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GW = Area-conserving distortion 
of distances between two points



Distance between 

two points in space

• Static (i.e., non-expanding) Euclidean space


• In Cartesian coordinates 



Distance between 

two points in space

• Homogeneously expanding Euclidean space


• In Cartesian comoving coordinates 

“scale factor”



Distance between 

two points in space

• Homogeneously expanding Euclidean space


• In Cartesian comoving coordinates 

“scale factor” =1 for i=j
=0 otherwise



Distance between 

two points in space

• Inhomogeneous curved space


• In Cartesian comoving coordinates 

“metric perturbation”
-> CURVED SPACE!



• Gravitational waves shall be:


• Transverse: the direction of the oscillation of space is 
perpendicular to the propagation direction


• This means 


• Area-conserving: the determinant of the distortion in 
space remains unchanged


• This means that the trace vanishes: 

Four conditions

3X

i=1

kihij = 0
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i=1

hii = 0
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6 components of hij minus 4 conditions = 2 degrees of freedom

3 conditions for hi

1 condition for hi



+ and x modes
• If the GW is propagating in the z (i=3) direction, we can write

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A
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y
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propagation direction of GW

h+=cos(kz)

hx=cos(kz)

z~k
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Equation of motion
• Writing Einstein’s gravitational field equation with

• We obtain, for a plane wave of GW with the wavenumber k, 

ḧij +
3ȧ

a
ḣij +

k2

a2
hij = 16⇡GTGW

ij
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Equation of motion
• Writing Einstein’s gravitational field equation with

• We obtain, for a plane wave of GW with the wavenumber k, 

ḧij +
3ȧ

a
ḣij +

k2

a2
hij = 16⇡GTGW

ij
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expansion of the Universe affects hij



Equation of motion

• Two tricks:

ḧij +
3ȧ

a
ḣij +

k2

a2
hij = 16⇡GTGW

ij
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expansion of the Universe affects hij

⌘ =

Z
dt

a(t)
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(1) Define “conformal time”

and use this instead of time derivatives
a(t)

@

@t
=

@

@⌘
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Equation of motion

• Two tricks:

source of GW
expansion of the Universe affects hij

⌘ =

Z
dt

a(t)
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and use this instead of time derivatives
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@
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h00
ij +

2a0

a
h0
ij + k2hij = 16⇡Ga2TGW

ij
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Primes =  
conformal time derivatives



Equation of motion

• Two tricks:

source of GW
expansion of the Universe affects hij

(2) Multiply hij by the scale factor and define

h00
ij +

2a0

a
h0
ij + k2hij = 16⇡Ga2TGW

ij
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uij = ahij
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Equation of motion

• Two tricks:

source of GW
expansion of the Universe affects hij

(2) Multiply hij by the scale factor and define

uij = ahij
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✓
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a

◆
uij = 16⇡Ga3TGW

ij
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Equation of motion

source of GW
expansion of the Universe affects hij

u00
ij +

✓
k2 � a00

a

◆
uij = 16⇡Ga3TGW

ij
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u00
ij +

⇥
k2 +m2(⌘)

⇤
uij = 16⇡Ga3TGW

ij
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Defining 

We obtain a harmonic oscillator with a time-dependent mass term! 

effect of the expansion  
of the Universe



Propagation of GW 

in vacuum: Two regimes

u00
ij +

⇥
k2 +m2(⌘)

⇤
uij = 0
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• Two regimes:


1. Short wavelength (k >> |m|)


• uij ~ exp(ikη) => hij ~ a–1exp(ikη) [decaying]


2. Long wavelength (k << |m|)


• uij ~ a => hij ~ constant



Meaning of m2

• The inverse of the expansion rate, (aH)–1, gives an estimate of 
the (comoving) size of the observable Universe, or “horizon”


• So, k << |m| is the “super-horizon” mode, and k >> |m| is 
the “sub-horizon” mode

m
2(⌘) = �a

00

a
= �a

2(2H2 + Ḣ)
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H =
ȧ

a
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Hubble’s expansion rate



GW “entering the horizon”

• This is a tricky concept, but it is important


• Suppose that GWs exist at all wavelengths


• Let’s not yet ask the origin of these “super-horizon GW”, 
but assume their existence


• As the Universe expands, the horizon size grows and we 
can see longer and longer wavelengths


• Fluctuations “entering the horizon”



10 Gpc today

1 Gpc today

100 Mpc today
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GW Evolution: Summary
• Super-horizon scales [k << aH] 

• The amplitude of GW is conserved (i.e., hij = constant)


• Sub-horizon scales [k >> aH] 

• The amplitude of GW decays (i.e., hij ~ 1/a)

Therefore, the long-wavelength 
GW preserves the initial condition: 

the beginning of the Universe!



Source of GW 

in the early Universe?

• Was there any source of GW in the early Universe?


• Yes, in a sense that there are many papers on possible 
sources in the literature 


• See a recent review article by C. Caprini and D. Figueroa, 
Classical and Quantum Gravity, 35, 163001 (2018), 
arXiv:1801.04268
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Quantum generation of GW 

in the early Universe!

• But, even if there was no source, GW can emerge 
quantum-mechanically! 

• To see this, we need to quantise the left hand side of the 
equation
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Grishchuk (1974); Starobinsky (1979)



Cosmic Inflation

• Exponential expansion (inflation) stretches the wavelength 
of quantum fluctuations to very large scales

Starobinsky (1980); Sato (1981); Guth (1981); Linde (1982); Albrecht & Steinhardt (1982)

Quantum fluctuations on 
microscopic scales

Inflation!



Cosmic Inflation

• Inflation is the accelerated, quasi-exponential 
expansion. Thus, we must have

ä

a
= Ḣ +H

2
> 0 ✏ ⌘ � Ḣ

H2
< 1

Actually, we rather need ε << 1, to have a 
sustained period of inflation. So H(t) is a 

slowly-varying function of time

Starobinsky (1980); Sato (1981); Guth (1981); Linde (1982); Albrecht & Steinhardt (1982)



GW from inflation

• During inflation, the scale factor grows exponentially in time,


• In conformal time, this means
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GW from inflation

• During inflation, the scale factor grows exponentially in time,


• In conformal time, this means
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GW from inflation

• The solution is
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• How do we fix the integration constants, Aij and Bij? We need QM!


• We find Aij and Bij, such that the uij coincides with the known 
flat-space (Minkowski) results for the quantum fluctuation in 
vacuum



Second-order Action
• The action that gives Einstein’s field equations is the so-

called “Einstein-Hilbert action”, given by the Ricci scalar R:
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• Expanding this to second-order in hij, we obtain the action 
that gives the equation of motion for hij:
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Second-order Action
• The action that gives Einstein’s field equations is the so-

called “Einstein-Hilbert action”, given by the Ricci scalar R:
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• Expanding this to second-order in hij, we obtain the action 
that gives the equation of motion for hij:
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ḣ2
ij �

(rhij)2

2a2

◆

<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

unwanted pre-factor

with

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

<latexit sha1_base64="hlPrrvhryKWK4jM72Qr7KwPo/K0="></latexit>

with



• Two tricks again:


• (1) Use the conformal time: 


• (2) Define:

“Canonically-normalised” 
mode function
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ḣ2
ij �

(rhij)2

2a2

◆

<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

unwanted pre-factor

a3d4x = a4d⌘d3x
<latexit sha1_base64="EP+DbbwIaXIFcY4RHL1jppARU80=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7CbBPQiBL14jGAekGxC7+xsMmT2wcysJCzBi7/ixYMiXv0Kb/6Nk2QPmljQUFR1093lxpxJZVnfxsrq2vrGZm4rv72zu7dvHhw2ZJQIQusk4pFouSApZyGtK6Y4bcWCQuBy2nSHN1O/+UCFZFF4r8YxdQLoh8xnBJSWeuYxdMvY61ZG+ApDt4K9DlWghfKoZxasojUDXiZ2RgooQ61nfnW8iCQBDRXhIGXbtmLlpCAUI5xO8p1E0hjIEPq0rWkIAZVOOnthgs+04mE/ErpChWfq74kUAinHgas7A1ADuehNxf+8dqL8SydlYZwoGpL5Ij/hWEV4mgf2mKBE8bEmQATTt2IyAAFE6dTyOgR78eVl0igV7XKxdFcpVK+zOHLoBJ2ic2SjC1RFt6iG6oigR/SMXtGb8WS8GO/Gx7x1xchmjtAfGJ8/+1CVQA==</latexit>
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<latexit sha1_base64="tu4YNXkaO8UpYsqDxBAKYORtl9w=">AAACGnicbVDLSgMxFM34rPU16tJNsAiuykwVdCMU3bgRKtgHdIYhk2ba0ExmTDJCCfMdbvwVNy4UcSdu/BvTdgRtPRA4nHMuN/eEKaNSOc6XtbC4tLyyWlorr29sbm3bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfDy7HfvidC0oTfqlFK/Bj1OY0oRspIge1mgcdMvIfgOfQigbC+DrQnYpiyPNeevBNK1/IcDX5ygV1xqs4EcJ64BamAAo3A/vB6Cc5iwhVmSMqu66TK10goihnJy14mSYrwEPVJ11COYiJ9PTkth4dG6cEoEeZxBSfq7wmNYilHcWiSMVIDOeuNxf+8bqaiM19TnmaKcDxdFGUMqgSOe4I9KghWbGQIwoKav0I8QKYfZdosmxLc2ZPnSatWdY+rtZuTSv2iqKME9sEBOAIuOAV1cAUaoAkweABP4AW8Wo/Ws/VmvU+jC1Yxswf+wPr8BjUAoZ8=</latexit>



• Two tricks again:


• (1) Use the conformal time: 


• (2) Define:

“Canonically-normalised” 
mode function
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<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

a3d4x = a4d⌘d3x
<latexit sha1_base64="EP+DbbwIaXIFcY4RHL1jppARU80=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7CbBPQiBL14jGAekGxC7+xsMmT2wcysJCzBi7/ixYMiXv0Kb/6Nk2QPmljQUFR1093lxpxJZVnfxsrq2vrGZm4rv72zu7dvHhw2ZJQIQusk4pFouSApZyGtK6Y4bcWCQuBy2nSHN1O/+UCFZFF4r8YxdQLoh8xnBJSWeuYxdMvY61ZG+ApDt4K9DlWghfKoZxasojUDXiZ2RgooQ61nfnW8iCQBDRXhIGXbtmLlpCAUI5xO8p1E0hjIEPq0rWkIAZVOOnthgs+04mE/ErpChWfq74kUAinHgas7A1ADuehNxf+8dqL8SydlYZwoGpL5Ij/hWEV4mgf2mKBE8bEmQATTt2IyAAFE6dTyOgR78eVl0igV7XKxdFcpVK+zOHLoBJ2ic2SjC1RFt6iG6oigR/SMXtGb8WS8GO/Gx7x1xchmjtAfGJ8/+1CVQA==</latexit>

u� =
Mplp

2
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<latexit sha1_base64="tu4YNXkaO8UpYsqDxBAKYORtl9w=">AAACGnicbVDLSgMxFM34rPU16tJNsAiuykwVdCMU3bgRKtgHdIYhk2ba0ExmTDJCCfMdbvwVNy4UcSdu/BvTdgRtPRA4nHMuN/eEKaNSOc6XtbC4tLyyWlorr29sbm3bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfDy7HfvidC0oTfqlFK/Bj1OY0oRspIge1mgcdMvIfgOfQigbC+DrQnYpiyPNeevBNK1/IcDX5ygV1xqs4EcJ64BamAAo3A/vB6Cc5iwhVmSMqu66TK10goihnJy14mSYrwEPVJ11COYiJ9PTkth4dG6cEoEeZxBSfq7wmNYilHcWiSMVIDOeuNxf+8bqaiM19TnmaKcDxdFGUMqgSOe4I9KghWbGQIwoKav0I8QKYfZdosmxLc2ZPnSatWdY+rtZuTSv2iqKME9sEBOAIuOAV1cAUaoAkweABP4AW8Wo/Ws/VmvU+jC1Yxswf+wPr8BjUAoZ8=</latexit>
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This is the correct (“canonical”)  
normalisation!

2



GW from inflation

• The solution is
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ij +
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<latexit sha1_base64="fMKX4NtmSvNN7gURQs4Z+J3d5Mo=">AAACGXicbVDLSgNBEJz1GeMr6tHLYpBExLC7CnoRgl48RjCJkE3C7KQ3GTP7YKZXCEt+w4u/4sWDIh715N84eRw0WjBQVFXT0+XFgiu0rC9jbn5hcWk5s5JdXVvf2MxtbddUlEgGVRaJSN56VIHgIVSRo4DbWAINPAF1r3858uv3IBWPwhscxNAMaDfkPmcUtdTOWUk75XfDQuHQFeBjsd9yjlxfUuakLiBtOUNX8m4PDya5c6udy1slawzzL7GnJE+mqLRzH24nYkkAITJBlWrYVozNlErkTMAw6yYKYsr6tAsNTUMagGqm48uG5r5WOqYfSf1CNMfqz4mUBkoNAk8nA4o9NeuNxP+8RoL+WTPlYZwghGyyyE+EiZE5qsnscAkMxUATyiTXfzVZj+peUJeZ1SXYsyf/JTWnZB+XnOuTfPliWkeG7JI9UiQ2OSVlckUqpEoYeSBP5IW8Go/Gs/FmvE+ic8Z0Zof8gvH5DXC1n/U=</latexit>
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cos(k⌘)
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<latexit sha1_base64="UozWQHnrK2zFgSG/1u7/lFEFm0E="></latexit>

• How do we fix the integration constants, Aij and Bij? We need QM!


• We find Aij and Bij, such that the uij coincides with the known 
flat-space (Minkowski) results for the quantum fluctuation in 
vacuum



GW from inflation

• In the very short wavelength limit, kη->∞, we want to 
reproduce the quantum field theory result in the flat 
(Minkowski) space, which is

u00
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✓
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◆
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

u� = A�
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cos(k⌘)� sin(k⌘)
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+B�


cos(k⌘)

k⌘
+ sin(k⌘)

�

<latexit sha1_base64="D4rgBWCe2XA4a2Zy8T/YZtaUSGU="></latexit>

• The solution is

u� ! exp(�ik⌘)p
2k

<latexit sha1_base64="jSkuN9QqHgGmNNnB7by8Z0m5Ja4=">AAACFHicbVC7SgNBFJ31GeNr1dJmMQgRMexGQcugjWUE84BsCLOTu8mQ2Yczd8Ww7EfY+Cs2ForYWtj5N04ehSYeGDiccy537vFiwRXa9rexsLi0vLKaW8uvb2xubZs7u3UVJZJBjUUikk2PKhA8hBpyFNCMJdDAE9DwBlcjv3EPUvEovMVhDO2A9kLuc0ZRSx3zOOm4Qse71MXI9SVlqQsPcfGED1xAepSlrrqTmJYHWdYxC3bJHsOaJ86UFMgU1Y755XYjlgQQIhNUqZZjx9hOqUTOBGR5N1EQUzagPWhpGtIAVDsdH5VZh1rpWn4k9QvRGqu/J1IaKDUMPJ0MKPbVrDcS//NaCfoX7ZSHcYIQsskiPxEWRtaoIavLJTAUQ00ok1z/1WJ9qptB3WNel+DMnjxP6uWSc1oq35wVKpfTOnJknxyQInHIOamQa1IlNcLII3kmr+TNeDJejHfjYxJdMKYze+QPjM8f72KfYQ==</latexit>



GW from inflation

• In the very short wavelength limit, kη->∞, we want to 
reproduce the quantum field theory result in the flat 
(Minkowski) space, which is
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>
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<latexit sha1_base64="D4rgBWCe2XA4a2Zy8T/YZtaUSGU="></latexit>

• The solution is

u� ! exp(�ik⌘)p
2k

<latexit sha1_base64="jSkuN9QqHgGmNNnB7by8Z0m5Ja4=">AAACFHicbVC7SgNBFJ31GeNr1dJmMQgRMexGQcugjWUE84BsCLOTu8mQ2Yczd8Ww7EfY+Cs2ForYWtj5N04ehSYeGDiccy537vFiwRXa9rexsLi0vLKaW8uvb2xubZs7u3UVJZJBjUUikk2PKhA8hBpyFNCMJdDAE9DwBlcjv3EPUvEovMVhDO2A9kLuc0ZRSx3zOOm4Qse71MXI9SVlqQsPcfGED1xAepSlrrqTmJYHWdYxC3bJHsOaJ86UFMgU1Y755XYjlgQQIhNUqZZjx9hOqUTOBGR5N1EQUzagPWhpGtIAVDsdH5VZh1rpWn4k9QvRGqu/J1IaKDUMPJ0MKPbVrDcS//NaCfoX7ZSHcYIQsskiPxEWRtaoIavLJTAUQ00ok1z/1WJ9qptB3WNel+DMnjxP6uWSc1oq35wVKpfTOnJknxyQInHIOamQa1IlNcLII3kmr+TNeDJejHfjYxJdMKYze+QPjM8f72KfYQ==</latexit>

(2k)–1/2 -i(2k)–1/2



GW from inflation
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>
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<latexit sha1_base64="2aO72Y0mj1SdSqAMstoAw3iDRgo="></latexit>

This term dominates in the  
super-horizon mode!  

“Particle Production by Inflation”
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The super-horizon solution is
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<latexit sha1_base64="aWY+RAWSXROyNZeznJz94g8X1B0=">AAACGHicbVC7SgNBFJ31GeMrammzGAQb424iaBm0sYxgHpDdhNnJ3WTI7MOZu0JY8hk2/oqNhSK26fwbJ8kWmnhg4HDOudy5x4sFV2hZ38bK6tr6xmZuK7+9s7u3Xzg4bKgokQzqLBKRbHlUgeAh1JGjgFYsgQaegKY3vJ36zSeQikfhA45icAPaD7nPGUUtdQsXSdcROt6jDkbmueNLyuzUUY8S0/KwUxk7gHQMnZQPZ6xbKFolawZzmdgZKZIMtW5h4vQilgQQIhNUqbZtxeimVCJnAsZ5J1EQUzakfWhrGtIAlJvODhubp1rpmX4k9QvRnKm/J1IaKDUKPJ0MKA7UojcV//PaCfrXbsrDOEEI2XyRnwhTdzBtyexxCQzFSBPKJNd/NdmA6m5Qd5nXJdiLJy+TRrlkV0rl+8ti9SarI0eOyQk5Iza5IlVyR2qkThh5Jq/knXwYL8ab8Wl8zaMrRjZzRP7AmPwApEegyg==</latexit>
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The super-horizon solution is

u� ! � 1p
2k3⌘

eik⌘

<latexit sha1_base64="aWY+RAWSXROyNZeznJz94g8X1B0=">AAACGHicbVC7SgNBFJ31GeMrammzGAQb424iaBm0sYxgHpDdhNnJ3WTI7MOZu0JY8hk2/oqNhSK26fwbJ8kWmnhg4HDOudy5x4sFV2hZ38bK6tr6xmZuK7+9s7u3Xzg4bKgokQzqLBKRbHlUgeAh1JGjgFYsgQaegKY3vJ36zSeQikfhA45icAPaD7nPGUUtdQsXSdcROt6jDkbmueNLyuzUUY8S0/KwUxk7gHQMnZQPZ6xbKFolawZzmdgZKZIMtW5h4vQilgQQIhNUqbZtxeimVCJnAsZ5J1EQUzakfWhrGtIAlJvODhubp1rpmX4k9QvRnKm/J1IaKDUKPJ0MKA7UojcV//PaCfrXbsrDOEEI2XyRnwhTdzBtyexxCQzFSBPKJNd/NdmA6m5Qd5nXJdiLJy+TRrlkV0rl+8ti9SarI0eOyQk5Iza5IlVyR2qkThh5Jq/knXwYL8ab8Wl8zaMrRjZzRP7AmPwApEegyg==</latexit>

Since u� =
Mplp
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ah�

<latexit sha1_base64="tu4YNXkaO8UpYsqDxBAKYORtl9w=">AAACGnicbVDLSgMxFM34rPU16tJNsAiuykwVdCMU3bgRKtgHdIYhk2ba0ExmTDJCCfMdbvwVNy4UcSdu/BvTdgRtPRA4nHMuN/eEKaNSOc6XtbC4tLyyWlorr29sbm3bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfDy7HfvidC0oTfqlFK/Bj1OY0oRspIge1mgcdMvIfgOfQigbC+DrQnYpiyPNeevBNK1/IcDX5ygV1xqs4EcJ64BamAAo3A/vB6Cc5iwhVmSMqu66TK10goihnJy14mSYrwEPVJ11COYiJ9PTkth4dG6cEoEeZxBSfq7wmNYilHcWiSMVIDOeuNxf+8bqaiM19TnmaKcDxdFGUMqgSOe4I9KghWbGQIwoKav0I8QKYfZdosmxLc2ZPnSatWdY+rtZuTSv2iqKME9sEBOAIuOAV1cAUaoAkweABP4AW8Wo/Ws/VmvU+jC1Yxswf+wPr8BjUAoZ8=</latexit>

…and a(⌘) = �(H⌘)�1
<latexit sha1_base64="ZEyL8UrnGldIoCA+zBu8ZL49dHA=">AAACAHicbZC7SgNBFIZn4y3G26qFhc1gEGKRsBsFbYSgTcoI5gLJGmYnJ8mQ2Qszs0JYtvFVbCwUsfUx7HwbJ5stNPGHgY//nMOZ87shZ1JZ1reRW1ldW9/Ibxa2tnd298z9g5YMIkGhSQMeiI5LJHDmQ1MxxaETCiCey6HtTm5n9fYjCMkC/15NQ3A8MvLZkFGitNU3j0ipB4qc4WtcLtVTfIjLdtI3i1bFSoWXwc6giDI1+uZXbxDQyANfUU6k7NpWqJyYCMUoh6TQiySEhE7ICLoafeKBdOL0gASfameAh4HQz1c4dX9PxMSTcuq5utMjaiwXazPzv1o3UsMrJ2Z+GCnw6XzRMOJYBXiWBh4wAVTxqQZCBdN/xXRMBKFKZ1bQIdiLJy9Dq1qxzyvVu4ti7SaLI4+O0QkqIRtdohqqowZqIooS9Ixe0ZvxZLwY78bHvDVnZDOH6I+Mzx98Z5Rq</latexit>
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The amplitude of GW on  
super-horizon scale is proportional to H!



Quantum fluctuations during 
inflation are proportional to H

• Consequence of the uncertainty principle


• [energy you can borrow] ~ [time you borrow]–1 ~ H


• THE KEY RESULT: The earlier the fluctuations are 
generated, the more its wavelength is stretched, and thus the 
bigger the angles they subtend in the sky. We can map H(t) 
by measuring fluctuations over a wide range of 
wavelengths



Total Variance of GW

• Variance depends only on H; thus, 


• It is scale-invariant if H is constant during inflation; or 


• It is nearly scale-invariant if H changes slowly during inflation


• In general, H is a decreasing function of time; thus,


• The variance of GW is smaller at shorter wavelengths. This is the 
key prediction of GW from the vacuum fluctuation during inflation 
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Theoretical energy density Watanabe & EK (2006)

GW entered the horizon during 

the radiation era

GW entered the horizon during 

the matter era

Spectrum of GW today



Spectrum of GW today
Watanabe & EK (2006)

CMB PTA Interferometers

Wavelength of GW  
~ Billions of light years!!!

Theoretical energy density



How do we measure 
GW?



Measuring GW
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• GW changes distances between two points



Laser Interferometer

Mirror

Mirror

detector No signal



Laser Interferometer

Mirror

Mirror

Signal!detector



LIGO detected GW from a binary 
blackholes, with the wavelength 

of thousands of kilometres 


But, the primordial GW affecting 
the CMB has a wavelength of 

billions of light-years!! How do 
we find it?



Detecting GW by CMB
Isotropic electro-magnetic fields



Detecting GW by CMB
GW propagating in isotropic electro-magnetic fields
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Detecting GW by CMB
Space is stretched => Wavelength of light is also stretched
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horizontally polarised
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E and B mode

•E mode:  Polarisation directions parallel or 
perpendicular to the wavevector


•B mode:  Polarisation directions 45 degree tilted 
with respect to the wavevector



Parity

•E mode:  Parity even


•B mode:  Parity odd



Parity

•E mode:  Parity even


•B mode:  Parity odd



propagation direction of GW

h+=cos(kx)

Polarisation directions perpendicular/parallel to the 
wavenumber vector -> E mode polarisation



propagation direction of GW

hx=cos(kx)

Polarisation directions 45 degrees tilted from to the 
wavenumber vector -> B mode polarisation



E-mode!



E-mode!

Pol on the 
horizon is 1/2 
of the zenith



B-mode!

Pol on the 
horizon 

vanishes



Inflationary Predictions
• Fluctuations we observe today in CMB and the matter 

distribution originate from quantum fluctuations during 
inflation

ζ
scalar
mode

hij
tensor
mode

• There should also be ultra long-wavelength 
gravitational waves generated during inflation

Grishchuk (1974) 
Starobinsky (1979)

Mukhanov&Chibisov (1981)
Guth & Pi (1982) 
Hawking (1982) 
Starobinsky (1982) 
Bardeen, Steinhardt&Turner 
(1983)



We measure distortions in space
• A distance between two points in space

d`2 = a2(t)[1 + 2⇣(x, t)][�ij + hij(x, t)]dx
idxj

X

i

hii = 0

• ζ : “curvature perturbation” (scalar mode)


• Perturbation to the determinant of the spatial metric


• hij : “gravitational waves” (tensor mode)


• Perturbation that does not alter the determinant



Tensor-to-scalar Ratio

• We really want to find this! The current upper bound is 
r<0.06 (95%CL) 

r ⌘ hhijhiji
h⇣2i

BICEP2/Keck Array Collaboration (2018)



WMAP(temp+pol)+ACT+SPT+BAO+H0
WMAP(pol) + Planck + BAO ruled 

out!

WMAP Collaboration



WMAP(temp+pol)+ACT+SPT+BAO+H0
WMAP(pol) + Planck + BAO ruled 

out!

ruled out!
ruled out!

ruled out!
ruled out!

Polarsiation limit added:
r<0.07 (95%CL)

Planck Collaboration (2015); BICEP2/Keck Array Collaboration (2016)



WMAP(temp+pol)+ACT+SPT+BAO+H0
WMAP(pol) + Planck + BAO ruled 

out!

ruled out!
ruled out!

ruled out!
ruled out!

Planck Collaboration (2015); BICEP2/Keck Array Collaboration (2016)

BICEP2/Keck Array  
Collaboration (2018)

r<0.06 
(95%CL)

2018

Polarsiation limit added:
r<0.07 (95%CL)



CMB: Experimental 
Landscape



What comes next?

Advanced Atacama  
Cosmology Telescope

South Pole Telescope “3G”

CLASSBICEP/Keck Array



Advanced Atacama  
Cosmology Telescope



South Pole Telescope “3G”

CLASSBICEP/Keck Array

CMB-S4(?)



The Biggest Enemy: 

Polarised Dust Emission

• The upcoming data will NOT be limited by statistics, but 
by systematic effects such as the Galactic contamination


• Solution: Observe the sky at multiple frequencies, 
especially at high frequencies (>300 GHz)


• This is challenging, unless we have a superb, high-
altitude site with low water vapour


•CCAT-p!



CCAT-p Collaboration



Frank Bertoldi’s slide from the Florence meeting



Frank Bertoldi’s slide from the Florence meeting

Cornell U. + German consortium + Canadian consortium + …



A Game Changer
•CCAT-p: 6-m, Cross-dragone design, on Cerro 

Chajnantor (5600 m)


•Germany makes great 
telescopes! 

• Design study completed, and the contract has been signed by 
“VERTEX Antennentechnik GmbH”


• CCAT-p is a great opportunity for Germany to make 
significant contributions towards the CMB S-4 landscape 
(both US and Europe) by providing telescope designs and 
the “lessons learned” with prototypes.



Simons Observatory 
(USA)

in collaboration

South Pole?



Simons Observatory 
(USA)

in collaboration

South Pole?

This could be  
“CMB-S4”



To have even more 
frequency coverage…



ESA
2025– [proposed]

JAXA

LiteBIRD
2027– [proposed]

+ participations from 
USA, Canada, Europe

Polarisation satellite dedicated to 
measure CMB polarisation from 

primordial GW, with a few thousand 
TES bolometers in space



ESA
2025– [proposed]

JAXA

LiteBIRD
2027– Selected!

May 21: JAXA has chosen LiteBIRD 
as the strategic large-class mission.

We will go to L2!

+ participations from 
USA, Canada, Europe



ESA
2025– [proposed]

JAXA

LiteBIRD
2027– Selected!

+ participations from 
USA, Canada, Europe

Target: δr<0.001 (68%CL)



� Polarized foregrounds
� Synchrotron radiation and thermal emission from inter-galactic dust

� Characterize and remove foregrounds

� 15 frequency bands between 40 GHz - 400 GHz
� Split between Low Frequency Telescope (LFT) and High Frequency Telescope (HFT)

� LFT: 40 GHz ʹ 235 GHz

� HFT: 280 GHz ʹ 400 GHz

Foreground Removal

7

Polarized galactic emission (Planck X) LiteBIRD: 15 frequency bands

Slide courtesy Toki Suzuki (Berkeley)



LiteBIRD�

LiteBIRD Spacecraft 

LiteBIRD for B-mode from Space 2018/7/21 11 

LFT	(5K)�

HG-antenna�

HFT	(5K)�

V-groove�

radiators�

SVM/BUS�

PLM�

200K�
100K�
30K�

JAXA	
H3� LFT	(Low	frequency	telescope)	34	–	161	GHz	:	Synchrotron	+	CMB	

HFT	(high	frequency	telescope)	89	–	448	GHz	:	CMB	+	Dust	
4.5	m�

Focal	plane	0.1K�

Slide courtesy Yutaro Sekimoto (ISAS/JAXA)

European Contribution



LiteBIRD Collaboration



LiteBIRD Collaboration



Final Remark

• We have ignored the source term during inflation, and considered 
only the vacuum fluctuation. Is this justified? Maybe not! 

•Further reading:  

• B. Thorne et al., Phys. Rev. D, 97, 043506 (2018), 
arXiv:1707.03240


• A. Agrawal et al., Phys. Rev. D, 97, 103526 (2018), 
arXiv:1707.03023


• A. Maleknejad & E. Komatsu, JHEP, 05, 174 (2019), 
arXiv:1808.09076
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