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We continue to use Dĳ for 
the gravitation wave

: Newton’s gravitational potential

: Spatial scalar curvature perturbation

: Tensor metric perturbation [=gravitational waves]



Are GWs from vacuum fluctuation 
in spacetime, or from sources?

• Homogeneous solution: “GWs from the vacuum fluctuation”


• We covered this on Day 1


• Inhomogeneous solution: “GWs from sources”


• Topic of today’s lecture

⇤Dij = �16⇡GTGW
ij
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⇡GW
ij
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Tij = a2⇡ij
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•Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector


• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j
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Which sources?
• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar 

• Spin 1: Vector


• Spin 2: Tensor

xi ! xi0 =
3X

j=1

Ri
jx

j
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f(x) ! f̃(x0) = f(x)
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• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector 

• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j
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x3

x1

x2

(v1,v2,0)



• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector 

• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j
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x3’

x1’

x2’

(~v1,~v2,0)

v(x) ! ṽ(x0) =

0

@
cos' sin' 0
� sin' cos' 0

0 0 1

1

Av(x)
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'
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• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector 

• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j
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x3’

x1’(~v1,~v2,0)

(v1 ± iv2)(x) ! (ṽ1 ± iṽ2)(x0) = e⌥i'(v1 ± iv2)(x)

<latexit sha1_base64="mlmZ9PkmPKmdx03AqR/AwRx+hdA="></latexit>

spin 1

'
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x2’



• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector


• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j
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x1

x2

x3

x1

x2

h+

Dij
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h+ hx

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

<latexit sha1_base64="hlPrrvhryKWK4jM72Qr7KwPo/K0="></latexit>

Dij
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• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector


• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j
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x1’x2’

~h+

~h+ ~hx

x3’

x1’
'
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'
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Dij ! D̃ij =

0

@
cos 2' sin 2' 0
� sin 2' cos 2' 0

0 0 1

1

ADij
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• Scalar, vector, tensor decomposition


• When the unperturbed space is homogeneous and 
isotropic, we can classify perturbations based on how 
they transform under spatial rotation: 

• Spin 0: Scalar


• Spin 1: Vector


• Spin 2: Tensor

Which sources?

xi ! xi0 =
3X

j=1

Ri
jx

j

<latexit sha1_base64="Be+fbWeIBIssEyP5AuCfKgCuiXI=">AAACDHicbVC9TsMwGHT4LeWvwMhiUSGYqgSKYKlUwcJYEP2RmjRyXKd1ayeR7SCqKA/AwquwMIAQKw/Axtvgthmg5ZMsn+7uk33nRYxKZZrfxsLi0vLKam4tv76xubVd2NltyDAWmNRxyELR8pAkjAakrqhipBUJgrjHSNMbXo315j0RkobBnRpFxOGoF1CfYqQ05RaKDx1qqxDqK0mPKraMuZsMKlbaOb3tUHeghYF2mSVzMnAeWBkogmxqbuHL7oY45iRQmCEp25YZKSdBQlHMSJq3Y0kihIeoR9oaBogT6SSTMCk81EwX+qHQJ1Bwwv7eSBCXcsQ97eRI9eWsNib/09qx8i+chAZRrEiApw/5MYM6/bgZ2KWCYMVGGiAsqP4rxH0kEFa6v7wuwZqNPA8aJyWrXDq7KRerl1kdObAPDsAxsMA5qIJrUAN1gMEjeAav4M14Ml6Md+Njal0wsp098GeMzx8Pp5r9</latexit>

x1’x2’

~h+

~h+ ~hx

x3’

x1’
'

<latexit sha1_base64="MWbhNbIYeGOpABC7zLoY3fEnDEY=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvq16vVjrVK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP33ij64=</latexit>

x2’

'

<latexit sha1_base64="MWbhNbIYeGOpABC7zLoY3fEnDEY=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvq16vVjrVK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP33ij64=</latexit>

(h+ ± ih⇥)(x) ! (h̃+ ± ih̃⇥)(x
0)

= e⌥2i'(h+ ± ih⇥)(x)

<latexit sha1_base64="eE4fZ1ZT0SEZgkLUgWnetKNoK/I="></latexit>

spin 2



Vector and Tensor Modes

• Recap:


• Vector: Transverse


• Tensor: Transverse and traceless

3X

i=1

@iv
i = 0 !

3X

i=1

kivi = 0

<latexit sha1_base64="nYUo8Qc3lB81VA/xtb7G3CX7x+I=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwVRKtj02h6MZlBfuAJg2T6aQdOpOEmUmhhP6JG3/FjQtFxF3/xkmbRa0eGDiccy93zvFjRqWyrJlRWFvf2Nwqbpd2dvf2D8zDo5aMEoFJE0csEh0fScJoSJqKKkY6sSCI+4y0/dF95rfHREgahU9qEhOXo0FIA4qR0pJnXjsy4V5Ka/a0d+nESCiKmEfhuEdrlqMiuOzDUS93PLNsVaw54F9i56QMcjQ889vpRzjhJFSYISm7thUrN83uYUamJSeRJEZ4hAakq2mIOJFuOs83hWda6cMgEvqFCs7V5Y0UcSkn3NeTHKmhXPUy8T+vm6jg1k1pGCeKhHhxKEgY1LmzsmCfCoIVm2iCsKD6rxAPkUBY6UpLugR7NfJf0rqo2NXK1WO1XL/L6yiCE3AKzoENbkAdPIAGaAIMnsEreAcfxovxZnwaX4vRgpHvHINfMGY/j0CiBQ==</latexit>

2 degrees of 
freedom

3X

i=1

@iDij = 0 !
3X

i=1

kiDij = 0,

3X

i=1

Dii = 0

<latexit sha1_base64="EX3irl9szOlTHtSvqcvMoJzro4U="></latexit>

2 degrees of 
freedom



Scalar-Vector-Tensor 
Decomposition Theorem

• At linear order, scalar, vector, and tensor components are 
decoupled (different spins do not mix at linear order)


• That is to say, tensor modes cannot be sourced by 
scalar or vector modes at linear order (and vice versa)


• Scalars and vectors can source tensor modes at non-
linear order (e.g., second order)

Lifshitz (1946); Bardeen (1980); Kodama & Sasaki (1984)



EoM of GW with source

⇤Dij = �16⇡GTGW
ij

<latexit sha1_base64="tdksEbVCSBH2p0QvRH1PO8w3WZo=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRSHxuhVKEuK/QFTQyT6bQdO3kwMxFLyNKNv+LGhSJu/QR3/o3TNAttPXDhzDn3MvceN2RUSMP41ubmFxaXlnMr+dW19Y1NfWu7KYKIY9LAAQt420WCMOqThqSSkXbICfJcRlru8HLst+4JFzTw63IUEttDfZ/2KEZSSY6+Z1WCB3jlxPQuuTgyT62Qwmo9fd7G1Vbi6AWjaKSAs8TMSAFkqDn6l9UNcOQRX2KGhOiYRijtGHFJMSNJ3ooECREeoj7pKOojjwg7Tg9J4IFSurAXcFW+hKn6eyJGnhAjz1WdHpIDMe2Nxf+8TiR753ZM/TCSxMeTj3oRgzKA41Rgl3KCJRspgjCnaleIB4gjLFV2eRWCOX3yLGkeF81S8eSmVChXsjhyYBfsg0NggjNQBtegBhoAg0fwDF7Bm/akvWjv2sekdU7LZnbAH2ifPzjymNs=</latexit>

By this, we mean  
transverse and traceless

⇤ ⌘ 1p
�g

3X

µ=0

3X

⌫=0

@

@xµ

✓p
�ggµ⌫

@

@x⌫

◆

<latexit sha1_base64="1xIAKSUeEm+2ixEFKzisicr7bKI="></latexit>

g00 = �1, g0i = 0, gij = a�2(t)(�ij �Dij),

gij = a2(t)(�ij +Dij),
p
�g = a3(t)

<latexit sha1_base64="Y19syPTiR1qDi9PSpvU3erBBy24="></latexit>

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



EoM of GW with source

• This can be derived from variation of the action:

I =

Z p
�gd4x

✓
1

2
M2

plR+ Lscalar + Lvector + Ltensor

◆

<latexit sha1_base64="56Hv+5puYKtc+1Y+FgshOhCXQCA="></latexit>

⇤Dij = �16⇡GTGW
ij

<latexit sha1_base64="tdksEbVCSBH2p0QvRH1PO8w3WZo=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRSHxuhVKEuK/QFTQyT6bQdO3kwMxFLyNKNv+LGhSJu/QR3/o3TNAttPXDhzDn3MvceN2RUSMP41ubmFxaXlnMr+dW19Y1NfWu7KYKIY9LAAQt420WCMOqThqSSkXbICfJcRlru8HLst+4JFzTw63IUEttDfZ/2KEZSSY6+Z1WCB3jlxPQuuTgyT62Qwmo9fd7G1Vbi6AWjaKSAs8TMSAFkqDn6l9UNcOQRX2KGhOiYRijtGHFJMSNJ3ooECREeoj7pKOojjwg7Tg9J4IFSurAXcFW+hKn6eyJGnhAjz1WdHpIDMe2Nxf+8TiR753ZM/TCSxMeTj3oRgzKA41Rgl3KCJRspgjCnaleIB4gjLFV2eRWCOX3yLGkeF81S8eSmVChXsjhyYBfsg0NggjNQBtegBhoAg0fwDF7Bm/akvWjv2sekdU7LZnbAH2ifPzjymNs=</latexit>

�I

�gij
=� 1

2
M2

pl

p
�g⇤Dij + (second and higher order terms)

+
�(
p
�gL)

�gij
= 0

<latexit sha1_base64="g83zNoTTjVLGWM318m5bW6HnTAg="></latexit>

Mpl = (8⇡G)�1/2
<latexit sha1_base64="sb3kvG0b3zx6DLFWE8n+264RI2E=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFexGKLrQjVDBPqCJYTKdtkMnyTAzEUoIuPFX3LhQxK0/4c6/cdpmodYDFw7n3Mu99/icUaks68vIzc0vLC7llwsrq2vrG+bmVlNGscCkgSMWibaPJGE0JA1FFSNtLggKfEZa/vBi7LfuiZA0Cm/ViBM3QP2Q9ihGSkueuXPtJY4IIGfpWanqcAovD+6SQ/uoknpm0SpbE8BZYmekCDLUPfPT6UY4DkioMENSdmyLKzdBQlHMSFpwYkk4wkPUJx1NQxQQ6SaTH1K4r5Uu7EVCV6jgRP05kaBAylHg684AqYH8643F/7xOrHpVN6EhjxUJ8XRRL2ZQRXAcCOxSQbBiI00QFlTfCvEACYSVjq2gQ7D/vjxLmpWyfVyu3JwUa+dZHHmwC/ZACdjgFNTAFaiDBsDgATyBF/BqPBrPxpvxPm3NGdnMNvgF4+MbU86WBQ==</latexit>

4

<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

(2/M2
pl)

<latexit sha1_base64="qeSQA4po0kCk5P+9uapdjT30Z+4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXmpSKnosevEiVLAf0Maw2W7bpbtJ2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84KYM6Ud59vKra1vbG7ltws7u3v7B/bhUVNFiSS0QSIeyXaAFeUspA3NNKftWFIsAk5bweh25rfGVCoWhY96ElNP4EHI+oxgbSTftkuVi3s/7UqBYj59qpz7dtEpO3OgVeJmpAgZ6r791e1FJBE01IRjpTquE2svxVIzwum00E0UjTEZ4QHtGBpiQZWXzi+fojOj9FA/kqZCjebq74kUC6UmIjCdAuuhWvZm4n9eJ9H9ay9lYZxoGpLFon7CkY7QLAbUY5ISzSeGYCKZuRWRIZaYaBNWwYTgLr+8SpqVslstXz5Ui7WbLI48nMAplMCFK6jBHdShAQTG8Ayv8Gal1ov1bn0sWnNWNnMMf2B9/gC6P5Jw</latexit>

Using

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>

a2⇤Dij + (2nd and higher order terms)

<latexit sha1_base64="1c+4b2MLB1ku+14joT8VwqR/f9E=">AAACG3icbVDLSgMxFM34rPU16tJNsAiKUGZKRZdSXbisYKvQ1pLJ3LaxeQxJRixD/8ONv+LGhSKuBBf+jWntwteBGw7n3MvNPVHCmbFB8OFNTc/Mzs3nFvKLS8srq/7aet2oVFOoUcWVvoyIAc4k1CyzHC4TDUREHC6i/vHIv7gBbZiS53aQQEuQrmQdRol1UtsvkatSs6Ju8Uk7Y9fDvZ2miNRtVpIxJq56rNsDjZWO3WtBCzPcbfuFoBiMgf+ScEIKaIJq239rxoqmAqSlnBjTCIPEtjKiLaMchvlmaiAhtE+60HBUEgGmlY1vG+Jtp8S4o7QrafFY/T6REWHMQESuUxDbM7+9kfif10ht57CVMZmkFiT9WtRJObYKj4LCMdNALR84Qqhm7q+Y9ogm1MVg8i6E8PfJf0m9VAzLxf2zcuGoMokjhzbRFtpBITpAR+gUVVENUXSHHtATevbuvUfvxXv9ap3yJjMb6Ae890+/SaCm</latexit>



Stress-energy Tensor

• This can be derived from variation of the action:

I =

Z p
�gd4x

✓
1

2
M2

plR+ Lscalar + Lvector + Ltensor

◆

<latexit sha1_base64="56Hv+5puYKtc+1Y+FgshOhCXQCA="></latexit>

⇤Dij = �16⇡GTGW
ij

<latexit sha1_base64="tdksEbVCSBH2p0QvRH1PO8w3WZo=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRSHxuhVKEuK/QFTQyT6bQdO3kwMxFLyNKNv+LGhSJu/QR3/o3TNAttPXDhzDn3MvceN2RUSMP41ubmFxaXlnMr+dW19Y1NfWu7KYKIY9LAAQt420WCMOqThqSSkXbICfJcRlru8HLst+4JFzTw63IUEttDfZ/2KEZSSY6+Z1WCB3jlxPQuuTgyT62Qwmo9fd7G1Vbi6AWjaKSAs8TMSAFkqDn6l9UNcOQRX2KGhOiYRijtGHFJMSNJ3ooECREeoj7pKOojjwg7Tg9J4IFSurAXcFW+hKn6eyJGnhAjz1WdHpIDMe2Nxf+8TiR753ZM/TCSxMeTj3oRgzKA41Rgl3KCJRspgjCnaleIB4gjLFV2eRWCOX3yLGkeF81S8eSmVChXsjhyYBfsg0NggjNQBtegBhoAg0fwDF7Bm/akvWjv2sekdU7LZnbAH2ifPzjymNs=</latexit>

�I

�gij
=� 1

2
M2

pl

p
�g⇤Dij + (second and higher order terms)

+
�(
p
�gL)

�gij
= 0

<latexit sha1_base64="g83zNoTTjVLGWM318m5bW6HnTAg="></latexit>

Tij =
�2p
�g

�(
p
�gL)

�gij

<latexit sha1_base64="EEmet2U1WkFkmodT4OlUtx+gyE0="></latexit>

,
4

<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

Mpl = (8⇡G)�1/2
<latexit sha1_base64="sb3kvG0b3zx6DLFWE8n+264RI2E=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFexGKLrQjVDBPqCJYTKdtkMnyTAzEUoIuPFX3LhQxK0/4c6/cdpmodYDFw7n3Mu99/icUaks68vIzc0vLC7llwsrq2vrG+bmVlNGscCkgSMWibaPJGE0JA1FFSNtLggKfEZa/vBi7LfuiZA0Cm/ViBM3QP2Q9ihGSkueuXPtJY4IIGfpWanqcAovD+6SQ/uoknpm0SpbE8BZYmekCDLUPfPT6UY4DkioMENSdmyLKzdBQlHMSFpwYkk4wkPUJx1NQxQQ6SaTH1K4r5Uu7EVCV6jgRP05kaBAylHg684AqYH8643F/7xOrHpVN6EhjxUJ8XRRL2ZQRXAcCOxSQbBiI00QFlTfCvEACYSVjq2gQ7D/vjxLmpWyfVyu3JwUa+dZHHmwC/ZACdjgFNTAFaiDBsDgATyBF/BqPBrPxpvxPm3NGdnMNvgF4+MbU86WBQ==</latexit>

(2/M2
pl)

<latexit sha1_base64="qeSQA4po0kCk5P+9uapdjT30Z+4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXmpSKnosevEiVLAf0Maw2W7bpbtJ2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84KYM6Ud59vKra1vbG7ltws7u3v7B/bhUVNFiSS0QSIeyXaAFeUspA3NNKftWFIsAk5bweh25rfGVCoWhY96ElNP4EHI+oxgbSTftkuVi3s/7UqBYj59qpz7dtEpO3OgVeJmpAgZ6r791e1FJBE01IRjpTquE2svxVIzwum00E0UjTEZ4QHtGBpiQZWXzi+fojOj9FA/kqZCjebq74kUC6UmIjCdAuuhWvZm4n9eJ9H9ay9lYZxoGpLFon7CkY7QLAbUY5ISzSeGYCKZuRWRIZaYaBNWwYTgLr+8SpqVslstXz5Ui7WbLI48nMAplMCFK6jBHdShAQTG8Ayv8Gal1ov1bn0sWnNWNnMMf2B9/gC6P5Jw</latexit>

Using

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>

a2⇤Dij + (2nd and higher order terms)

<latexit sha1_base64="1c+4b2MLB1ku+14joT8VwqR/f9E=">AAACG3icbVDLSgMxFM34rPU16tJNsAiKUGZKRZdSXbisYKvQ1pLJ3LaxeQxJRixD/8ONv+LGhSKuBBf+jWntwteBGw7n3MvNPVHCmbFB8OFNTc/Mzs3nFvKLS8srq/7aet2oVFOoUcWVvoyIAc4k1CyzHC4TDUREHC6i/vHIv7gBbZiS53aQQEuQrmQdRol1UtsvkatSs6Ju8Uk7Y9fDvZ2miNRtVpIxJq56rNsDjZWO3WtBCzPcbfuFoBiMgf+ScEIKaIJq239rxoqmAqSlnBjTCIPEtjKiLaMchvlmaiAhtE+60HBUEgGmlY1vG+Jtp8S4o7QrafFY/T6REWHMQESuUxDbM7+9kfif10ht57CVMZmkFiT9WtRJObYKj4LCMdNALR84Qqhm7q+Y9ogm1MVg8i6E8PfJf0m9VAzLxf2zcuGoMokjhzbRFtpBITpAR+gUVVENUXSHHtATevbuvUfvxXv9ap3yJjMb6Ae890+/SaCm</latexit>



Scalar Source



Real Scalar Field

• The second term (proportional to gij) disappears when 
taking the traceless component, 

Lscalar = �1

2

X

µ⌫

gµ⌫
@�

@xµ

@�

@x⌫
� V (�)

<latexit sha1_base64="ahIeK4Y4xSK3Ek9zUAjePvpHuHA="></latexit>

T�
ij =

�2p
�g

�
p
�gL�

�gij

=
@�

@xi

@�

@xj
� gij

"
1

2

X

µ⌫

gµ⌫
@�

@xµ

@�

@x⌫
+ V (�)

#

<latexit sha1_base64="BiJs/MSaB2Mlpk/DNraQ0BtR5UU="></latexit>

L�

<latexit sha1_base64="oAhhPX5hH6lf/xn5V1CfMQa7teI=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA3BH2NnvJkr29dXcvEI78DhsLRWz9MXb+GzfJFZr4YODx3gwz80LJmTau++0U1tY3NreK26Wd3b39g/LhUUsnqSK0SRKeqE6INeVM0KZhhtOOVBTHIaftcHQ789tjqjRLxKOZSBrEeCBYxAg2Vgoyn2CO7qc9Xw5Zr1xxq+4caJV4OalAjkav/OX3E5LGVBjCsdZdz5UmyLAyjHA6LfmpphKTER7QrqUCx1QH2fzoKTqzSh9FibIlDJqrvycyHGs9iUPbGWMz1MveTPzP66Ymug4yJmRqqCCLRVHKkUnQLAHUZ4oSwyeWYKKYvRWRIVaYGJtTyYbgLb+8SloXVa9WvXyoVeo3eRxFOIFTOAcPrqAOd9CAJhB4gmd4hTdn7Lw4787HorXg5DPH8AfO5w+BrJHw</latexit>

Tij � gijT/3

<latexit sha1_base64="iRO3lz4T73ppFDq3rxN+JvdnLpA=">AAAB+XicbVDLTsMwENyUVymvAEcuFhUSF0oCRXCs4MKxSH1JbRQ5rtOaOk5kO5WqqH/ChQMIceVPuPE3uGkPUBhptaOZXXk9QcKZ0o7zZRVWVtfWN4qbpa3tnd09e/+gpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdDfz22MqFYtFQ08S6kV4IFjICNZG8m274WfscXo2yFvj/NK3y07FyYH+EndByrBA3bc/e/2YpBEVmnCsVNd1Eu1lWGpGOJ2WeqmiCSYjPKBdQwWOqPKy/PIpOjFKH4WxNCU0ytWfGxmOlJpEgZmMsB6qZW8m/ud1Ux3eeBkTSaqpIPOHwpQjHaNZDKjPJCWaTwzBRDJzKyJDLDHRJqySCcFd/vJf0rqouNXK1UO1XLtdxFGEIziGU3DhGmpwD3VoAoExPMELvFqZ9Wy9We/z0YK12DmEX7A+vgEHc5NF</latexit>

[T is the trace of Tij]



Real Scalar Field

• The second term (proportional to gij) disappears when 
taking the traceless component, 

Lscalar = �1

2

X

µ⌫

gµ⌫
@�

@xµ

@�

@x⌫
� V (�)

<latexit sha1_base64="ahIeK4Y4xSK3Ek9zUAjePvpHuHA="></latexit>

T�
ij =

�2p
�g

�
p
�gL�

�gij

=
@�

@xi

@�

@xj
� gij

"
1

2

X

µ⌫

gµ⌫
@�

@xµ

@�

@x⌫
+ V (�)

#

<latexit sha1_base64="BiJs/MSaB2Mlpk/DNraQ0BtR5UU="></latexit>

L�

<latexit sha1_base64="oAhhPX5hH6lf/xn5V1CfMQa7teI=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXQxsIigvmA3BH2NnvJkr29dXcvEI78DhsLRWz9MXb+GzfJFZr4YODx3gwz80LJmTau++0U1tY3NreK26Wd3b39g/LhUUsnqSK0SRKeqE6INeVM0KZhhtOOVBTHIaftcHQ789tjqjRLxKOZSBrEeCBYxAg2Vgoyn2CO7qc9Xw5Zr1xxq+4caJV4OalAjkav/OX3E5LGVBjCsdZdz5UmyLAyjHA6LfmpphKTER7QrqUCx1QH2fzoKTqzSh9FibIlDJqrvycyHGs9iUPbGWMz1MveTPzP66Ymug4yJmRqqCCLRVHKkUnQLAHUZ4oSwyeWYKKYvRWRIVaYGJtTyYbgLb+8SloXVa9WvXyoVeo3eRxFOIFTOAcPrqAOd9CAJhB4gmd4hTdn7Lw4787HorXg5DPH8AfO5w+BrJHw</latexit>

Tij � gijT/3

<latexit sha1_base64="iRO3lz4T73ppFDq3rxN+JvdnLpA=">AAAB+XicbVDLTsMwENyUVymvAEcuFhUSF0oCRXCs4MKxSH1JbRQ5rtOaOk5kO5WqqH/ChQMIceVPuPE3uGkPUBhptaOZXXk9QcKZ0o7zZRVWVtfWN4qbpa3tnd09e/+gpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdDfz22MqFYtFQ08S6kV4IFjICNZG8m274WfscXo2yFvj/NK3y07FyYH+EndByrBA3bc/e/2YpBEVmnCsVNd1Eu1lWGpGOJ2WeqmiCSYjPKBdQwWOqPKy/PIpOjFKH4WxNCU0ytWfGxmOlJpEgZmMsB6qZW8m/ud1Ux3eeBkTSaqpIPOHwpQjHaNZDKjPJCWaTwzBRDJzKyJDLDHRJqySCcFd/vJf0rqouNXK1UO1XLtdxFGEIziGU3DhGmpwD3VoAoExPMELvFqZ9Wy9We/z0YK12DmEX7A+vgEHc5NF</latexit>

[T is the trace of Tij]

This is second order! Because:
�(t,x) = �̄(t) + ��(t,x)

<latexit sha1_base64="WDYrCh6MGMW/EMM7DtPbN89fLLM=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoUcqMVnQjFN24rGAf0BlKJpNpQzMPkjtiGfohbvwVNy4UceNC8G9MHwutHggczjmXm3u8RHAFlvVl5BYWl5ZX8quFtfWNzS1ze6ep4lRS1qCxiGXbI4oJHrEGcBCsnUhGQk+wlje4GvutOyYVj6NbGCbMDUkv4gGnBLTUNU+cpM9LcJQ5XoDvR+ULxyMyG4ujEpQPHZ8JIHOZrlm0KtYE+C+xZ6SIZqh3zQ/Hj2kasgioIEp1bCsBNyMSOBVsVHBSxRJCB6THOppGJGTKzSbHjfCBVnwcxFK/CPBE/TmRkVCpYejpZEigr+a9sfif10khOHczHiUpsIhOFwWpwBDjcVPY55JREENNCJVc/xXTPpGEgu6zoEuw50/+S5rHFbtaOb2pFmuXszryaA/toxKy0RmqoWtURw1E0QN6Qi/o1Xg0no03430azRmzmV30C8bnN13/oO4=</latexit>



GW from second-order 
scalar perturbations

• Not necessarily inflationary source; the structure formation 
in the Universe gives the guaranteed amount of GW from 
second-order scalar perturbation

�I

�gij
=� 1

2
M2

pl

p
�g⇤Dij + (second and higher order terms)

+
�(
p
�gL)

�gij
= 0

<latexit sha1_base64="g83zNoTTjVLGWM318m5bW6HnTAg="></latexit>

4

<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

Acquaviva et al. (2003); Baumann et al. (2007)

1

2

<latexit sha1_base64="JXVnoa0v6DIScVe3WEVnr0tWZns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnX6oKfNqg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxbnzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxvPEzoZIUuWLLRWEqCcZk/jsZCs0ZyqkllGlhbyVsTG0CaBMq2RC81ZfXSbtW9erVq4d6pXGbx1GEMziHS/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP6qXjyM=</latexit>

[ ]

a2⇤Dij + (2nd and higher order terms)

<latexit sha1_base64="1c+4b2MLB1ku+14joT8VwqR/f9E=">AAACG3icbVDLSgMxFM34rPU16tJNsAiKUGZKRZdSXbisYKvQ1pLJ3LaxeQxJRixD/8ONv+LGhSKuBBf+jWntwteBGw7n3MvNPVHCmbFB8OFNTc/Mzs3nFvKLS8srq/7aet2oVFOoUcWVvoyIAc4k1CyzHC4TDUREHC6i/vHIv7gBbZiS53aQQEuQrmQdRol1UtsvkatSs6Ju8Uk7Y9fDvZ2miNRtVpIxJq56rNsDjZWO3WtBCzPcbfuFoBiMgf+ScEIKaIJq239rxoqmAqSlnBjTCIPEtjKiLaMchvlmaiAhtE+60HBUEgGmlY1vG+Jtp8S4o7QrafFY/T6REWHMQESuUxDbM7+9kfif10ht57CVMZmkFiT9WtRJObYKj4LCMdNALR84Qqhm7q+Y9ogm1MVg8i6E8PfJf0m9VAzLxf2zcuGoMokjhzbRFtpBITpAR+gUVVENUXSHHtATevbuvUfvxXv9ap3yJjMb6Ae890+/SaCm</latexit>



Baumann et al. (2007)

d⌦
G
W
(z
)/
d
ln

k

<latexit sha1_base64="ZzQYzc5dptsrZsN++ZxzNnHwA0E=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbuqMVHRZdKE7K9gHdIYhk0nb0CQzJBmhDgU3/oobF4q49Sfc+Temj4W2HrhwOOde7r0nTBhV2nG+rdzC4tLySn61sLa+sbllb+80VJxKTOo4ZrFshUgRRgWpa6oZaSWSIB4y0gz7lyO/eU+korG404OE+Bx1Be1QjLSRAnsv8m446aIg8ySHV81h6eHoOPKYgP3ALjplZww4T9wpKYIpaoH95UUxTjkRGjOkVNt1Eu1nSGqKGRkWvFSRBOE+6pK2oQJxovxs/MMQHholgp1YmhIajtXfExniSg14aDo50j01643E/7x2qjvnfkZFkmoi8GRRJ2VQx3AUCIyoJFizgSEIS2puhbiHJMLaxFYwIbizL8+TxknZrZRPbyvF6sU0jjzYBwegBFxwBqrgGtRAHWDwCJ7BK3iznqwX6936mLTmrOnMLvgD6/MHiE2Wzw==</latexit>

10–18 10–17 10–16 10–15 10–14 10–13
frequency = kc (Hz)

<latexit sha1_base64="PFTCZ5qtColI1s9o8yCCr1jkWYI=">AAACCHicbVC7TsMwFHXKq5RXgJGBiAqpLFWCimBBqmDpWCT6kNqoclyntWrHwXYQIQobC7/CwgBCrHwCG3+D22aAliNZOjrnXl2f44WUSGXb30ZuYXFpeSW/Wlhb39jcMrd3mpJHAuEG4pSLtgclpiTADUUUxe1QYMg8ilve6HLst26xkIQH1yoOscvgICA+QVBpqWfud5nH7xJf4JsIByhOz0fooTQVa/fpUc8s2mV7AmueOBkpggz1nvnV7XMUMRwoRKGUHccOlZtAoQiiOC10I4lDiEZwgDuaBpBh6SaTIKl1qJW+5XOhX6Csifp7I4FMyph5epJBNZSz3lj8z+tEyj9zExKEkdIpp4f8iFqKW+NWrD4RGCkaawKRIPqvFhpCAZHS3RV0Cc5s5HnSPC47lfLJVaVYvcjqyIM9cABKwAGnoApqoA4aAIFH8AxewZvxZLwY78bHdDRnZDu74A+Mzx+5V5pr</latexit>



Vector Source



Electro-magnetic Field
LA = �1

4

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="pI5PeYMawY6s+wisKuHLHh5qzUw=">AAACHXicbZDLSgMxFIYzXmu9VV26CRbBjWVGKroRqoK4cFHBXqBTh0yaaUOTzJCLUIa+iBtfxY0LRVy4Ed/G9CJq6w+Bj/+cw8n5w4RRpV3305mZnZtfWMwsZZdXVtfWcxubVRUbiUkFxyyW9RApwqggFU01I/VEEsRDRmph93xQr90RqWgsbnQvIU2O2oJGFCNtrSBXTH2MGLzqB6cn+34kEfaKvjI8SH1ufGH6Fz90+01BLu8W3KHgNHhjyIOxykHu3W/F2HAiNGZIqYbnJrqZIqkpZqSf9Y0iCcJd1CYNiwJxoprp8Lo+3LVOC0axtE9oOHR/T6SIK9Xjoe3kSHfUZG1g/ldrGB0dN1MqEqOJwKNFkWFQx3AQFWxRSbBmPQsIS2r/CnEH2Yi0DTRrQ/AmT56G6kHBKxYOr4v50tk4jgzYBjtgD3jgCJTAJSiDCsDgHjyCZ/DiPDhPzqvzNmqdccYzW+CPnI8vY4miyg==</latexit>

Fµ⌫ =
@A⌫

@xµ
� @Aµ

@x⌫

<latexit sha1_base64="a+PRZPJStIGS/pxqQsavONujp7k=">AAACP3icbVDLSgMxFM3UV62vqks3wSK4scxIRTdCVRCXFewDOnXIpJk2NMkMSUYsw/yZG3/BnVs3LhRx685MW1BbLwROzj3nJvf4EaNK2/azlZubX1hcyi8XVlbX1jeKm1sNFcYSkzoOWShbPlKEUUHqmmpGWpEkiPuMNP3BRdZv3hGpaChu9DAiHY56ggYUI20or9i49BKXx66I01M3kAgnboSkpojBMy9jf+73t0aYHsyq+JTKuLxiyS7bo4KzwJmAEphUzSs+ud0Qx5wIjRlSqu3Yke4k2VDMSFpwY0UihAeoR9oGCsSJ6iSj/VO4Z5guDEJpjtBwxP52JIgrNeS+UXKk+2q6l5H/9dqxDk46CRVRrInA44eCmEEdwixM2KWSYM2GBiAsqfkrxH1k8tEm8oIJwZleeRY0DstOpXx0XSlVzydx5MEO2AX7wAHHoAquQA3UAQYP4AW8gXfr0Xq1PqzPsTRnTTzb4E9ZX98EPLHt</latexit>

with

Fi0 = Ei,

F12 = B3,

F23 = B1,

F31 = B2

<latexit sha1_base64="CCWbzwigVX2uO0sqQC2Gm78sGLs=">AAACIXicbVDLSsNAFJ34rPEVdelmsCgupCRpxW6EUlFcVrAPaEKYTKft0MmDmYlQQn/Fjb/ixoUi3Yk/4zTNQlsvDJzHvdy5x48ZFdI0v7SV1bX1jc3Clr69s7u3bxwctkSUcEyaOGIR7/hIEEZD0pRUMtKJOUGBz0jbH93M/PYT4YJG4aMcx8QN0CCkfYqRVJJnVO+8lJqTs+tbj144jq6oZSta98o5tcsZtXJatjJqe0bRLJlZwWVg5aAI8mp4xtTpRTgJSCgxQ0J0LTOWboq4pJiRie4kgsQIj9CAdBUMUUCEm2YXTuCpUnqwH3H1Qgkz9fdEigIhxoGvOgMkh2LRm4n/ed1E9qtuSsM4kSTE80X9hEEZwVlcsEc5wZKNFUCYU/VXiIeIIyxVqLoKwVo8eRm07JJVKV0+VIq1eh5HARyDE3AOLHAFauAeNEATYPAMXsE7+NBetDftU5vOW1e0fOYI/Cnt+wfSBZ74</latexit>

[up to a2 factors]



Electro-magnetic Field
LA = �1

4

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="pI5PeYMawY6s+wisKuHLHh5qzUw=">AAACHXicbZDLSgMxFIYzXmu9VV26CRbBjWVGKroRqoK4cFHBXqBTh0yaaUOTzJCLUIa+iBtfxY0LRVy4Ed/G9CJq6w+Bj/+cw8n5w4RRpV3305mZnZtfWMwsZZdXVtfWcxubVRUbiUkFxyyW9RApwqggFU01I/VEEsRDRmph93xQr90RqWgsbnQvIU2O2oJGFCNtrSBXTH2MGLzqB6cn+34kEfaKvjI8SH1ufGH6Fz90+01BLu8W3KHgNHhjyIOxykHu3W/F2HAiNGZIqYbnJrqZIqkpZqSf9Y0iCcJd1CYNiwJxoprp8Lo+3LVOC0axtE9oOHR/T6SIK9Xjoe3kSHfUZG1g/ldrGB0dN1MqEqOJwKNFkWFQx3AQFWxRSbBmPQsIS2r/CnEH2Yi0DTRrQ/AmT56G6kHBKxYOr4v50tk4jgzYBjtgD3jgCJTAJSiDCsDgHjyCZ/DiPDhPzqvzNmqdccYzW+CPnI8vY4miyg==</latexit>

Fµ⌫ =
@A⌫

@xµ
� @Aµ

@x⌫

<latexit sha1_base64="a+PRZPJStIGS/pxqQsavONujp7k=">AAACP3icbVDLSgMxFM3UV62vqks3wSK4scxIRTdCVRCXFewDOnXIpJk2NMkMSUYsw/yZG3/BnVs3LhRx685MW1BbLwROzj3nJvf4EaNK2/azlZubX1hcyi8XVlbX1jeKm1sNFcYSkzoOWShbPlKEUUHqmmpGWpEkiPuMNP3BRdZv3hGpaChu9DAiHY56ggYUI20or9i49BKXx66I01M3kAgnboSkpojBMy9jf+73t0aYHsyq+JTKuLxiyS7bo4KzwJmAEphUzSs+ud0Qx5wIjRlSqu3Yke4k2VDMSFpwY0UihAeoR9oGCsSJ6iSj/VO4Z5guDEJpjtBwxP52JIgrNeS+UXKk+2q6l5H/9dqxDk46CRVRrInA44eCmEEdwixM2KWSYM2GBiAsqfkrxH1k8tEm8oIJwZleeRY0DstOpXx0XSlVzydx5MEO2AX7wAHHoAquQA3UAQYP4AW8gXfr0Xq1PqzPsTRnTTzb4E9ZX98EPLHt</latexit>

with

Fi0 = Ei,

F12 = B3,

F23 = B1,

F31 = B2

<latexit sha1_base64="CCWbzwigVX2uO0sqQC2Gm78sGLs=">AAACIXicbVDLSsNAFJ34rPEVdelmsCgupCRpxW6EUlFcVrAPaEKYTKft0MmDmYlQQn/Fjb/ixoUi3Yk/4zTNQlsvDJzHvdy5x48ZFdI0v7SV1bX1jc3Clr69s7u3bxwctkSUcEyaOGIR7/hIEEZD0pRUMtKJOUGBz0jbH93M/PYT4YJG4aMcx8QN0CCkfYqRVJJnVO+8lJqTs+tbj144jq6oZSta98o5tcsZtXJatjJqe0bRLJlZwWVg5aAI8mp4xtTpRTgJSCgxQ0J0LTOWboq4pJiRie4kgsQIj9CAdBUMUUCEm2YXTuCpUnqwH3H1Qgkz9fdEigIhxoGvOgMkh2LRm4n/ed1E9qtuSsM4kSTE80X9hEEZwVlcsEc5wZKNFUCYU/VXiIeIIyxVqLoKwVo8eRm07JJVKV0+VIq1eh5HARyDE3AOLHAFauAeNEATYPAMXsE7+NBetDftU5vOW1e0fOYI/Cnt+wfSBZ74</latexit>

[up to a2 factors]

Turner & Widrow (1988)for x0 = ⌘

and xi =com. coord.

<latexit sha1_base64="h0IUc5EDoMv03cOm9GvWwqAqNqA="></latexit>

Then, 
�1

4

X

µ⌫

Fµ⌫F
µ⌫ =

1

2
(E ·E�B ·B)

<latexit sha1_base64="aOxHNSUPcCe/x+Y+HLC9mHDl9/I="></latexit>

I.e., the form remains the same as in non-expanding space



Electro-magnetic Field
LA = �1

4

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="pI5PeYMawY6s+wisKuHLHh5qzUw=">AAACHXicbZDLSgMxFIYzXmu9VV26CRbBjWVGKroRqoK4cFHBXqBTh0yaaUOTzJCLUIa+iBtfxY0LRVy4Ed/G9CJq6w+Bj/+cw8n5w4RRpV3305mZnZtfWMwsZZdXVtfWcxubVRUbiUkFxyyW9RApwqggFU01I/VEEsRDRmph93xQr90RqWgsbnQvIU2O2oJGFCNtrSBXTH2MGLzqB6cn+34kEfaKvjI8SH1ufGH6Fz90+01BLu8W3KHgNHhjyIOxykHu3W/F2HAiNGZIqYbnJrqZIqkpZqSf9Y0iCcJd1CYNiwJxoprp8Lo+3LVOC0axtE9oOHR/T6SIK9Xjoe3kSHfUZG1g/ldrGB0dN1MqEqOJwKNFkWFQx3AQFWxRSbBmPQsIS2r/CnEH2Yi0DTRrQ/AmT56G6kHBKxYOr4v50tk4jgzYBjtgD3jgCJTAJSiDCsDgHjyCZ/DiPDhPzqvzNmqdccYzW+CPnI8vY4miyg==</latexit>

Fµ⌫ =
@A⌫

@xµ
� @Aµ

@x⌫

<latexit sha1_base64="a+PRZPJStIGS/pxqQsavONujp7k=">AAACP3icbVDLSgMxFM3UV62vqks3wSK4scxIRTdCVRCXFewDOnXIpJk2NMkMSUYsw/yZG3/BnVs3LhRx685MW1BbLwROzj3nJvf4EaNK2/azlZubX1hcyi8XVlbX1jeKm1sNFcYSkzoOWShbPlKEUUHqmmpGWpEkiPuMNP3BRdZv3hGpaChu9DAiHY56ggYUI20or9i49BKXx66I01M3kAgnboSkpojBMy9jf+73t0aYHsyq+JTKuLxiyS7bo4KzwJmAEphUzSs+ud0Qx5wIjRlSqu3Yke4k2VDMSFpwY0UihAeoR9oGCsSJ6iSj/VO4Z5guDEJpjtBwxP52JIgrNeS+UXKk+2q6l5H/9dqxDk46CRVRrInA44eCmEEdwixM2KWSYM2GBiAsqfkrxH1k8tEm8oIJwZleeRY0DstOpXx0XSlVzydx5MEO2AX7wAHHoAquQA3UAQYP4AW8gXfr0Xq1PqzPsTRnTTzb4E9ZX98EPLHt</latexit>

with

TA
ij =

�2p
�g

�
p
�gLA

�gij

=
X

µ⌫

gµ⌫FiµFj⌫ � 1

4
gij

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="DbVf4TAzhcBXS7pruoxp9lDMymw="></latexit>

Fi0 = Ei,

F12 = B3,

F23 = B1,

F31 = B2

<latexit sha1_base64="CCWbzwigVX2uO0sqQC2Gm78sGLs=">AAACIXicbVDLSsNAFJ34rPEVdelmsCgupCRpxW6EUlFcVrAPaEKYTKft0MmDmYlQQn/Fjb/ixoUi3Yk/4zTNQlsvDJzHvdy5x48ZFdI0v7SV1bX1jc3Clr69s7u3bxwctkSUcEyaOGIR7/hIEEZD0pRUMtKJOUGBz0jbH93M/PYT4YJG4aMcx8QN0CCkfYqRVJJnVO+8lJqTs+tbj144jq6oZSta98o5tcsZtXJatjJqe0bRLJlZwWVg5aAI8mp4xtTpRTgJSCgxQ0J0LTOWboq4pJiRie4kgsQIj9CAdBUMUUCEm2YXTuCpUnqwH3H1Qgkz9fdEigIhxoGvOgMkh2LRm4n/ed1E9qtuSsM4kSTE80X9hEEZwVlcsEc5wZKNFUCYU/VXiIeIIyxVqLoKwVo8eRm07JJVKV0+VIq1eh5HARyDE3AOLHAFauAeNEATYPAMXsE7+NBetDftU5vOW1e0fOYI/Cnt+wfSBZ74</latexit>

[up to a2 factors]

Stress-energy Tensor



EM Stress-Energy Tensor

TA
ij =

�2p
�g

�
p
�gLA

�gij

=
X

µ⌫

gµ⌫FiµFj⌫ � 1

4
gij

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="DbVf4TAzhcBXS7pruoxp9lDMymw="></latexit>

Check: Isotropic Pressure

PA =
1

3
TA ⌘ 1

3

X

ij

gijTA
ij =

1

6
(E ·E+B ·B) =

1

3
⇢A

<latexit sha1_base64="eS4HVUOsb+CebFqIWGb2Um5u8ls="></latexit>

OK!

Fi0 = Ei,

F12 = B3,

F23 = B1,

F31 = B2

<latexit sha1_base64="CCWbzwigVX2uO0sqQC2Gm78sGLs=">AAACIXicbVDLSsNAFJ34rPEVdelmsCgupCRpxW6EUlFcVrAPaEKYTKft0MmDmYlQQn/Fjb/ixoUi3Yk/4zTNQlsvDJzHvdy5x48ZFdI0v7SV1bX1jc3Clr69s7u3bxwctkSUcEyaOGIR7/hIEEZD0pRUMtKJOUGBz0jbH93M/PYT4YJG4aMcx8QN0CCkfYqRVJJnVO+8lJqTs+tbj144jq6oZSta98o5tcsZtXJatjJqe0bRLJlZwWVg5aAI8mp4xtTpRTgJSCgxQ0J0LTOWboq4pJiRie4kgsQIj9CAdBUMUUCEm2YXTuCpUnqwH3H1Qgkz9fdEigIhxoGvOgMkh2LRm4n/ed1E9qtuSsM4kSTE80X9hEEZwVlcsEc5wZKNFUCYU/VXiIeIIyxVqLoKwVo8eRm07JJVKV0+VIq1eh5HARyDE3AOLHAFauAeNEATYPAMXsE7+NBetDftU5vOW1e0fOYI/Cnt+wfSBZ74</latexit>

[up to a2 factors]



EM Stress-Energy Tensor

TA
ij =

�2p
�g

�
p
�gLA

�gij

=
X

µ⌫

gµ⌫FiµFj⌫ � 1

4
gij

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="DbVf4TAzhcBXS7pruoxp9lDMymw="></latexit>

Fi0 = Ei,

F12 = B3,

F23 = B1,

F31 = B2

<latexit sha1_base64="CCWbzwigVX2uO0sqQC2Gm78sGLs=">AAACIXicbVDLSsNAFJ34rPEVdelmsCgupCRpxW6EUlFcVrAPaEKYTKft0MmDmYlQQn/Fjb/ixoUi3Yk/4zTNQlsvDJzHvdy5x48ZFdI0v7SV1bX1jc3Clr69s7u3bxwctkSUcEyaOGIR7/hIEEZD0pRUMtKJOUGBz0jbH93M/PYT4YJG4aMcx8QN0CCkfYqRVJJnVO+8lJqTs+tbj144jq6oZSta98o5tcsZtXJatjJqe0bRLJlZwWVg5aAI8mp4xtTpRTgJSCgxQ0J0LTOWboq4pJiRie4kgsQIj9CAdBUMUUCEm2YXTuCpUnqwH3H1Qgkz9fdEigIhxoGvOgMkh2LRm4n/ed1E9qtuSsM4kSTE80X9hEEZwVlcsEc5wZKNFUCYU/VXiIeIIyxVqLoKwVo8eRm07JJVKV0+VIq1eh5HARyDE3AOLHAFauAeNEATYPAMXsE7+NBetDftU5vOW1e0fOYI/Cnt+wfSBZ74</latexit>

[up to a2 factors]

TA
ij � 1

3
gijT

A = �a2(EiEj +BiBj)

<latexit sha1_base64="T6urvNRJdzEJfXe/H37Ia2+swFs=">AAACFnicbVDLSsNAFJ34rPUVdekmWISKtCS1ohuhrRRcVugL2jRMppN22smDmYlQQr/Cjb/ixoUibsWdf+M0zUJbD1w4c869zL3HDijhQte/lZXVtfWNzdRWentnd29fPThscj9kCDeQT33WtiHHlHi4IYiguB0wDF2b4pY9vp35rQfMOPG9upgE2HThwCMOQVBIyVJzdSsio2mvnOs6DCLjYhC/673yTQ72CtmqRarW6LxikYo1OrPUjJ7XY2jLxEhIBiSoWepXt++j0MWeQBRy3jH0QJgRZIIgiqfpbshxANEYDnBHUg+6mJtRfNZUO5VKX3N8JssTWqz+noigy/nEtWWnC8WQL3oz8T+vEwrn2oyIF4QCe2j+kRNSTfjaLCOtTxhGgk4kgYgRuauGhlDGI2SSaRmCsXjyMmkW8kYxf3lfzJQqSRwpcAxOQBYY4AqUwB2ogQZA4BE8g1fwpjwpL8q78jFvXVGSmSPwB8rnD3JdnaY=</latexit>

Traceless Component

+
1

3
gij(E ·E+B ·B)

<latexit sha1_base64="n8rOgw+dxl+uhirYZmPlKfj7Sfw=">AAACIHicbZDLSsNAFIYnXmu9RV26GSxCpVASrdRlqQguK9gLNCFMppN27OTCzEQoIY/ixldx40IR3enTOE2zqK0Hhvn4/3OYOb8bMSqkYXxrK6tr6xubha3i9s7u3r5+cNgRYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXd8PfW7j4QLGgb3chIR20fDgHoUI6kkR69XLI8jbF4MnYQ+pOXEcj14k1p4EMqcK9ndnNOa6Zmjl4yqkRVcBjOHEsir5ehf1iDEsU8CiRkSom8akbQTxCXFjKRFKxYkQniMhqSvMEA+EXaSLZjCU6UMoBdydQIJM3V+IkG+EBPfVZ0+kiOx6E3F/7x+LL0rO6FBFEsS4NlDXsygDOE0LTignGDJJgoQ5lT9FeIRUoFJlWlRhWAurrwMnfOqWate3tVKjWYeRwEcgxNQBiaogwa4BS3QBhg8gRfwBt61Z+1V+9A+Z60rWj5zBP6U9vMLU9Oidw==</latexit>



EM Stress-Energy Tensor

TA
ij =

�2p
�g

�
p
�gLA

�gij

=
X

µ⌫

gµ⌫FiµFj⌫ � 1

4
gij

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="DbVf4TAzhcBXS7pruoxp9lDMymw="></latexit>

Fi0 = Ei,

F12 = B3,

F23 = B1,

F31 = B2

<latexit sha1_base64="CCWbzwigVX2uO0sqQC2Gm78sGLs=">AAACIXicbVDLSsNAFJ34rPEVdelmsCgupCRpxW6EUlFcVrAPaEKYTKft0MmDmYlQQn/Fjb/ixoUi3Yk/4zTNQlsvDJzHvdy5x48ZFdI0v7SV1bX1jc3Clr69s7u3bxwctkSUcEyaOGIR7/hIEEZD0pRUMtKJOUGBz0jbH93M/PYT4YJG4aMcx8QN0CCkfYqRVJJnVO+8lJqTs+tbj144jq6oZSta98o5tcsZtXJatjJqe0bRLJlZwWVg5aAI8mp4xtTpRTgJSCgxQ0J0LTOWboq4pJiRie4kgsQIj9CAdBUMUUCEm2YXTuCpUnqwH3H1Qgkz9fdEigIhxoGvOgMkh2LRm4n/ed1E9qtuSsM4kSTE80X9hEEZwVlcsEc5wZKNFUCYU/VXiIeIIyxVqLoKwVo8eRm07JJVKV0+VIq1eh5HARyDE3AOLHAFauAeNEATYPAMXsE7+NBetDftU5vOW1e0fOYI/Cnt+wfSBZ74</latexit>

[up to a2 factors]

TA
ij � 1

3
gijT

A = �a2(EiEj +BiBj)

<latexit sha1_base64="T6urvNRJdzEJfXe/H37Ia2+swFs=">AAACFnicbVDLSsNAFJ34rPUVdekmWISKtCS1ohuhrRRcVugL2jRMppN22smDmYlQQr/Cjb/ixoUibsWdf+M0zUJbD1w4c869zL3HDijhQte/lZXVtfWNzdRWentnd29fPThscj9kCDeQT33WtiHHlHi4IYiguB0wDF2b4pY9vp35rQfMOPG9upgE2HThwCMOQVBIyVJzdSsio2mvnOs6DCLjYhC/673yTQ72CtmqRarW6LxikYo1OrPUjJ7XY2jLxEhIBiSoWepXt++j0MWeQBRy3jH0QJgRZIIgiqfpbshxANEYDnBHUg+6mJtRfNZUO5VKX3N8JssTWqz+noigy/nEtWWnC8WQL3oz8T+vEwrn2oyIF4QCe2j+kRNSTfjaLCOtTxhGgk4kgYgRuauGhlDGI2SSaRmCsXjyMmkW8kYxf3lfzJQqSRwpcAxOQBYY4AqUwB2ogQZA4BE8g1fwpjwpL8q78jFvXVGSmSPwB8rnD3JdnaY=</latexit>

Traceless Component

+
1

3
gij(E ·E+B ·B)

<latexit sha1_base64="n8rOgw+dxl+uhirYZmPlKfj7Sfw=">AAACIHicbZDLSsNAFIYnXmu9RV26GSxCpVASrdRlqQguK9gLNCFMppN27OTCzEQoIY/ixldx40IR3enTOE2zqK0Hhvn4/3OYOb8bMSqkYXxrK6tr6xubha3i9s7u3r5+cNgRYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXd8PfW7j4QLGgb3chIR20fDgHoUI6kkR69XLI8jbF4MnYQ+pOXEcj14k1p4EMqcK9ndnNOa6Zmjl4yqkRVcBjOHEsir5ehf1iDEsU8CiRkSom8akbQTxCXFjKRFKxYkQniMhqSvMEA+EXaSLZjCU6UMoBdydQIJM3V+IkG+EBPfVZ0+kiOx6E3F/7x+LL0rO6FBFEsS4NlDXsygDOE0LTignGDJJgoQ5lT9FeIRUoFJlWlRhWAurrwMnfOqWate3tVKjWYeRwEcgxNQBiaogwa4BS3QBhg8gRfwBt61Z+1V+9A+Z60rWj5zBP6U9vMLU9Oidw==</latexit>

This is second order because Ei and Bi cannot 
have the mean values; otherwise the 

background space wouldn’t be isotropic 



“Magnetogenesis”  
by quantum fluctuation  

during inflation?
• On Day 1, we learned that the equation of motion of 

gravitational waves during inflation had a constant 
(conserved) solution in the super-horizon limit


• Can we do the same for electromagnetic fields? Then 
perhaps we can generate the intergalactic magnetic fields 
naturally also from inflation?



Recap: Tensor Mode
• On Day 1, we learned that the equation of motion of 

gravitational waves during inflation had a constant 
(conserved) solution in the super-horizon limit


• This was due to the time-dependent mass:

m
2(⌘) = �a

00

a
= �a

2(2H2 + Ḣ)
<latexit sha1_base64="yV/jVbUevNVeMhccYfb1uR5/lcQ=">AAACFHicbVC7SgNBFJ31GeNr1dJmMUgiYthdBW0Cok1KBZMIeXF3MqtDZh/M3BXCsh9h46/YWChia2Hn3zh5FJp4YOBwzj3cuceLBVdo29/G3PzC4tJybiW/ura+sWlubddVlEjKajQSkbz1QDHBQ1ZDjoLdxpJB4AnW8PqXQ7/xwKTiUXiDg5i1A7gLuc8poJa65mHQcUsthnBQOWr5EmgKxWKWQlY5Au241Y572OpFmFazg65ZsMv2CNYscSakQCa46ppfOkqTgIVIBSjVdOwY2ylI5FSwLN9KFIuB9uGONTUNIWCqnY6Oyqx9rfQsP5L6hWiN1N+JFAKlBoGnJwPAezXtDcX/vGaC/lk75WGcIAvpeJGfCAsja9iQ1eOSURQDTYBKrv9q0XvQ1aDuMa9LcKZPniV1t+wcl93rk8L5xaSOHNkle6REHHJKzkmVXJEaoeSRPJNX8mY8GS/Gu/ExHp0zJpkd8gfG5w8wX5xn</latexit>

uij(⌘,k) = a(⌘)Dij(⌘,k)

<latexit sha1_base64="c03wLt7peTOidCogcrppzu8yj+8=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VoQUoiFd0IRV24rGAf0IQwmU7asZNJmJkIJfQ33Pgrblwo4lJX/o3TNAutPXDhzDn3MvceP2ZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/upr6nQciJI34nRrHxA3RgNOAYqS05JlW4qX0flJxiELHqeMHcDSpXqDsXb1e4Hlm2apZGeB/YuekDHI0PfPT6Uc4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ05Sgk0k2zyybwSCt9GERCF1cwU39PpCiUchz6ujNEaijnvam4yOslKjh3U8rjRBGOZx8FCYMqgtOYYJ8KghUba4KwoHpXiIdIIKx0mCUdgj1/8n/SPqnZ9drpbb3cuMzjKIIDcAgqwAZnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvByGf2wR8YXz/k45+Z</latexit>

{
u00
ij +

⇥
k2 +m2(⌘)

⇤
uij = 0

<latexit sha1_base64="bsFxNsvFdzUJISV/AZie/rZr3sk=">AAACFHicbVDLSsNAFJ34rPVVdekmWESlUJJS0Y1QdOOyglWhScNketOOnTyYuRFK6Ee48VfcuFDErQt3/o3T2IVWDwwczjmXO/f4ieAKLevTmJmdm19YLCwVl1dW19ZLG5tXKk4lgxaLRSxvfKpA8AhayFHATSKBhr6Aa39wNvav70AqHkeXOEzADWkv4gFnFLXklSrp3p6X8dtRxREQYHvQqVXCTm3fAaQHjuS9PrppHjixvFLZqlo5zL/EnpAymaDplT6cbszSECJkgirVtq0E3YxK5EzAqOikChLKBrQHbU0jGoJys/yokbmrla4ZxFK/CM1c/TmR0VCpYejrZEixr6a9sfif104xOHYzHiUpQsS+FwWpMDE2xw2ZXS6BoRhqQpnk+q8m61NJGeoei7oEe/rkv+SqVrXr1cOLerlxOqmjQLbJDtknNjkiDXJOmqRFGLknj+SZvBgPxpPxarx9R2eMycwW+QXj/QtZ953I</latexit>

dt = a(⌘)d⌘

<latexit sha1_base64="Hr2YE57+l3DCqLAcsheP8Vdm6wE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREKroRim5cVrAPaEOZTCbt0MkkzNwItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MneMngmtwnG+rsLa+sblV3C7t7O7tl+2Dw7aOU0VZi8YiVl2faCa4ZC3gIFg3UYxEvmAdf3yb+Z1HpjSP5QNMEuZFZCh5yCkBIw3scgDXpNpnQM6CrA/silNz5sCrxM1JBeVoDuyvfhDTNGISqCBa91wnAW9KFHAq2KzUTzVLCB2TIesZKknEtDedHz7Dp0YJcBgrUxLwXP29MSWR1pPIN5MRgZFe9jLxP6+XQnjlTblMUmCSLh4KU4EhxlkKOOCKURATQwhV3NyK6YgoQsFkVTIhuMtfXiXt85pbr13c1yuNmzyOIjpGJ6iKXHSJGugONVELUZSiZ/SK3qwn68V6tz4WowUr3zlCf2B9/gDsvpKg</latexit>

,
conformal time



Recap: Tensor Mode
• On Day 1, we learned that the equation of motion of 

gravitational waves during inflation had a constant 
(conserved) solution in the super-horizon limit


• This was due to the time-dependent mass:

u00
ij +

⇥
k2 +m2(⌘)

⇤
uij = 0

<latexit sha1_base64="bsFxNsvFdzUJISV/AZie/rZr3sk=">AAACFHicbVDLSsNAFJ34rPVVdekmWESlUJJS0Y1QdOOyglWhScNketOOnTyYuRFK6Ee48VfcuFDErQt3/o3T2IVWDwwczjmXO/f4ieAKLevTmJmdm19YLCwVl1dW19ZLG5tXKk4lgxaLRSxvfKpA8AhayFHATSKBhr6Aa39wNvav70AqHkeXOEzADWkv4gFnFLXklSrp3p6X8dtRxREQYHvQqVXCTm3fAaQHjuS9PrppHjixvFLZqlo5zL/EnpAymaDplT6cbszSECJkgirVtq0E3YxK5EzAqOikChLKBrQHbU0jGoJys/yokbmrla4ZxFK/CM1c/TmR0VCpYejrZEixr6a9sfif104xOHYzHiUpQsS+FwWpMDE2xw2ZXS6BoRhqQpnk+q8m61NJGeoei7oEe/rkv+SqVrXr1cOLerlxOqmjQLbJDtknNjkiDXJOmqRFGLknj+SZvBgPxpPxarx9R2eMycwW+QXj/QtZ953I</latexit>

• For k << m, 

uij / a(⌘) ! Dij = constant

<latexit sha1_base64="eb/+JDru56xJA2+vTD2CSUoFR1M=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6KTNS0Y1Q1IXLCrYVOqXcSVONZpIh uSOUof/hxl9x40IRV4IL/8b0sVDrgcDhnHu5OSdKpLDo+1/ezOzc/MJibim/vLK6tl7Y2GxYnRrG60xLba4isFwKxesoUPKrxHCII8mb0d3p0G/ec2OFVpfYT3g7hmsleoIBOqlT2E87mbgd0DAxOkFNoRRyhD0aOn42to5pFpqYMq0sgsJBp1D0y/4IdJoEE1IkE9Q6hY+wq1kac4VMgrWtwE+wnYFBwSQf5MPU8gTYHVzzlqMKYm7b2SjbgO46pUt72rinkI7UnxsZxNb248hNxoA39q83FP/zWin2jtqZUEmKXLHxoV4qqQs+LIp2heEMZd8RYEa4v1J2AwYYujrzroTgb+Rp0tgvB5XywUWlWD2Z1JEj22SHlEhADkmVnJMaqRNGHsgTeSGv3qP37L157+PRGW+ys0V+wfv8Bka3oPU=</latexit>



How about Vector Mode?

• What happens to electromagnetic (EM) fields? Can we 
generate the super-horizon EM field during inflation?


• The answer is no in the Standard Model of elementary 
particles and fields, and no for the fundamental reason



(Massless) Vector Mode
• The equation of motion for Ai(η,k):

A00
i + k2Ai = 0

<latexit sha1_base64="lnv9Rhy1YJMxpdDGHj+RJ85E+u8=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSIVhJKUil6EVi8eK9gPaNOw2W7apZtN2N0opfR/ePGgiFf/izf/jds2B219MPB4b4aZeX7MmdK2/W2trK6tb2xmtrLbO7t7+7mDw4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHt1G8+UqlYJB70KKZuiPuCBYxgbaRutVDw2PmwW6p67Nr2cnm7aM+AlomTkjykqHm5r04vIklIhSYcK9V27Fi7Yyw1I5xOsp1E0RiTIe7TtqECh1S549nVE3RqlB4KImlKaDRTf0+McajUKPRNZ4j1QC16U/E/r53o4ModMxEnmgoyXxQkHOkITSNAPSYp0XxkCCaSmVsRGWCJiTZBZU0IzuLLy6RRKjrl4sV9OV+5SePIwDGcwBk4cAkVuIMa1IGAhGd4hTfryXqx3q2PeeuKlc4cwR9Ynz8ovZEB</latexit>

• The EoM of Ai has no time-dependent mass term due to 
the expansion of the Universe!!


• The massless vector field does not feel the expansion 
of the Universe. How come?

E = �a�2A0 / a�2,

B = a�2r⇥A / a�2

<latexit sha1_base64="JiATIfSTWX3trBTFa8XSA1LIqhg="></latexit>

• EM fields decay as a–2:



Conformal Invariance
• It turns out that the electromagnetic action

I = �1

4

Z p
�gd4x

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="Pin4K61AHWQhRk0bNGU/KjrmhA4=">AAACJnicbZDLSgMxFIYzXmu9jbp0M1gENy0zUtFNoSiI7irYC3TakkkzbWiSGXMRy9CnceOruHFREXHno5heRG39IfDxn3PIOX8QUyKV635YC4tLyyurqbX0+sbm1ra9s1uRkRYIl1FEI1ELoMSUcFxWRFFciwWGLKC4GvQuRvXqPRaSRPxW9WPcYLDDSUgQVMZq2YXrQtYPBURe3idcOb68EyrJdgbtZv7Bl5q1Ep9pn+vB5Q81v6llZ9ycO5YzD94UMmCqUsse+u0IaYa5QhRKWffcWDUSKBRBFA/SvpY4hqgHO7hukEOGZSMZnzlwDo3TdsJImGdWHbu/JxLIpOyzwHQyqLpytjYy/6vVtQrPGgnhsVaYo8lHoaaOipxRZk6bCIwU7RuASBCzq4O60ISmTLJpE4I3e/I8VI5zXj53cpPPFM+ncaTAPjgAR8ADp6AIrkAJlAECj+AZDMGr9WS9WG/W+6R1wZrO7IE/sj6/AO6GpsQ=</latexit>

is “conformally invariant”, in the sense that it remains 
unchanged under the so-called “conformal transformation” 
of the metric

gµ⌫ ! g̃µ⌫ = ⌦2gµ⌫

<latexit sha1_base64="lTNsFwWDcvh1cOvHiseQCiRRFVc=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZaZUdCMU3bizgn1Ap5ZMejsNTTJDkhHK0B9x46+4caGICzfi35g+8NF6IHA451xu7glizrRx3U9nYXFpeWU1s5Zd39jc2s7t7NZ0lCgKVRrxSDUCooEzCVXDDIdGrICIgEM96F+M/PodKM0ieWMGMbQECSXrMkqMldq5UthOfZH4Mhn6JsK+YbwDaTj8Vs/8KwEhuS3in2Q7l3cL7hh4nnhTkkdTVNq5d78T0USANJQTrZueG5tWSpRhlMMw6ycaYkL7JISmpZII0K10fN0QH1qlg7uRsk8aPFZ/T6REaD0QgU0KYnp61huJ/3nNxHRPWymTcWJA0smibsKx7WFUFe4wBdTwgSWEKmb/immPKEKNLTRrS/BmT54ntWLBKxWOr0v58vm0jgzaRwfoCHnoBJXRJaqgKqLoHj2iZ/TiPDhPzqvzNokuONOZPfQHzscXeFmjYw==</latexit>



Conformal Invariance
• It turns out that the electromagnetic action

I = �1

4

Z p
�gd4x

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="Pin4K61AHWQhRk0bNGU/KjrmhA4=">AAACJnicbZDLSgMxFIYzXmu9jbp0M1gENy0zUtFNoSiI7irYC3TakkkzbWiSGXMRy9CnceOruHFREXHno5heRG39IfDxn3PIOX8QUyKV635YC4tLyyurqbX0+sbm1ra9s1uRkRYIl1FEI1ELoMSUcFxWRFFciwWGLKC4GvQuRvXqPRaSRPxW9WPcYLDDSUgQVMZq2YXrQtYPBURe3idcOb68EyrJdgbtZv7Bl5q1Ep9pn+vB5Q81v6llZ9ycO5YzD94UMmCqUsse+u0IaYa5QhRKWffcWDUSKBRBFA/SvpY4hqgHO7hukEOGZSMZnzlwDo3TdsJImGdWHbu/JxLIpOyzwHQyqLpytjYy/6vVtQrPGgnhsVaYo8lHoaaOipxRZk6bCIwU7RuASBCzq4O60ISmTLJpE4I3e/I8VI5zXj53cpPPFM+ncaTAPjgAR8ADp6AIrkAJlAECj+AZDMGr9WS9WG/W+6R1wZrO7IE/sj6/AO6GpsQ=</latexit>

is “conformally invariant”, in the sense that it remains 
unchanged under the so-called “conformal transformation” 
of the metric

gµ⌫ ! g̃µ⌫ = ⌦2gµ⌫

<latexit sha1_base64="lTNsFwWDcvh1cOvHiseQCiRRFVc=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZaZUdCMU3bizgn1Ap5ZMejsNTTJDkhHK0B9x46+4caGICzfi35g+8NF6IHA451xu7glizrRx3U9nYXFpeWU1s5Zd39jc2s7t7NZ0lCgKVRrxSDUCooEzCVXDDIdGrICIgEM96F+M/PodKM0ieWMGMbQECSXrMkqMldq5UthOfZH4Mhn6JsK+YbwDaTj8Vs/8KwEhuS3in2Q7l3cL7hh4nnhTkkdTVNq5d78T0USANJQTrZueG5tWSpRhlMMw6ycaYkL7JISmpZII0K10fN0QH1qlg7uRsk8aPFZ/T6REaD0QgU0KYnp61huJ/3nNxHRPWymTcWJA0smibsKx7WFUFe4wBdTwgSWEKmb/immPKEKNLTRrS/BmT54ntWLBKxWOr0v58vm0jgzaRwfoCHnoBJXRJaqgKqLoHj2iZ/TiPDhPzqvzNokuONOZPfQHzscXeFmjYw==</latexit>

p
�g !

p
�g̃ = ⌦4p�g

<latexit sha1_base64="6Pr00DtetgnGAMvyHobL4GJ8Xxo=">AAACGXicbVDLSgMxFM34rPVVdelmsAhuLDNS0Y1QdOPOCvYBnVoy6e00NPMwuSOUYX7Djb/ixoUiLnXl35i2g2jrgcDJOeeS3ONGgiu0rC9jbn5hcWk5t5JfXVvf2CxsbddVGEsGNRaKUDZdqkDwAGrIUUAzkkB9V0DDHVyM/MY9SMXD4AaHEbR96gW8xxlFLXUKlqPuJCaHXupgaGYXB7noQuKl6Zlz5YNHb8s/sU6haJWsMcxZYmekSDJUO4UPpxuy2IcAmaBKtWwrwnZCJXImIM07sYKIsgH1oKVpQH1Q7WS8WWrua6Vr9kKpT4DmWP09kVBfqaHv6qRPsa+mvZH4n9eKsXfaTngQxQgBmzzUi4WpSxjVZHa5BIZiqAllkuu/mqxPJWWoy8zrEuzplWdJ/ahkl0vH1+Vi5TyrI0d2yR45IDY5IRVySaqkRhh5IE/khbwaj8az8Wa8T6JzRjazQ/7A+PwG8Nmhgg==</latexit>



Conformal Invariance
• It turns out that the electromagnetic action
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<latexit sha1_base64="Pin4K61AHWQhRk0bNGU/KjrmhA4=">AAACJnicbZDLSgMxFIYzXmu9jbp0M1gENy0zUtFNoSiI7irYC3TakkkzbWiSGXMRy9CnceOruHFREXHno5heRG39IfDxn3PIOX8QUyKV635YC4tLyyurqbX0+sbm1ra9s1uRkRYIl1FEI1ELoMSUcFxWRFFciwWGLKC4GvQuRvXqPRaSRPxW9WPcYLDDSUgQVMZq2YXrQtYPBURe3idcOb68EyrJdgbtZv7Bl5q1Ep9pn+vB5Q81v6llZ9ycO5YzD94UMmCqUsse+u0IaYa5QhRKWffcWDUSKBRBFA/SvpY4hqgHO7hukEOGZSMZnzlwDo3TdsJImGdWHbu/JxLIpOyzwHQyqLpytjYy/6vVtQrPGgnhsVaYo8lHoaaOipxRZk6bCIwU7RuASBCzq4O60ISmTLJpE4I3e/I8VI5zXj53cpPPFM+ncaTAPjgAR8ADp6AIrkAJlAECj+AZDMGr9WS9WG/W+6R1wZrO7IE/sj6/AO6GpsQ=</latexit>

is “conformally invariant”, in the sense that it remains 
unchanged under the so-called “conformal transformation” 
of the metric

gµ⌫ ! g̃µ⌫ = ⌦2gµ⌫

<latexit sha1_base64="lTNsFwWDcvh1cOvHiseQCiRRFVc=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZaZUdCMU3bizgn1Ap5ZMejsNTTJDkhHK0B9x46+4caGICzfi35g+8NF6IHA451xu7glizrRx3U9nYXFpeWU1s5Zd39jc2s7t7NZ0lCgKVRrxSDUCooEzCVXDDIdGrICIgEM96F+M/PodKM0ieWMGMbQECSXrMkqMldq5UthOfZH4Mhn6JsK+YbwDaTj8Vs/8KwEhuS3in2Q7l3cL7hh4nnhTkkdTVNq5d78T0USANJQTrZueG5tWSpRhlMMw6ycaYkL7JISmpZII0K10fN0QH1qlg7uRsk8aPFZ/T6REaD0QgU0KYnp61huJ/3nNxHRPWymTcWJA0smibsKx7WFUFe4wBdTwgSWEKmb/immPKEKNLTRrS/BmT54ntWLBKxWOr0v58vm0jgzaRwfoCHnoBJXRJaqgKqLoHj2iZ/TiPDhPzqvzNokuONOZPfQHzscXeFmjYw==</latexit>

Fµ⌫ =
X

↵�

gµ↵g⌫�F↵� !
X

↵�

g̃µ↵g̃⌫�F↵� = ⌦�4
X

↵�

gµ↵g⌫�F↵�

<latexit sha1_base64="1IOfG0Rj7mIDrnqxaDP90ICV9k4=">AAACw3icnVFLixNBEO4ZH7vGV9Sjl8EgeDHMSEQvC0Fx8eYKZnchnQ01nZpJk+6eobt6IQzzJ73pr7EzySG70YsFDV99X1V1PfJaSUdp+iuK79y9d//o+EHv4aPHT572nz0/d5W3AieiUpW9zMGhkgYnJEnhZW0RdK7wIl993ugX12idrMwPWtc401AaWUgBFKh5//fpVcO158a3J9x5PW84qHoJPEeCttyKHdM5xm+F05txPU 5VcpjOSaoFNmW7X2af/Ee5E/5NYwlXzdtR+/9NzfuDdJh2lhyCbAcGbGdn8/5PvqiE12hIKHBumqU1zRqwJIXCMKR3WINYQYnTAA1odLOmu0GbvA7MIikqG56hpGP3MxrQzq11HiI10NLd1jbk37Spp+LjrJGm9oRGbD8qvErCxjcHTRbSoiC1DgCElaHXRCzBgqBw9l5YQnZ75ENw/m6YjYbvv48G40+7dRyzl+wVe8My9oGN2Vd2xiZMROOoiKqojr/Eq9jGtA2No13OC3bD4vYPuv3kAg==</latexit>



Conformal Invariance
• It turns out that the electromagnetic action
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<latexit sha1_base64="Pin4K61AHWQhRk0bNGU/KjrmhA4=">AAACJnicbZDLSgMxFIYzXmu9jbp0M1gENy0zUtFNoSiI7irYC3TakkkzbWiSGXMRy9CnceOruHFREXHno5heRG39IfDxn3PIOX8QUyKV635YC4tLyyurqbX0+sbm1ra9s1uRkRYIl1FEI1ELoMSUcFxWRFFciwWGLKC4GvQuRvXqPRaSRPxW9WPcYLDDSUgQVMZq2YXrQtYPBURe3idcOb68EyrJdgbtZv7Bl5q1Ep9pn+vB5Q81v6llZ9ycO5YzD94UMmCqUsse+u0IaYa5QhRKWffcWDUSKBRBFA/SvpY4hqgHO7hukEOGZSMZnzlwDo3TdsJImGdWHbu/JxLIpOyzwHQyqLpytjYy/6vVtQrPGgnhsVaYo8lHoaaOipxRZk6bCIwU7RuASBCzq4O60ISmTLJpE4I3e/I8VI5zXj53cpPPFM+ncaTAPjgAR8ADp6AIrkAJlAECj+AZDMGr9WS9WG/W+6R1wZrO7IE/sj6/AO6GpsQ=</latexit>

is “conformally invariant”, in the sense that it remains 
unchanged under the so-called “conformal transformation” 
of the metric

gµ⌫ ! g̃µ⌫ = ⌦2gµ⌫

<latexit sha1_base64="lTNsFwWDcvh1cOvHiseQCiRRFVc=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZaZUdCMU3bizgn1Ap5ZMejsNTTJDkhHK0B9x46+4caGICzfi35g+8NF6IHA451xu7glizrRx3U9nYXFpeWU1s5Zd39jc2s7t7NZ0lCgKVRrxSDUCooEzCVXDDIdGrICIgEM96F+M/PodKM0ieWMGMbQECSXrMkqMldq5UthOfZH4Mhn6JsK+YbwDaTj8Vs/8KwEhuS3in2Q7l3cL7hh4nnhTkkdTVNq5d78T0USANJQTrZueG5tWSpRhlMMw6ycaYkL7JISmpZII0K10fN0QH1qlg7uRsk8aPFZ/T6REaD0QgU0KYnp61huJ/3nNxHRPWymTcWJA0smibsKx7WFUFe4wBdTwgSWEKmb/immPKEKNLTRrS/BmT54ntWLBKxWOr0v58vm0jgzaRwfoCHnoBJXRJaqgKqLoHj2iZ/TiPDhPzqvzNokuONOZPfQHzscXeFmjYw==</latexit>

Thus, remains unchanged! 
p
�g

X

µ⌫

Fµ⌫F
µ⌫

<latexit sha1_base64="ZNWqW3tKSWpDFf9lqVrAcDqjXbg="></latexit>



Conformal Invariance
• It turns out that the electromagnetic action
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<latexit sha1_base64="Pin4K61AHWQhRk0bNGU/KjrmhA4=">AAACJnicbZDLSgMxFIYzXmu9jbp0M1gENy0zUtFNoSiI7irYC3TakkkzbWiSGXMRy9CnceOruHFREXHno5heRG39IfDxn3PIOX8QUyKV635YC4tLyyurqbX0+sbm1ra9s1uRkRYIl1FEI1ELoMSUcFxWRFFciwWGLKC4GvQuRvXqPRaSRPxW9WPcYLDDSUgQVMZq2YXrQtYPBURe3idcOb68EyrJdgbtZv7Bl5q1Ep9pn+vB5Q81v6llZ9ycO5YzD94UMmCqUsse+u0IaYa5QhRKWffcWDUSKBRBFA/SvpY4hqgHO7hukEOGZSMZnzlwDo3TdsJImGdWHbu/JxLIpOyzwHQyqLpytjYy/6vVtQrPGgnhsVaYo8lHoaaOipxRZk6bCIwU7RuASBCzq4O60ISmTLJpE4I3e/I8VI5zXj53cpPPFM+ncaTAPjgAR8ADp6AIrkAJlAECj+AZDMGr9WS9WG/W+6R1wZrO7IE/sj6/AO6GpsQ=</latexit>

• This means that we can “undo” the expansion of the 
Universe and yet the EM field does not feel it!

gµ⌫ ! g̃µ⌫ = a�2gµ⌫ = ⌘µ⌫

<latexit sha1_base64="89Q+IWT8rkolSb5poDQVe74bkNg=">AAACK3icbVDLSgMxFM3UV62vqks3wSK4scyUim4EqRuXFawKnVoy6W0bmskMyR2hDPM/bvwVF7rwgVv/w/SB7wOBk3POJbkniKUw6LovTm5mdm5+Ib9YWFpeWV0rrm9cmCjRHBo8kpG+CpgBKRQ0UKCEq1gDCwMJl8HgZORf3oA2IlLnOIyhFbKeEl3BGVqpXaz12qkfJr5KMh8j6qOQHUh72ad6xK7TvUpGv3L0iPqA7PPeLpbcsjsG/Uu8KSmRKert4oPfiXgSgkIumTFNz42xlTKNgkvICn5iIGZ8wHrQtFSxEEwrHe+a0R2rdGg30vYopGP1+0TKQmOGYWCTIcO++e2NxP+8ZoLdw1YqVJwgKD55qJtIalsZFUc7QgNHObSEcS3sXynvM8042noLtgTv98p/yUWl7FXL+2fV0nFtWkeebJFtsks8ckCOySmpkwbh5Jbckyfy7Nw5j86r8zaJ5pzpzCb5Aef9A5K0qRc=</latexit>

⌘µ⌫ = diag(�1, 1, 1, 1)

<latexit sha1_base64="rGt5ng2NOnNKTHo5AKorBPFjYzs=">AAACC3icbVDNS8MwHE3n15xfVY9eyoYwQUcrE70IQy8eJ7gPWEtJs3QLS9KSpMIou3vxX/HiQRGv/gPe/G9Mux50+kLg8d7vR/JeEFMilW1/GaWl5ZXVtfJ6ZWNza3vH3N3ryigRCHdQRCPRD6DElHDcUURR3I8FhiyguBdMrjO/d4+FJBG/U9MYewyOOAkJgkpLvll1sYJ+6rLE5cnsMnUFs4YEjmb1E+c4P0e+WbMbdg7rL3EKUgMF2r756Q4jlDDMFaJQyoFjx8pLoVAEUTyruInEMUQTOMIDTTlkWHppnmVmHWplaIWR0JcrK1d/bqSQSTllgZ5kUI3lopeJ/3mDRIUXXkp4nCjM0fyhMKGWiqysGJ1aYKToNIuPBNF/tdAYCoiUrq+iS3AWI/8l3dOG02yc3TZrrauijjI4AFVQBw44By1wA9qgAxB4AE/gBbwaj8az8Wa8z0dLRrGzD37B+PgGdvyZXA==</latexit>

ds2 = a2(�d⌘2 + dx2) ! �d⌘2 + dx2

<latexit sha1_base64="SE/MyX62i0ZXeiTV9bm1ksOv6mA=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoiCUJFd0IRTcuK9gHNGmZTCbt0MkkzEzEEvojbvwVNy4UceFG/Bunj4XWHhg4nHMvd87xE0alsqxvI7e0vLK6ll8vbGxube+Yu3sNGacCkzqOWSxaPpKEUU7qiipGWokgKPIZafqD67HfvCdC0pjfqWFCvAj1OA0pRkpLXbMSyI5ziTpO6TRwidLkJMhcP4QPo45z7KoYLtC7ZtEqWxPA/8SekSKYodY1P90gxmlEuMIMSdm2rUR5GRKKYkZGBTeVJEF4gHqkrSlHEZFeNkk3gkdaCWAYC/24ghP190aGIimHka8nI6T6ct4bi4u8dqrCCy+jPEkV4Xh6KEwZ1KHHVcGACoIVG2qCsKD6rxD3kUBY6UILugR7PvJ/0nDKdqV8dlspVq9mdeTBATgEJWCDc1AFN6AG6gCDR/AMXsGb8WS8GO/Gx3Q0Z8x29sEfGF8/E5mgFA==</latexit>



Therefore:

• Scalar field: Super-horizon modes are amplified during 
inflation and yield seeds for the cosmic structure 
(colloquium last week)


• Tensor field: Super-horizon modes are amplified during 
inflation and yield a background of stochastic 
gravitational waves (Day1) and B-mode polarisation of the 
CMB (Day 2)


• Electromagnetic field: Nothing happens during inflation!



More general result

• One can show that the action is conformally invariant 
when the derived stress-energy tensor is traceless:X

µ⌫

gµ⌫Tµ⌫ = 0

<latexit sha1_base64="EE1lLlL3nbD6Bw0L89G4HLwOj3Q=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjNS0Y1QdOOyQl/QGUsmzbShSWbIQyhDP8CNv+LGhSJu/QB3/o1pO4q2HggczjmXm3vChFGlXffTyS0tr6yu5dcLG5tb2zvF3b2mio3EpIFjFst2iBRhVJCGppqRdiIJ4iEjrXB4NfFbd0QqGou6HiUk4KgvaEQx0lbqFku+Mryb+tz4woz7t9+s/qNduDbllt0p4CLxMlICGWrd4offi7HhRGjMkFIdz010kCKpKWZkXPCNIgnCQ9QnHUsF4kQF6fSYMTyySg9GsbRPaDhVf0+kiCs14qFNcqQHat6biP95HaOj8yClIjGaCDxbFBkGdQwnzcAelQRrNrIEYUntXyEeIImwtv0VbAne/MmLpHlS9irl05tKqXqZ1ZEHB+AQHAMPnIEquAY10AAY3INH8AxenAfnyXl13mbRnJPN7IM/cN6/AEobnGU=</latexit>

• This is certainly the case for the electromagnetic field:

Tµ⌫ =
X

↵�

g↵�Fµ↵F⌫� � 1

4
gµ⌫

X

↵�

F↵�F
↵�

<latexit sha1_base64="KQLSv3zZKcMpHfz3oP5p8wQNk3w="></latexit>

X

µ⌫

gµ⌫gµ⌫ = 4

<latexit sha1_base64="fnM8rLo9JNqkrDy23vDDaycQXUY=">AAACDHicbVDJSgNBFHzjGuMW9ehlMAiewoxE9CIEvXiMYBbIjKGn05M06e4ZehHCkA/w4q948aCIVz/Am39jZyFoYkFDUVWP16+ilFGlPe/bWVpeWV1bz23kN7e2d3YLe/t1lRiJSQ0nLJHNCCnCqCA1TTUjzVQSxCNGGlH/euQ3HohUNBF3epCSkKOuoDHFSFupXSgGyvB2FnATCDPs3s/YTLss25RX8sZwF4k/JUWYotoufAWdBBtOhMYMKdXyvVSHGZKaYkaG+cAokiLcR13SslQgTlSYjY8ZusdW6bhxIu0T2h2rvycyxJUa8MgmOdI9Ne+NxP+8ltHxRZhRkRpNBJ4sig1zdeKOmnE7VBKs2cAShCW1f3VxD0mEte0vb0vw509eJPXTkl8und2Wi5WraR05OIQjOAEfzqECN1CFGmB4hGd4hTfnyXlx3p2PSXTJmc4cwB84nz9tyJx8</latexit>

,



More general result
• More generally, the stress energy tensor of a perfect fluid is

• The trace is

Tµ⌫ = Pgµ⌫ + (P + ⇢)uµu⌫ ,
X

µ⌫

gµ⌫uµu⌫ = �1

<latexit sha1_base64="Ug9+Hw7Rhv89G/UWzg9IDtEVbyw="></latexit>

X

µ⌫

gµ⌫Tµ⌫ = 3P � ⇢

<latexit sha1_base64="yUrV1NWZCbPz5/7HQU7Fr2UuR2o=">AAACFHicbZDLSgMxFIYzXmu9VV26CRZBEMuMVnQjFN24rNAbdMYhk6ZtaJIZchHK0Idw46u4caGIWxfufBvTi6KtPwQ+/nMOJ+ePEkaVdt1PZ25+YXFpObOSXV1b39jMbW3XVGwkJlUcs1g2IqQIo4JUNdWMNBJJEI8YqUe9q2G9fkekorGo6H5CAo46grYpRtpaYe7QV4aHqc+NL8ygc/tNlR8PXsCT8pEvu3GYy7sFdyQ4C94E8mCicpj78FsxNpwIjRlSqum5iQ5SJDXFjAyyvlEkQbiHOqRpUSBOVJCOjhrAfeu0YDuW9gkNR+7viRRxpfo8sp0c6a6arg3N/2pNo9vnQUpFYjQReLyobRjUMRwmBFtUEqxZ3wLCktq/QtxFEmFtc8zaELzpk2ehdlzwioXTm2K+dDmJIwN2wR44AB44AyVwDcqgCjC4B4/gGbw4D86T8+q8jVvnnMnMDvgj5/0LjqOfGg==</latexit>

• Thus, the trace vanishes for any relativistic perfect 
fluids satisfying P=ρ/3!



Side Note: Vanishing time-dependent 
mass during the radiation era

• The time-dependent mass for the equation of 
motion of gravitational waves vanishes during the 
radiation era: a(η) ~ η
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,
conformal time

The GW mode function does not “feel” the expansion of 
the Universe (except redshifts) during the radiation era

0, for a(⌘) / ⌘
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scale vector fields. Though they are 

no longer considered as a mechanism 
to produce sufficient magnetic fields, 
the basic idea is there. What do they 

do to the gravitational waves?
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Chern-Simons Term

• The axion field, θ, is a “pseudo scalar”, which is parity odd; 
thus, the last term in Eq.3.7 is parity even as a whole.

Turner & Widrow (1988)

Chern-Simons term

X
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Fµ⌫F
µ⌫ = 2(B ·B�E ·E)

<latexit sha1_base64="OHviC/b/ejQkfCvB47ixWSIdxmE="></latexit>

Parity Even

Parity Odd

F̃µ⌫ =
X

↵�

✏µ⌫↵�

2
p
�g

F↵�

<latexit sha1_base64="CnR8m7MZ7da9JK2Yk4EjnCBGqoo="></latexit>

X

µ⌫

Fµ⌫ F̃
µ⌫ = �4B ·E

<latexit sha1_base64="PSQ34dSfJQocuVsztuCH1SV+nhw=">AAACMHicbZBNSwMxEIazftb6VfXoJVgEL5ZdqehFkIofRwVrhW4t2Wy2BrPZJZkIZdmf5MWfohcFRbz6K0xrFW0dCDx5Z4aZeYNUcA2u++yMjU9MTk0XZoqzc/MLi6Wl5QudGEVZnSYiUZcB0UxwyerAQbDLVDESB4I1gpuDXr5xy5TmiTyHbspaMelIHnFKwErt0rGvTdzO/Nj40uRHP+QDFyHLjvKrb2Vvs2qRwHUQ4Vru0zCBn/9h3i6V3YrbDzwK3gDKaBCn7dKDHybUxEwCFUTrpuem0MqIAk4Fy4u+0Swl9IZ0WNOiJDHTrax/cI7XrRLiKFH2ScB99XdHRmKtu3FgK3sb6uFcT/wv1zQQ7bYyLlMDTNKvQZERGBLccw+HXDEKomuBUMXtrpheE0UoWI+L1gRv+ORRuNiqeNXK9lm1vF8b2FFAq2gNbSAP7aB9dIJOUR1RdIce0Qt6de6dJ+fNef8qHXMGPSvoTzgfn14Dq44=</latexit>



New Equation of Motion for 
the Vector Mode

• A± is the mode function of each helicity state

Anber & Sorbo (2010)

New, helicity-dependent term, with
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, during inflation
�1 < ⌘ < 0
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Comparison to EoM of GW

• Therefore, for k << |mA|, one of the helicities, for which λ(dθ/dt) > 0, 
is amplified relative to the other! The vector field becomes “chiral”

u00
� +

⇥
k2 +m2(⌘)

⇤
u� = 0, m2 = �a00

a
= � 2

⌘2

<latexit sha1_base64="7Vxp7GKmBqbmKEogC4Li5bo1eTI="></latexit>

with λ = -2, +2 (spin 2)

Gravitational Wave (From Day 1)
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with λ = -1, +1 (spin 1)

This minus sign 

was the key

(�1 < ⌘ < 0)
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Large-scale Solution
Anber & Sorbo (2010)
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• Exponential dependence on ξ!
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(*) The exact solution can be given 

in the form of a “Whittaker function”



Helicity decomposition of 
GW

Left-handed: Helicity –2 Right-handed: Helicity +2

DL =
h+ + ih⇥p

2
, DR =

h+ � ih⇥p
2
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Power Spectrum of GW

• The above is for dθ/dt > 0 (hence ξ>0). Chiral gravitational waves!

Left-handed: Helicity –2 Right-handed: Helicity +2
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Sorbo (2011); Barnaby, Namba & Peloso (2011)
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Vacuum contribution

(From Day 1)



• If   (hence ξ) increases in time (axion speeds up), we will have a rising 
spectrum of GW; completely new phenomenology!

Power Spectrum of GW
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New Phenomenology
• Vacuum Contribution 

• Scale-invariant


• Gaussian


• No chirality 


• No circular polarisation 
in GW


• No TB/EB correlation in 
CMB

• Axion-U(1) gauge field 
Sourced Contribution 

• Non-scale-invariant


• Non-Gaussian


• Chiral 

• GW is circularly polarised


• TB/EB correlations do 
not vanish



Concluding Message

• Do not take it for granted if someone told you that 
detection of the primordial gravitational waves would be 
a signature of “quantum gravity”! 

• Only the homogeneous solution corresponds to the 
vacuum tensor metric perturbation. There is no a priori 
reason to neglect an inhomogeneous solution! 

• Contrary, we have several examples in which detectable 
GWs are generated by sources [e.g., U(1) and SU(2) 
gauge fields]

⇤Dij = �16⇡GTGW
ij

<latexit sha1_base64="tdksEbVCSBH2p0QvRH1PO8w3WZo=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRSHxuhVKEuK/QFTQyT6bQdO3kwMxFLyNKNv+LGhSJu/QR3/o3TNAttPXDhzDn3MvceN2RUSMP41ubmFxaXlnMr+dW19Y1NfWu7KYKIY9LAAQt420WCMOqThqSSkXbICfJcRlru8HLst+4JFzTw63IUEttDfZ/2KEZSSY6+Z1WCB3jlxPQuuTgyT62Qwmo9fd7G1Vbi6AWjaKSAs8TMSAFkqDn6l9UNcOQRX2KGhOiYRijtGHFJMSNJ3ooECREeoj7pKOojjwg7Tg9J4IFSurAXcFW+hKn6eyJGnhAjz1WdHpIDMe2Nxf+8TiR753ZM/TCSxMeTj3oRgzKA41Rgl3KCJRspgjCnaleIB4gjLFV2eRWCOX3yLGkeF81S8eSmVChXsjhyYBfsg0NggjNQBtegBhoAg0fwDF7Bm/akvWjv2sekdU7LZnbAH2ifPzjymNs=</latexit>

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



Appendix:  
Linearly sourcing GW by 

SU(2) Gauge Field



Challenge for vector-sourced 
GW on CMB scales

• Can we generate GW on CMB scales (~10–18 Hz) by the 
vector field and a Chern-Simons coupling?


• The answer is “not easy”, because it also creates 
the scalar perturbation that is too non-Gaussian


• Not only does the second-order vector perturbation 
generate non-Gaussian GW, but it also generates the 
non-Gaussian scalar perturbation, which is not seen 
on the CMB scale



Scalar perturbation from the 
second-order vector field

• The scalar field perturbation is sourced non-linearly by 
the vector field -> Highly non-Gaussian contribution!

Anber & Sorbo (2010); Barnaby & Peloso (2010) 

L

<latexit sha1_base64="HN8gh00hJKcfnOF+9HW4bATBz0s=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoY2ERwXxAcoS5zV6yZG/v3N0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqihr0FjEqh2gZoJL1jDcCNZOFMMoEKwVjG6mfuuJKc1j+WDGCfMjHEgecorGSu2sS1GQu0mvXHGr7gxkmXg5qUCOeq/81e3HNI2YNFSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpRIjpv1sdu+EnFilT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1IRXfsZlkhom6XxRmApiYjJ9nvS5YtSIsSVIFbe3EjpEhdTYiEo2BG/x5WXSPKt659WL+/NK7TqPowhHcAyn4MEl1OAW6tAACgKe4RXenEfnxXl3PuatBSefOYQ/cD5/ALQqj8I=</latexit>

The equation of motion (Euler-Lagrange equation) for φ is

⇤�� @V

@�
=

↵

4f

X

µ⌫

Fµ⌫ F̃µ⌫ = �↵

f
E ·B

<latexit sha1_base64="RsMdhczxWOM2bSmxMmJa2Nc655Y="></latexit>



What went wrong?

• The vector mode could not source the tensor mode at 
linear order in homogeneous and isotropic background, 
as Ei and Bi cannot take the mean values


• Isotropy is broken otherwise


• The same non-linear source generates the scalar 
perturbation that is too non-Gaussian to be consistent 
with CMB data 


• Can we find a field which can source the tensor mode 
linearly?  

To extract the  
transverse  

and traceless  
component

⇤Dij = 16⇡G(EiEj +BiBj)
TT

<latexit sha1_base64="M5e+NI+VwusPXfWICRf8GA7byM0=">AAACFHicbVDJSgNBEO1xjXEb9eilMQiRQJiRuFyEMBr0GCEbZOLQ0+kknfQsdPeIYZiP8OKvePGgiFcP3vwbO8tBEx8UPN6roqqeGzIqpGF8awuLS8srq6m19PrG5ta2vrNbE0HEManigAW84SJBGPVJVVLJSCPkBHkuI3V3cDny6/eECxr4FTkMSctDXZ92KEZSSY6es63gAV45Me0nF+apHVJ4nS05tOT0c5ZDLad/dBfb3IOVSuLoGSNvjAHniTklGTBF2dG/7HaAI4/4EjMkRNM0QtmKEZcUM5Kk7UiQEOEB6pKmoj7yiGjF46cSeKiUNuwEXJUv4Vj9PREjT4ih56pOD8memPVG4n9eM5Kd81ZM/TCSxMeTRZ2IQRnAUUKwTTnBkg0VQZhTdSvEPcQRlirHtArBnH15ntSO82Yhf3JbyBStaRwpsA8OQBaY4AwUwQ0ogyrA4BE8g1fwpj1pL9q79jFpXdCmM3vgD7TPH6wJnLk=</latexit>



A Solution: U(1) -> SU(2)
Maleknejad & Sheikh-Jabbari (2011, 2013); Adshead & Wyman (2012) 

L

<latexit sha1_base64="HN8gh00hJKcfnOF+9HW4bATBz0s=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoY2ERwXxAcoS5zV6yZG/v3N0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqihr0FjEqh2gZoJL1jDcCNZOFMMoEKwVjG6mfuuJKc1j+WDGCfMjHEgecorGSu2sS1GQu0mvXHGr7gxkmXg5qUCOeq/81e3HNI2YNFSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpRIjpv1sdu+EnFilT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1IRXfsZlkhom6XxRmApiYjJ9nvS5YtSIsSVIFbe3EjpEhdTYiEo2BG/x5WXSPKt659WL+/NK7TqPowhHcAyn4MEl1OAW6tAACgKe4RXenEfnxXl3PuatBSefOYQ/cD5/ALQqj8I=</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

Fµ⌫ =
@A⌫

@xµ
� @Aµ

@x⌫

<latexit sha1_base64="a+PRZPJStIGS/pxqQsavONujp7k=">AAACP3icbVDLSgMxFM3UV62vqks3wSK4scxIRTdCVRCXFewDOnXIpJk2NMkMSUYsw/yZG3/BnVs3LhRx685MW1BbLwROzj3nJvf4EaNK2/azlZubX1hcyi8XVlbX1jeKm1sNFcYSkzoOWShbPlKEUUHqmmpGWpEkiPuMNP3BRdZv3hGpaChu9DAiHY56ggYUI20or9i49BKXx66I01M3kAgnboSkpojBMy9jf+73t0aYHsyq+JTKuLxiyS7bo4KzwJmAEphUzSs+ud0Qx5wIjRlSqu3Yke4k2VDMSFpwY0UihAeoR9oGCsSJ6iSj/VO4Z5guDEJpjtBwxP52JIgrNeS+UXKk+2q6l5H/9dqxDk46CRVRrInA44eCmEEdwixM2KWSYM2GBiAsqfkrxH1k8tEm8oIJwZleeRY0DstOpXx0XSlVzydx5MEO2AX7wAHHoAquQA3UAQYP4AW8gXfr0Xq1PqzPsTRnTTzb4E9ZX98EPLHt</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

a

<latexit sha1_base64="zhStrDX93g61qQ17AeRH7Mp3TyA=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTCg3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58mE40v</latexit>

�gA

3X

b,c=1

✏abcAµA⌫

<latexit sha1_base64="2HlnWsI2ZHQq6X51FLLjjqgXbBM=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIapnRim6EVjcuK9gHdNohk6ZtaJIZ8hDK0I9w46+4caGIWxfu/BvTx0JbD9zL4Zx7Se4JY0aVdt1vJ7WwuLS8kl7NrK1vbG5lt3eqKjISkwqOWCTrIVKEUUEqmmpG6rEkiIeM1ML+zcivPRCpaCTu9SAmTY66gnYoRtpKQfbopBuUfGV4kITH+Mobts58EivKItFKUIiHpcDnBtouTJDNuXl3DDhPvCnJgSnKQfbLb0fYcCI0ZkiphufGupkgqSlmZJjxjSIxwn3UJQ1LBeJENZPxUUN4YJU27ETSltBwrP7eSBBXasBDO8mR7qlZbyT+5zWM7lw2Eypio4nAk4c6hkEdwVFCsE0lwZoNLEFYUvtXiHtIIqxtjhkbgjd78jypnua9Qv78rpArXk/jSIM9sA8OgQcuQBHcgjKoAAwewTN4BW/Ok/PivDsfk9GUM93ZBX/gfP4AE7OePA==</latexit>

b

<latexit sha1_base64="ftYuAm7J+6tWwE5ncreF26K7hMc=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNTyB+WKZV7Uq45bRZZpWTXbsXPi1NwzF9layVGBJZqD8nt/GJM0pJEiHEvZs61EeRkWihFOZ6V+KmmCyQSPaE/TCIdUetn80Bk60coQBbHQFSk0V79PZDiUchr6ujPEaix/e7n4l9dLVVD3MhYlqaIRWSwKUo5UjPKv0ZAJShSfaoKJYPpWRMZYYKJ0NiUdwten6H/ScUzbNc9bbqVxuYyjCEdwDKdgQw0acA1NaAMBCg/wBM/GnfFovBivi9aCsZw5hB8w3j4BJ5eNMA==</latexit>

c

<latexit sha1_base64="RdjuJP/4lW0AOKpiwiV30veAtVM=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNQig3LFMi/qVcetIsu0rJrt2Dlxau6Zi2yt5KjAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvWx+6AydaGWIgljoihSaq98nMhxKOQ193RliNZa/vVz8y+ulKqh7GYuSVNGILBYFKUcqRvnXaMgEJYpPNcFEMH0rImMsMFE6m5IO4etT9D/pOKbtmuctt9K4XMZRhCM4hlOwoQYNuIYmtIEAhQd4gmfjzng0XozXRWvBWM4cwg8Yb58pG40x</latexit>

self-interaction term[a=1,2,3; μ=0,1,2,3]

SU(2) gauge field: Aµ =
3X

a=1

Aa
µ
�a

2

<latexit sha1_base64="sGWBlDuW7yiBHZv64hnIK1zVcxw="></latexit>

�1 =

✓
0 1
1 0

◆
, �2 =

✓
0 �i
i 0

◆
, �3 =

✓
1 0
0 �1

◆

<latexit sha1_base64="wNxmq1BOnaE4FtQqDx+dW5DOasA="></latexit>

Pauli matrices:

abc

<latexit sha1_base64="IT9OJ8VFv0ybHS9Auy3tZQJfXSI=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQxtnVXdOOyon1AG8pkOmmHTh7MTIQS+gluXCji1i9y5984aSuo6IELh3Pu5d57/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DtoxTQWiLxDwWXR9LyllEW4opTruJoDj0Oe34k6vc79xTIVkc3alpQr0QjyIWMIKVlm6xTwblimVe1KuOW0WWaVk127Fz4tTcMxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NQZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyv9GQCUoUn2qCiWD6VkTGWGCidDolHcLXp+h/0nZM2zXPb9xK43IZRxGO4BhOwYYaNOAamtACAiN4gCd4NrjxaLwYr4vWgrGcOYQfMN4+AZukjgg=</latexit>



Remarkable Discovery
• The SU(2) gauge field has a solution, in which Aaμ 

establishes α homogeneous and isotropic mean value Q(t):


• You can picture this configuration by aligning a=1 with the 
x-axis, a=2 with the y-axis, and a=3 with the z-axis:  

Aa
i = a(t)Q(t)�ai

<latexit sha1_base64="x1/XIYgZKENX78eT4I1dwfkkUK4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4tBiJewKxG9CFEvHhMwD0hi6J3MJkNmH8z0CiHEi7/ixYMiXv0Lb/6Ns8keNLGgoajqprvLjQRXaNvfRmZpeWV1Lbue29jc2t4xd/fqKowlZTUailA2XVBM8IDVkKNgzUgy8F3BGu7wJvEbD0wqHgZ3OIpYx4d+wD1OAbXUNQ+u7qHLL6GAJ1Vd7R4TCInUNfN20Z7CWiROSvIkRaVrfrV7IY19FiAVoFTLsSPsjEEip4JNcu1YsQjoEPqspWkAPlOd8fSDiXWslZ7lhVJXgNZU/T0xBl+pke/qTh9woOa9RPzPa8XoXXTGPIhiZAGdLfJiYWFoJXFYPS4ZRTHSBKjk+laLDkACRR1aTofgzL+8SOqnRadUPKuW8uXrNI4sOSRHpEAcck7K5JZUSI1Q8kieySt5M56MF+Pd+Ji1Zox0Zp/8gfH5A750ldE=</latexit>

x3

x1

x2A11

A33

A22

• This configuration is stable against 
a perturbation, and it is in fact the 
attractor solution for fairly generic 
initial conditions.

Maleknejad & Erfani (2014);  
Wolfson, Maleknejad & Komatsu (2020)

Maleknejad & Sheikh-Jabbari (2011, 2013)



Remarkable Discovery

Aa
i = a(t)Q(t)�ai

<latexit sha1_base64="x1/XIYgZKENX78eT4I1dwfkkUK4=">AAACAXicbVDLSgNBEJyNrxhfq14EL4tBiJewKxG9CFEvHhMwD0hi6J3MJkNmH8z0CiHEi7/ixYMiXv0Lb/6Ns8keNLGgoajqprvLjQRXaNvfRmZpeWV1Lbue29jc2t4xd/fqKowlZTUailA2XVBM8IDVkKNgzUgy8F3BGu7wJvEbD0wqHgZ3OIpYx4d+wD1OAbXUNQ+u7qHLL6GAJ1Vd7R4TCInUNfN20Z7CWiROSvIkRaVrfrV7IY19FiAVoFTLsSPsjEEip4JNcu1YsQjoEPqspWkAPlOd8fSDiXWslZ7lhVJXgNZU/T0xBl+pke/qTh9woOa9RPzPa8XoXXTGPIhiZAGdLfJiYWFoJXFYPS4ZRTHSBKjk+laLDkACRR1aTofgzL+8SOqnRadUPKuW8uXrNI4sOSRHpEAcck7K5JZUSI1Q8kieySt5M56MF+Pd+Ji1Zox0Zp/8gfH5A750ldE=</latexit>

F a
i0 = �(aQ)·�ai ,

F a
12 = gAa

2Q2�a3 ,

F a
23 = gAa

2Q2�a1 ,

F a
31 = gAa

2Q2�a2

<latexit sha1_base64="kGgizHWVJzsmCNtHOdQvZWVzfpk="></latexit>

Fi0 = a2Ei,

F12 = a2B3,

F23 = a2B1,

F31 = a2B2

<latexit sha1_base64="pFQ5omRLEAJfxMmXONLHKmvj5rM=">AAACLXicbZDLSsNAFIYn9VbjLerSTbAoLqQkaUU3QqkXXFawF2himEwn7dDJhZmJUEJfyI2vIoKLirj1NZy2KWjrDwM/3zmHM+f3Ykq4MIyRkltaXlldy6+rG5tb2zva7l6DRwlDuI4iGrGWBzmmJMR1QQTFrZhhGHgUN73+1bjefMKMkyh8EIMYOwHshsQnCAqJXO361k2JMTy+hI/WjUtObVuVxLSmpOqWMmKVZsTMSMmcEcvVCkbRmEhfNGZmCiBTzdXe7E6EkgCHAlHIeds0YuGkkAmCKB6qdsJxDFEfdnFb2hAGmDvp5NqhfiRJR/cjJl8o9An9PZHCgPNB4MnOAIoen6+N4X+1diL8CyclYZwIHKLpIj+huoj0cXR6hzCMBB1IAxEj8q866kEGkZABqzIEc/7kRdOwima5eHZfLlSqWRx5cAAOwQkwwTmogDtQA3WAwDN4BSPwobwo78qn8jVtzSnZzD74I+X7Byq0ozQ=</latexit>

(aQ)0

<latexit sha1_base64="+TraQpkxMVEV86Yx2zT98JiBZ34=">AAAB7HicbVBNTwIxEJ36ifiFevTSSIx4IbsGo0eiF4+QuEACG9ItXWjodjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznG62tb2xubRd2irt7+weHpaPjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfD/z209MaR7LRzNJmB+RoeQhp8RYyauQ5uVFv1R2qs4ceJW4OSlDjka/9NUbxDSNmDRUEK27rpMYPyPKcCrYtNhLNUsIHZMh61oqScS0n82PneJzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwls/4zJJDZN0sShMBTYxnn2OB1wxasTEEkIVt7diOiKKUGPzKdoQ3OWXV0nrqurWqtfNWrl+l8dRgFM4gwq4cAN1eIAGeECBwzO8whuS6AW9o49F6xrKZ07gD9DnD4zhjd4=</latexit>

U(1) 
[EM]

SU(2)

• The SU(2) gauge field has a solution, in which Aaμ 
establishes α homogeneous and isotropic mean value Q(t):


• You can picture this configuration by aligning a=1 with the 
x-axis, a=2 with the y-axis, and a=3 with the z-axis:  

Maleknejad & Sheikh-Jabbari (2011, 2013)



Stress-energy Tensor

• The perturbed stress energy tensor is linear in the vector 
perturbation! 

T SU(2)
ij =

X

µ⌫

gµ⌫
3X

a=1

F a
iµF

a
j⌫ � 1

4
gij

X

µ⌫

3X

a=1

F a
µ⌫F

µ⌫
a

<latexit sha1_base64="zlISVRxmueLX0t4Opdqbeywmdqg="></latexit>

This term disappears in the  
traceless component

�T SU(2)
ij =

X

µ⌫

gµ⌫
3X

a=1

⇥
F̄ a
iµ(�F

a
j⌫) + (�F a

iµ)F̄
a
j⌫

⇤
+ gij(. . . )

<latexit sha1_base64="lrRbwbMGp00ovpx341K76saOYh8=">AAACh3icbVFdb9MwFHXCgK18FXjkxaJCaplUkq1se5k0QEI8DrFuk+o0clwn9WY7kX2NVEX5K/wo3vg3uGkQbONKlo7OPefe63uzSgoLUfQrCO9t3X/wcHun9+jxk6fP+s9fnNvSGcanrJSlucyo5VJoPgUBkl9WhlOVSX6RXX9a5y++c2NFqc9gVfFE0UKLXDAKnkr7P8iCS6D4LK3FVTOviVH423S4N2qOiXUqrYlyRLummP9BG5oex818v0ckz2FGMmrw5zn1Nby oGXY1W+Zq7Rnt3uBa1eivq9UQI4olJLtFO4nXl2BHaX8QjaM28F0Qd2CAujhN+z+9kTnFNTBJrZ3FUQVJTQ0IJnnTI87yirJrWvCZh5oqbpO63WOD33hmgfPS+KcBt+y/jpoqa1cq80pFYWlv59bk/3IzB/lRUgtdOeCabRrlTmIo8fooeCEMZyBXHlBmhJ8VsyU1lIE/Xc8vIb795bvgfG8cT8bvv04GJx+7dWyjV+g1GqIYHaIT9AWdoiliwVbwNtgPJuFO+C48CI820jDoPC/RjQg//Ab4gMTd</latexit>

Perturbation:



Tensor Mode in the SU(2) 
Gauge Field

• When expanded around the homogeneous and isotropic 
solution, the perturbation of the SU(2) gauge field 
contains scalar, vector, and tensor modes: 

Aa
i = (aQ)�ai + scalar + vector + tai

<latexit sha1_base64="s/ZsogOux8KCT4LNZfYmVshISAY=">AAACKHicbVBNSwMxEM36WetX1aOXYBEUoexKRS9i1YvHFmwV2rrMpqmGZjdLMlssS3+OF/+KFxFFevWXmNYiWn0QePPeDJN5QSyFQdcdOFPTM7Nz85mF7OLS8spqbm29ZlSiGa8yJZW+DsBwKSJeRYGSX8eaQxhIfhV0zof+VZdrI1R0ib2YN0O4jURbMEAr+bmTU1/cAD2mO1DZbbS4RLgBX9A92ggDdZ8aBhJ0/7vucoZqVKOfguj7ubxbcEegf4k3JnkyRtnPvTRaiiUhj5BJMKbuuTE2U9AomOT9bCMxPAbWgVtetzSCkJtmOjq0T7et0qJtpe2LkI7UnxMphMb0wsB2hoB3ZtIbiv959QTbR81URHGCPGJfi9qJpKjoMDXaEtoeLnuWANPC/pWyO9DA0GabtSF4kyf/JbX9glcsHFSK+dLZOI4M2SRbZId45JCUyAUpkyph5IE8kVfy5jw6z867M/hqnXLGMxvkF5yPT9PrpVE=</latexit>

• symmetric 
• transverse 
• traceless

Maleknejad & Sheikh-Jabbari (2011, 2013)



Tensor Mode in the SU(2) 
Gauge Field

• When expanded around the homogeneous and isotropic 
solution, the perturbation of the SU(2) gauge field 
contains scalar, vector, and tensor modes: 

Aa
i = (aQ)�ai + scalar + vector + tai

<latexit sha1_base64="s/ZsogOux8KCT4LNZfYmVshISAY=">AAACKHicbVBNSwMxEM36WetX1aOXYBEUoexKRS9i1YvHFmwV2rrMpqmGZjdLMlssS3+OF/+KFxFFevWXmNYiWn0QePPeDJN5QSyFQdcdOFPTM7Nz85mF7OLS8spqbm29ZlSiGa8yJZW+DsBwKSJeRYGSX8eaQxhIfhV0zof+VZdrI1R0ib2YN0O4jURbMEAr+bmTU1/cAD2mO1DZbbS4RLgBX9A92ggDdZ8aBhJ0/7vucoZqVKOfguj7ubxbcEegf4k3JnkyRtnPvTRaiiUhj5BJMKbuuTE2U9AomOT9bCMxPAbWgVtetzSCkJtmOjq0T7et0qJtpe2LkI7UnxMphMb0wsB2hoB3ZtIbiv959QTbR81URHGCPGJfi9qJpKjoMDXaEtoeLnuWANPC/pWyO9DA0GabtSF4kyf/JbX9glcsHFSK+dLZOI4M2SRbZId45JCUyAUpkyph5IE8kVfy5jw6z867M/hqnXLGMxvkF5yPT9PrpVE=</latexit>

• symmetric 
• transverse 
• traceless�T SU(2)

ij =
2

a

d(aQ)

dt
t0ij + 2gAQ

2 {gAQatij

� 1

2

"
X

ab

✏iba
@taj
@xb

+ (i $ j)

#)

<latexit sha1_base64="t7aahGuVb3uq1v9vT4CiHynxjBo="></latexit>

Maleknejad & Sheikh-Jabbari (2011, 2013)

�T SU(2)
ij = �

<latexit sha1_base64="qICpLgy4a9SY3gwmb7FdFxnEfaI=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqwpKUim6EohuXFZu20MQwmUzasZMHMxOhhC7c+CtuXCji1o9w5984bbPQ1gMXDufcy733eAmjQhrGt7a0vLK6tl7YKG5ube/s6nv7bRGnHBMLxyzmXQ8JwmhELEklI92EExR6jHS84dXE7zwQLmgcteQoIU6I+hENKEZSSa5esn3CJIKtu8zmIby1KrXjsZvR+/HFiauXjaoxBVwkZk7KIEfT1b9sP8ZpSCKJGRKiZxqJdDLEJcWMjIt2KkiC8BD1SU/RCIVEONn0iTE8UooPg5iriiScqr8nMhQKMQo91RkiORDz3kT8z+ulMjh3MholqSQRni0KUgZlDCeJQJ9ygiUbKYIwp+pWiAeIIyxVbkUVgjn/8iJp16pmvXp6Uy83LvM4CqAEDkEFmOAMNMA1aAILYPAInsEreNOetBftXfuYtS5p+cwB+APt8wf/CJcL</latexit>



Helicity Decomposition
tij =

0

@
t+ t⇥ 0
t⇥ �t+ 0
0 0 0

1

A

<latexit sha1_base64="i40PzlOACDN3ig79V+R9Fib8Rr4="></latexit>

tL =
t+ + it⇥p

2

tR =
t+ � it⇥p

2

<latexit sha1_base64="jMCEUsVTJNxzhsQg8dZ7xS91p3g=">AAACMnicbVDLSsNAFJ34rPFVdekmWBShWJJS0Y1QdKPgoop9QFPCZDpph04eztwIJeSb3PglggtdKOLWj3D6WNS2BwYO55zLnXvciDMJpvmuLSwuLa+sZtb09Y3Nre3szm5NhrEgtEpCHoqGiyXlLKBVYMBpIxIU+y6ndbd3NfDrT1RIFgYP0I9oy8edgHmMYFCSk70B5/bowvYEJgk4+TwDxwbmU5kmtnwUkBTT1LZ1cO4nUifzUk42ZxbMIYxZYo1JDo1RcbKvdjsksU8DIBxL2bTMCFoJFsAIp6lux5JGmPRwhzYVDbDa10qGJ6fGoVLahhcK9QIwhurkRIJ9Kfu+q5I+hq6c9gbiPK8Zg3feSlgQxUADMlrkxdyA0Bj0Z7SZoAR4XxFMBFN/NUgXq2JAtayrEqzpk2dJrViwSoXTu1KufDmuI4P20QE6RhY6Q2V0jSqoigh6Rm/oE31pL9qH9q39jKIL2nhmD/2D9vsHdwWrkQ==</latexit>

, { helicity –2

helicity +2

�T SU(2)
L =

2

a

d(aQ)

dt
t0L + 2gAQ

2 (gAQatL + k3tL)

�T SU(2)
R =

2

a

d(aQ)

dt
t0R + 2gAQ

2 (gAQatR � k3tR)

<latexit sha1_base64="+prFZ/iwKMEk46t4ml9h6ndyp00="></latexit>

• The perturbed stress energy tensor is linear in tL,R!

For tensor modes going in k3 direction:

Maleknejad & Sheikh-Jabbari (2011, 2013)

�T SU(2)
L = �

<latexit sha1_base64="y/2yc0sBGRPNEjkZGPNqeQqb+VM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSlIpuhKIbFy4qNm2hiWEymbRDJw9mJkIJdeOvuHGhiFv/wp1/47TNQqsHLhzOuZd77/ESRoU0jC+tsLC4tLxSXC2trW9sbunbO20RpxwTC8cs5l0PCcJoRCxJJSPdhBMUeox0vOHlxO/cEy5oHLXkKCFOiPoRDShGUkmuvmf7hEkEW3eZzUN4a1VqR2P3+vzY1ctG1ZgC/iVmTsogR9PVP20/xmlIIokZEqJnGol0MsQlxYyMS3YqSILwEPVJT9EIhUQ42fSDMTxUig+DmKuKJJyqPycyFAoxCj3VGSI5EPPeRPzP66UyOHMyGiWpJBGeLQpSBmUMJ3FAn3KCJRspgjCn6laIB4gjLFVoJRWCOf/yX9KuVc169eSmXm5c5HEUwT44ABVgglPQAFegCSyAwQN4Ai/gVXvUnrU37X3WWtDymV3wC9rHNy/rlW4=</latexit>

�T SU(2)
R = �

<latexit sha1_base64="nQVtB/nDn9IcU99tNA+Jr0uoLMo=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSlIpuhKIbl1WbttDEMJlM2qGTBzMToYS68VfcuFDErX/hzr9x2mah1QMXDufcy733eAmjQhrGl1ZYWFxaXimultbWNza39O2dtohTjomFYxbzrocEYTQilqSSkW7CCQo9Rjre8HLid+4JFzSOWnKUECdE/YgGFCOpJFffs33CJIKtu8zmIby1KrWjsXtzfuzqZaNqTAH/EjMnZZCj6eqfth/jNCSRxAwJ0TONRDoZ4pJiRsYlOxUkQXiI+qSnaIRCIpxs+sEYHirFh0HMVUUSTtWfExkKhRiFnuoMkRyIeW8i/uf1UhmcORmNklSSCM8WBSmDMoaTOKBPOcGSjRRBmFN1K8QDxBGWKrSSCsGcf/kvadeqZr16cl0vNy7yOIpgHxyACjDBKWiAK9AEFsDgATyBF/CqPWrP2pv2PmstaPnMLvgF7eMbOQ+VdA==</latexit>



Helicity Decomposition
tij =

0

@
t+ t⇥ 0
t⇥ �t+ 0
0 0 0

1

A

<latexit sha1_base64="i40PzlOACDN3ig79V+R9Fib8Rr4="></latexit>

tL =
t+ + it⇥p

2

tR =
t+ � it⇥p

2

<latexit sha1_base64="jMCEUsVTJNxzhsQg8dZ7xS91p3g=">AAACMnicbVDLSsNAFJ34rPFVdekmWBShWJJS0Y1QdKPgoop9QFPCZDpph04eztwIJeSb3PglggtdKOLWj3D6WNS2BwYO55zLnXvciDMJpvmuLSwuLa+sZtb09Y3Nre3szm5NhrEgtEpCHoqGiyXlLKBVYMBpIxIU+y6ndbd3NfDrT1RIFgYP0I9oy8edgHmMYFCSk70B5/bowvYEJgk4+TwDxwbmU5kmtnwUkBTT1LZ1cO4nUifzUk42ZxbMIYxZYo1JDo1RcbKvdjsksU8DIBxL2bTMCFoJFsAIp6lux5JGmPRwhzYVDbDa10qGJ6fGoVLahhcK9QIwhurkRIJ9Kfu+q5I+hq6c9gbiPK8Zg3feSlgQxUADMlrkxdyA0Bj0Z7SZoAR4XxFMBFN/NUgXq2JAtayrEqzpk2dJrViwSoXTu1KufDmuI4P20QE6RhY6Q2V0jSqoigh6Rm/oE31pL9qH9q39jKIL2nhmD/2D9vsHdwWrkQ==</latexit>

, { helicity –2

helicity +2

�T SU(2)
L =

2

a

d(aQ)

dt
t0L + 2gAQ

2 (gAQatL + k3tL)

�T SU(2)
R =

2

a

d(aQ)

dt
t0R + 2gAQ

2 (gAQatR � k3tR)

<latexit sha1_base64="+prFZ/iwKMEk46t4ml9h6ndyp00="></latexit>

• The perturbed stress energy tensor is linear in tL,R!

k

<latexit sha1_base64="LdhLXpkYu0mVGCuasH5jCctTRvc=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA22027dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksbn0sKWcRbSumOL1NBMWhz2nXn1zlfveeCsni6EZNE+qFeBSxgBGstNSaDMoVy7yoVx23iizTsmq2Y+fEqblnLrK1kqMCSzQH5ff+MCZpSCNFOJayZ1uJ8jIsFCOczkr9VNIEkwke0Z6mEQ6p9LL5oTN0opUhCmKhK1Jorn6fyHAo5TT0dWeI1Vj+9nLxL6+XqqDuZSxKUkUjslgUpBypGOVfoyETlCg+1QQTwfStiIyxwETpbEo6hK9P0f+k45i2a5633ErjchlHEY7gGE7Bhho04Bqa0AYCFB7gCZ6NO+PReDFeF60FYzlzCD9gvH0CNTuNOQ==</latexit>

Using symmetry, this result is valid for all ki=k

For tensor modes going in k3 direction:

Maleknejad & Sheikh-Jabbari (2011, 2013)

�T SU(2)
L = �

<latexit sha1_base64="y/2yc0sBGRPNEjkZGPNqeQqb+VM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSlIpuhKIbFy4qNm2hiWEymbRDJw9mJkIJdeOvuHGhiFv/wp1/47TNQqsHLhzOuZd77/ESRoU0jC+tsLC4tLxSXC2trW9sbunbO20RpxwTC8cs5l0PCcJoRCxJJSPdhBMUeox0vOHlxO/cEy5oHLXkKCFOiPoRDShGUkmuvmf7hEkEW3eZzUN4a1VqR2P3+vzY1ctG1ZgC/iVmTsogR9PVP20/xmlIIokZEqJnGol0MsQlxYyMS3YqSILwEPVJT9EIhUQ42fSDMTxUig+DmKuKJJyqPycyFAoxCj3VGSI5EPPeRPzP66UyOHMyGiWpJBGeLQpSBmUMJ3FAn3KCJRspgjCn6laIB4gjLFVoJRWCOf/yX9KuVc169eSmXm5c5HEUwT44ABVgglPQAFegCSyAwQN4Ai/gVXvUnrU37X3WWtDymV3wC9rHNy/rlW4=</latexit>

�T SU(2)
R = �

<latexit sha1_base64="nQVtB/nDn9IcU99tNA+Jr0uoLMo=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSlIpuhKIbl1WbttDEMJlM2qGTBzMToYS68VfcuFDErX/hzr9x2mah1QMXDufcy733eAmjQhrGl1ZYWFxaXimultbWNza39O2dtohTjomFYxbzrocEYTQilqSSkW7CCQo9Rjre8HLid+4JFzSOWnKUECdE/YgGFCOpJFffs33CJIKtu8zmIby1KrWjsXtzfuzqZaNqTAH/EjMnZZCj6eqfth/jNCSRxAwJ0TONRDoZ4pJiRsYlOxUkQXiI+qSnaIRCIpxs+sEYHirFh0HMVUUSTtWfExkKhRiFnuoMkRyIeW8i/uf1UhmcORmNklSSCM8WBSmDMoaTOKBPOcGSjRRBmFN1K8QDxBGWKrSSCsGcf/kvadeqZr16cl0vNy7yOIpgHxyACjDBKWiAK9AEFsDgATyBF/CqPWrP2pv2PmstaPnMLvgF7eMbOQ+VdA==</latexit>



• During inflation, 

 tL,R: Equations of Motion

• For ξ>0, the right-handed mode is amplified for 

t00L +


k2 +

2

⌘2
(mQ⇠ + (�k⌘)(mQ + ⇠))

�
tL = O(hL)

t00R +


k2 +

2

⌘2
(mQ⇠ � (�k⌘)(mQ + ⇠))

�
tR = O(hR)

<latexit sha1_base64="xV8sXoDgTdVmT4pyW50pOw02n78="></latexit>

�1 < ⌘ < 0

<latexit sha1_base64="NrgamxXQAMq7iVCGC2sG38bkox0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBiyWRih56KHrxWMF+QBPLZrtpl242YXeihND/4cWDIl79L978N27bHLT1wcDjvRlm5vmx4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2faCa4ZC3gIFg3VoyEvmAdf3wz9TuPTGkeyXtIY+aFZCh5wCkBIz2cuVwGkNZdBqRu98sVu2rPgJeJk5MKytHsl7/cQUSTkEmggmjdc+wYvIwo4FSwSclNNIsJHZMh6xkqSci0l82unuATowxwEClTEvBM/T2RkVDrNPRNZ0hgpBe9qfif10sguPIyLuMEmKTzRUEiMER4GgEecMUoiNQQQhU3t2I6IopQMEGVTAjO4svLpH1edWrVi7tapXGdx1FER+gYnSIHXaIGukVN1EIUKfSMXtGb9WS9WO/Wx7y1YOUzh+gPrM8fsfuR/w==</latexit>

⇠ ⇡ mQ +m�1
Q

<latexit sha1_base64="R1fhVUGwRu8MgGrGWhW0Hw+NJwA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIIglkYoui25ctmAf0MQwmU7boZOZMDORlpCNv+LGhSJu/Qx3/o3TNgutHrhwOOde7r0njBlV2nG+rMLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdECnCKCdNTTUjnVgSFIWMtMPRzdRvPxCpqOB3ehITP0IDTvsUI22kwD7wxtRDcSzFGEZB49TUfXrmZoFddirODPAvcXNSBjnqgf3p9QROIsI1ZkipruvE2k+R1BQzkpW8RJEY4REakK6hHEVE+ensgQweG6UH+0Ka4hrO1J8TKYqUmkSh6YyQHqpFbyr+53UT3b/yU8rjRBOO54v6CYNawGkasEclwZpNDEFYUnMrxEMkEdYms5IJwV18+S9pnVfcauWiUS3XrvM4iuAQHIET4IJLUAO3oA6aAIMMPIEX8Go9Ws/Wm/U+by1Y+cw++AXr4xv+2pYF</latexit>

[mQ ~ a few, for successful phenomenology of this model]
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{

Adshead, Martinec & Wyman (2013); Dimastrogiovanni & Peloso (2013) 
Maleknejad, Sheikh-Jabbari & Soda (2013)



Sourced GW
Dimastrogiovanni, Fasiello & Fujita (2016)
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sub-horizonsuper-horizon

(1) tR is amplified 
just before horizon 

crossing
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(2) DR is sourced by tR  
near horizon crossing

(3) tR decays on  
super-horizon scales
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Power Spectrum of GW

• The above is for dφ/dt > 0 (hence ξ>0). Chiral gravitational waves!
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Maleknejad (2016); Dimastrogiovanni, Fasiello & Fujita (2016);  
Maleknejad & Komatsu (2019)

Vacuum contribution

(From Day 1)
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Power Spectrum of GW
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• Time dependence of ξ~mQ+mQ–1 results in various non-scale-invariant 
power spectrum shapes 

Maleknejad (2016); Dimastrogiovanni, Fasiello & Fujita (2016);  
Maleknejad & Komatsu (2019)



How about scalar modes?

• The scalar mode is not amplified for 


• Therefore, the picture is:


• The scalar (curvature) perturbation is given by the 
vacuum fluctuation (nearly scale invariant and 
Gaussian), consistent with the CMB data (colloquium 
last week)


• The tensor perturbation (GW) is given by the sourced 
contribution

mQ >
p
2
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unlike the U(1) case!

Dimastrogiovanni & Peloso (2013)



Phenomenology, and more reading
• Non-scale invariant spectrum


• See Fujita, Sfakianakis & Shiraishi (2019) for various 
power spectrum shapes


• Non-Gaussian 


• It is linearly sourced by tR, but tR itself is highly non-
Gaussian because of self-interaction. See Agrawal, 
Fujita & Komatsu (2018a,b) 

• Chiral 

• Circular polarisation of GW and TB/EB correlation in 
CMB as observable signatures. See Thorne et al. (2018)

Dimastrogiovanni & Peloso (2013); Adshead, Martinec & Wyman (2013);  
Maleknejad, Sheikh-Jabbari & Soda (2013)



Thorne, Fujita, Hazumi, Katayama, Komatsu & Shiraishi, PRD, 97, 043506 (2018)
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CMB Experimental Strategy 
Commonly Assumed So Far
1. Detect CMB polarisation in multiple frequencies, to make 

sure that it is from the CMB (i.e., Planck spectrum)


2. Check for scale invariance: Consistent with a scale 
invariant spectrum?


• Yes => Announce discovery of the vacuum fluctuation 
in spacetime


• No => WTF?



New CMB Experimental 
Strategy: New Standard!

1. Detect CMB polarisation in multiple frequencies, to make 
sure that it is from the CMB (i.e., Planck spectrum)


2. Consistent with a scale invariant spectrum?


3. Consistent with Gaussianity?


4. TB/EB correlations consistent with zero?

• If, and ONLY IF Yes to all => Announce discovery of the vacuum 
fluctuation in spacetime



New Experimental Strategy: 
New Standard!

1. Detect CMB polarisation in multiple frequencies, to make 
sure that it is from the CMB (i.e., Planck spectrum)


2. Consistent with a scale invariant spectrum?


3. Consistent with Gaussianity?


4. TB/EB correlations consistent with zero?

• If, and ONLY IF Yes to all => Announce discovery of the vacuum 
fluctuation in spacetime

If not, you may have just 
discovered new physics 

during inflation!


