one plane wave… 

BUT
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(l,m)=(2,0) (l,m)=(2,1)

(l,m)=(2,2)

Let’s symbolise  
(l,m)=(2,2) as

Cold

Hot
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E-mode!

Pol on the 
horizon is 1/2 
of the zenith



B-mode!

Pol on the 
horizon 

vanishes



• E and B modes are produced nearly equally, but on small scales 
B is smaller than E because B vanishes on the horizon.

43

r = 1



• E and B modes are produced nearly equally, but on small scales 
B is smaller than E because B vanishes on the horizon.
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• E and B modes are produced nearly equally, but on small scales 
B is smaller than E because B vanishes on the horizon

This damping is 
actually due to the 

“Fuzziness” 
damping from the 
finite extent of the 

last-scattering 
surface

45
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No Fuzziness damping

Pritchard and Kamionkowski (2005) 46



With damping

Pritchard and Kamionkowski (2005) 47



Entered the horizon after  
the last scattering

Tensor 
ISW

Polarisation 
generated by 

tensor viscosity at 
the last scattering
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Polarisation 
generated by 

tensor viscosity at 
the last scattering

TE correlation
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B-mode from lensing

E-mode  
from sound waves

Temperature  
from sound waves

B-mode from GW

We understand this now!
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We understand this now!

We understand this now!

We understand this now!

Enjoy starting at these 
power spectra, and 

being able to explain all 
the features in words! 



Appendix:  
Experimental Landscape



What comes next?

Advanced Atacama  
Cosmology Telescope

South Pole Telescope “3G”

CLASSBICEP/Keck Array



Advanced Atacama  
Cosmology Telescope



South Pole Telescope “3G”

CLASSBICEP/Keck Array

CMB-S4(?)



The Biggest Enemy:  
Polarised Dust Emission

• The upcoming data will NOT be limited by statistics, but by 
systematic effects such as the Galactic contamination


• Solution: Observe the sky at multiple frequencies, 
especially at high frequencies (>300 GHz)


• This is challenging, unless we have a superb, high-altitude 
site with low water vapour


•CCAT-p!



CCAT-p Collaboration



Frank Bertoldi’s slide from the Florence meeting



Frank Bertoldi’s slide from the Florence meeting

Cornell U. + German consortium + Canadian consortium + …



A Game Changer
•CCAT-p: 6-m, Cross-dragone design, on Cerro 

Chajnantor (5600 m)


•Germany makes great 
telescopes! 

• Design study completed, and the contract has been signed by 
“VERTEX Antennentechnik GmbH”


• CCAT-p is a great opportunity for Germany to make 
significant contributions towards the CMB S-4 landscape 
(both US and Europe) by providing telescope designs and 
the “lessons learned” with prototypes.



Simons Observatory 
(USA)

in collaboration

South Pole?



Simons Observatory 
(USA)

in collaboration

South Pole?

This could be  
“CMB-S4”



To have even more 
frequency coverage…



ESA
2025– [proposed]

JAXA

LiteBIRD

+ participations from 
USA, Canada, Europe

Polarisation satellite dedicated to measure CMB 
polarisation from primordial GW, with a few thousand 

TES bolometers in space

2028–



ESA
2025– [proposed]

JAXA

LiteBIRD

May 21, 2019: JAXA has chosen LiteBIRD 
as the strategic large-class mission.

We will go to L2!

+ participations from 
USA, Canada, Europe

Selected!
2028–



• Polarized foregrounds
• Synchrotron radiation and thermal emission from inter-galactic dust

• Characterize and remove foregrounds

• 15 frequency bands between 40 GHz - 400 GHz
• Split between Low Frequency Telescope (LFT) and High Frequency Telescope (HFT)

• LFT: 40 GHz – 235 GHz

• HFT: 280 GHz – 400 GHz

Foreground Removal

7

Polarized galactic emission (Planck X) LiteBIRD: 15 frequency bands

Slide courtesy Toki Suzuki (Berkeley)



LiteBIRD�

LiteBIRD Spacecraft 

LiteBIRD for B-mode from Space 2018/7/21 11 

LFT	(5K)�

HG-antenna�

HFT	(5K)�

V-groove�

radiators�

SVM/BUS�

PLM�

200K�
100K�
30K�

JAXA	
H3� LFT	(Low	frequency	telescope)	34	–	161	GHz	:	Synchrotron	+	CMB	

HFT	(high	frequency	telescope)	89	–	448	GHz	:	CMB	+	Dust	
4.5	m�

Focal	plane	0.1K�

Slide courtesy Yutaro Sekimoto (ISAS/JAXA)

European Contribution



LiteBIRD Collaboration



LiteBIRD Collaboration


