
Primordial Gravitational 
Waves from Inflation

Eiichiro Komatsu

[Max Planck Institute for Astrophysics]


University of Amsterdam

February 27, March 5, and 19, 2020

Lecture notes:  
https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html

https://wwwmpa.mpa-garching.mpg.de/~komatsu/lectures--reviews.html


Plan
• Today: Vacuum Fluctuation


• March 5: Polarisation of the cosmic microwave background


• March 19: Sourced Contribution
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GW = Area-conserving distortion 
of distances between two points



Distance between 

two points in space

• Static (i.e., non-expanding) Euclidean space


• In Cartesian coordinates 



Distance between 

two points in space

• Homogeneously expanding Euclidean space


• In Cartesian comoving coordinates 

“scale factor”



Distance between 

two points in space

• Homogeneously expanding Euclidean space


• In Cartesian comoving coordinates 

“scale factor” =1 for i=j
=0 otherwise



Distance between 

two points in space

• Inhomogeneous curved space


• In Cartesian comoving coordinates 

“metric perturbation”
-> CURVED SPACE!



• Gravitational waves shall be:


• Transverse: the direction of the oscillation of space is 
perpendicular to the propagation direction


• This means 

Four conditions

3X

i=1

kihij = 0
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3 conditions for hi

propagation direction of GW
hij ~ cos(kz)

~k
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• Area-conserving: the determinant of the distortion in 
space remains unchanged


• This means that the trace vanishes: 

Four conditions

3X

i=1

hii = 0
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• Gravitational waves shall be:


• Transverse: the direction of the oscillation of space is 
perpendicular to the propagation direction


• This means 


• Area-conserving: the determinant of the distortion in 
space remains unchanged


• This means that the trace vanishes: 
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hii = 0
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6 components of hij minus 4 conditions = 2 degrees of freedom

3 conditions for hi

1 condition for hi



• We should start with a space-time distance with a 4-by-4 
metric tensor, gμν [μ,ν=0,1,2,3]


• It has 10 components:


• Coordinate condition eliminates 4 degree of freedom (DoF)

More precisely:

ds24 =
3X

µ=0

3X

⌫=0

gµ⌫dx
µdx⌫
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dxµ = (dt, dxi)
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• We should start with a space-time distance with a 4-by-4 
metric tensor, gμν [μ,ν=0,1,2,3]


• It has 10 components:


• Coordinate condition eliminates 4 degree of freedom (DoF)


• leaving 6 DoF: This is where we started; in this lecture we 
started with h00=0 and h0i=0 (called “synchronous gauge”)

More precisely:

ds24 =
3X

µ=0

3X

⌫=0

gµ⌫dx
µdx⌫

= (�1 + h00)dt
2 + a(t)

3X

i=1

h0idtdx
i + a2(t)

3X

i=1

3X

j=1

(�ij + hij)dx
idxj
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6 DoF = 2 scalar, 2 vector, 2 tensor DoF
This is GW, which can be extracted by  

imposing transverse and traceless conditions



+ and x modes
• If the GW is propagating in the z (i=3) direction, we can write

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A
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<latexit sha1_base64="73F7RS5/Z58dteq4PTugvB0Ykkc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpYdg775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVryLSvX+sly7yeMowDGcwBl4cAU1uIM6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/rd42O</latexit>

h⇥
<latexit sha1_base64="7o35sMmYgUabX25v6xOUlfm+4t4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilzqjfQxFx0y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRe0SP5vfOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AE0I5AT</latexit>

y

x



propagation direction of GW

h+=cos(kz)

hx=cos(kz)

z~k
<latexit sha1_base64="iwZxKxQ2qmVFkrUPGUlb4Wp/QF0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZeNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCfcI/B</latexit>



Equation of motion (EoM)

• Writing Einstein’s gravitational field equation with

• and                         ,                       ;  We obtain 

stress-energy 
source of GW

3X

i=1

kihij = 0
<latexit sha1_base64="9t+cOyQWNF6KWd58uc0r9WSx1xk=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsy0gm4KRTcuK9gHtNMhk6ZtbJIZkoxQhlm48VfcuFDErR/hzr8xbWehrQcunJxzL7n3BBGjSjvOt5VbW9/Y3MpvF3Z29/YP7MOjlgpjiUkThyyUnQApwqggTU01I51IEsQDRtrB5Hrmtx+IVDQUd3oaEY+jkaBDipE2km8XeyrmfkJrbtqvwkmfwrF53aewBh3fLjllZw64StyMlECGhm9/9QYhjjkRGjOkVNd1Iu0lSGqKGUkLvViRCOEJGpGuoQJxorxkfkQKT40ygMNQmhIaztXfEwniSk15YDo50mO17M3E/7xurIeXXkJFFGsi8OKjYcygDuEsETigkmDNpoYgLKnZFeIxkghrk1vBhOAun7xKWpWyWy1Xbs9L9assjjwoghNwBlxwAergBjRAE2DwCJ7BK3iznqwX6936WLTmrGzmGPyB9fkDw0+W3g==</latexit>

3X

i=1

hii = 0
<latexit sha1_base64="QeE26ppPU6GUXQeIuz5+CkZC7qA=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBFdlphV0Uyi6cVnBXqAdh0yaaUOTzJBkhDKMG1/FjQtF3PoW7nwb03YW2vpD4OM/53By/iBmVGnH+bYKK6tr6xvFzdLW9s7unr1/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGF9P650HIhWNxJ2exMTjaChoSDHSxvLto75KuJ/Supvd1+DIEM1gHTrQt8tOxZkJLoObQxnkavr2V38Q4YQToTFDSvVcJ9ZeiqSmmJGs1E8UiREeoyHpGRSIE+WlswsyeGqcAQwjaZ7QcOb+nkgRV2rCA9PJkR6pxdrU/K/WS3R46aVUxIkmAs8XhQmDOoLTOOCASoI1mxhAWFLzV4hHSCKsTWglE4K7ePIytKsVt1ap3p6XG1d5HEVwDE7AGXDBBWiAG9AELYDBI3gGr+DNerJerHfrY95asPKZQ/BH1ucPaDuVjQ==</latexit>

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



EoM in a non-expanding space

with

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

⇤ = � @2

@t2
+r2 =

3X

µ=0

3X

⌫=0

⌘µ⌫
@

@xµ

@

@x⌫

<latexit sha1_base64="xleLWx0tO6YAJPXQExZWuJEf7Es="></latexit>

⌘00 = �1, ⌘0i = 0, ⌘ij = �ij

<latexit sha1_base64="KBujV3YMC6dJF6eGCla+cV11RFo=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILrTMSEURCkU3LivYC3RqyWRO29jMxSQjlGHexY2v4saFUty48F1M21nY1h8CP985h5PzOyFnUpnmt5FZWl5ZXcuu5zY2t7Z38rt7dRlEgkKNBjwQTYdI4MyHmmKKQzMUQDyHQ8MZ3IzrjWcQkgX+vRqG0PZIz2ddRonSqJO/skGRh9g0k/KpdWI/RcTFKWJJ2Zwh7DEp2y7w1HfyBbNoToQXjZWaAkpV7eRHthvQyANfUU6kbFlmqNoxEYpRDknOjiSEhA5ID1ra+sQD2Y4nNyb4SBMXdwOhn6/whP6diIkn5dBzdKdHVF/O18bwv1orUt3Ldsz8MFLg0+mibsSxCvA4MOwyAVTxoTaECqb/immfCEKVjjWnQ7DmT1409bOiVSqe35UKles0jiw6QIfoGFnoAlXQLaqiGqLoBb2hD/RpvBrvxsj4mrZmjHRmH83I+PkFFdukAQ==</latexit>

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



EoM in an expanding Universe

⇤ ⌘ 1p
�g

3X

µ=0

3X

⌫=0

@

@xµ

✓p
�ggµ⌫

@

@x⌫

◆

<latexit sha1_base64="1xIAKSUeEm+2ixEFKzisicr7bKI="></latexit>

⇤ = � @2

@t2
� 3

ȧ

a

@

@t
+

1

a2
r2

<latexit sha1_base64="IbYRpzbB8lG02HeWEntoYjGh62o="></latexit>

with

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

g00 = �1, g0i = 0, gij = a�2(t)�ij ,
p
�g = a3(t)

<latexit sha1_base64="84N3I3eVUOrIw6Xor40L1/b+NmM="></latexit>

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



⇤ ⌘ 1p
�g

3X

µ=0

3X

⌫=0

@

@xµ

✓p
�ggµ⌫

@

@x⌫

◆

<latexit sha1_base64="1xIAKSUeEm+2ixEFKzisicr7bKI="></latexit>

⇤ = � @2

@t2
� 3

ȧ

a

@

@t
� k2

a2

<latexit sha1_base64="+SCOnXgCR8PKGKlJHA3AX0MpEqM="></latexit>

In Fourier space

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

g00 = �1, g0i = 0, gij = a�2(t)�ij ,
p
�g = a3(t)

<latexit sha1_base64="84N3I3eVUOrIw6Xor40L1/b+NmM="></latexit>

EoM in an expanding Universe

with

r2eik·x = �k2eik·x

<latexit sha1_base64="jOLNVB3X9QXoz4TUPP+h6OmhFek="></latexit>

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



⇤ ⌘ 1p
�g

3X

µ=0

3X

⌫=0

@

@xµ

✓p
�ggµ⌫

@

@x⌫

◆

<latexit sha1_base64="1xIAKSUeEm+2ixEFKzisicr7bKI="></latexit>

⇤ = � @2

@t2
� 3

ȧ

a

@

@t
� k2

a2

<latexit sha1_base64="+SCOnXgCR8PKGKlJHA3AX0MpEqM="></latexit>

In Fourier space

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

g00 = �1, g0i = 0, gij = a�2(t)�ij ,
p
�g = a3(t)

<latexit sha1_base64="84N3I3eVUOrIw6Xor40L1/b+NmM="></latexit>

EoM in an expanding Universe

with

r2eik·x = �k2eik·x

<latexit sha1_base64="jOLNVB3X9QXoz4TUPP+h6OmhFek="></latexit>

k: comoving wavenumber

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



⇤ ⌘ 1p
�g

3X

µ=0

3X

⌫=0

@

@xµ

✓p
�ggµ⌫

@

@x⌫

◆

<latexit sha1_base64="1xIAKSUeEm+2ixEFKzisicr7bKI="></latexit>

⇤ = � @2

@t2
� 3

ȧ

a

@

@t
� k2

a2

<latexit sha1_base64="+SCOnXgCR8PKGKlJHA3AX0MpEqM="></latexit>

In Fourier space

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

g00 = �1, g0i = 0, gij = a�2(t)�ij ,
p
�g = a3(t)

<latexit sha1_base64="84N3I3eVUOrIw6Xor40L1/b+NmM="></latexit>

EoM in an expanding Universe

with

r2eik·x = �k2eik·x

<latexit sha1_base64="jOLNVB3X9QXoz4TUPP+h6OmhFek="></latexit>

k/a: physical wavenumber

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>



⇤ = � @2

@t2
� 3

ȧ

a

@

@t
� k2

a2

<latexit sha1_base64="+SCOnXgCR8PKGKlJHA3AX0MpEqM="></latexit>

In Fourier space

ḧij +
3ȧ

a
ḣij +

k2

a2
hij = 16⇡GTGW

ij
<latexit sha1_base64="XLil458Y+U4bzO29KFAWiBIo6hk="></latexit>

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

EoM in an expanding Universe

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>

Tij = a2⇡ij

<latexit sha1_base64="r4VQiey+7DIgHOj3TVxp2xcN35w=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN8EiuCpJqehGKLpxWaE3aGOYTKft2MkkzEzEEvIqblwo4tYXcefbOE2z0NYfBj7+cw7nzO9HjEpl299GYW19Y3OruF3a2d3bPzAPyx0ZxgKTNg5ZKHo+koRRTtqKKkZ6kSAo8Bnp+tObeb37SISkIW+pWUTcAI05HVGMlLY8s9zyEvqQXqH72iCiGXtmxa7amaxVcHKoQK6mZ34NhiGOA8IVZkjKvmNHyk2QUBQzkpYGsSQRwlM0Jn2NHAVEukl2e2qdamdojUKhH1dW5v6eSFAg5SzwdWeA1EQu1+bmf7V+rEaXbkJ5FCvC8WLRKGaWCq15ENaQCoIVm2lAWFB9q4UnSCCsdFwlHYKz/OVV6NSqTr16flevNK7zOIpwDCdwBg5cQANuoQltwPAEz/AKb0ZqvBjvxseitWDkM0fwR8bnDwcLlHI=</latexit>

⇡GW
ij

<latexit sha1_base64="UlizORGXUK049JcvMBMihvkQGqQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibQGo0eiBz1iYoEEKtkuW1jZbuvuloQ0/R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dD31W2MqFYvEvZ7E1AvxQLCAEayN5HVj1kvZY/aQ3rSyXrliV+0Z0DJxclKBHI1e+avbj0gSUqEJx0p1HDvWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl86OztCJUfooiKQpodFM/T2R4lCpSeibzhDroVr0puJ/XifRwaWXMhEnmgoyXxQkHOkITRNAfSYp0XxiCCaSmVsRGWKJiTY5lUwIzuLLy6R5VnVq1fO7WqV+lcdRhCM4hlNw4ALqcAsNcIHAEzzDK7xZY+vFerc+5q0FK585hD+wPn8AIIqSVw==</latexit>

We define:



⇤ = � @2

@t2
� 3

ȧ

a

@

@t
� k2

a2

<latexit sha1_base64="+SCOnXgCR8PKGKlJHA3AX0MpEqM="></latexit>

In Fourier space

ḧij +
3ȧ

a
ḣij +

k2

a2
hij = 16⇡GTGW

ij
<latexit sha1_base64="XLil458Y+U4bzO29KFAWiBIo6hk="></latexit>

stress-energy 
source of GW

⇤hij = �16⇡GTGW
ij

<latexit sha1_base64="ZY412yJEPWe1yXAuQmJZ9Cq/F6M=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAkqjwWpKkMZi9SX1ITIcZ3W1HnIdhBVlJWFX2FhACFW/oCNv8FNM0DLka50fM698r3HjRgV0jC+tYXFpeWV1cJacX1jc2tb39ltizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47upr4nXvCBQ2DphxHxPbRIKAexUgqydGhVQsf4NBJ6F16eWyeWRGFddjM3rdJvZM6eskoGxngPDFzUgI5Go7+ZfVDHPskkJghIXqmEUk7QVxSzEhatGJBIoRHaEB6igbIJ8JOsktSeKiUPvRCriqQMFN/TyTIF2Lsu6rTR3IoZr2J+J/Xi6V3YSc0iGJJAjz9yIsZlCGcxAL7lBMs2VgRhDlVu0I8RBxhqcIrqhDM2ZPnSfukbFbKpzeVUrWWx1EA++AAHAETnIMquAYN0AIYPIJn8AretCftRXvXPqatC1o+swf+QPv8AdDJmSk=</latexit>

expansion of the Universe affects hij

EoM in an expanding Universe

a2

<latexit sha1_base64="Otevp9wiBlhM2ScO/Ri9dDRdJgA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/Sx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5Yu7aql2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx/rLo2R</latexit>

⇡GW
ij

<latexit sha1_base64="UlizORGXUK049JcvMBMihvkQGqQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibQGo0eiBz1iYoEEKtkuW1jZbuvuloQ0/R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dD31W2MqFYvEvZ7E1AvxQLCAEayN5HVj1kvZY/aQ3rSyXrliV+0Z0DJxclKBHI1e+avbj0gSUqEJx0p1HDvWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl86OztCJUfooiKQpodFM/T2R4lCpSeibzhDroVr0puJ/XifRwaWXMhEnmgoyXxQkHOkITRNAfSYp0XxiCCaSmVsRGWKJiTY5lUwIzuLLy6R5VnVq1fO7WqV+lcdRhCM4hlNw4ALqcAsNcIHAEzzDK7xZY+vFerc+5q0FK585hD+wPn8AIIqSVw==</latexit>

Tij = a2⇡ij

<latexit sha1_base64="r4VQiey+7DIgHOj3TVxp2xcN35w=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN8EiuCpJqehGKLpxWaE3aGOYTKft2MkkzEzEEvIqblwo4tYXcefbOE2z0NYfBj7+cw7nzO9HjEpl299GYW19Y3OruF3a2d3bPzAPyx0ZxgKTNg5ZKHo+koRRTtqKKkZ6kSAo8Bnp+tObeb37SISkIW+pWUTcAI05HVGMlLY8s9zyEvqQXqH72iCiGXtmxa7amaxVcHKoQK6mZ34NhiGOA8IVZkjKvmNHyk2QUBQzkpYGsSQRwlM0Jn2NHAVEukl2e2qdamdojUKhH1dW5v6eSFAg5SzwdWeA1EQu1+bmf7V+rEaXbkJ5FCvC8WLRKGaWCq15ENaQCoIVm2lAWFB9q4UnSCCsdFwlHYKz/OVV6NSqTr16flevNK7zOIpwDCdwBg5cQANuoQltwPAEz/AKb0ZqvBjvxseitWDkM0fwR8bnDwcLlHI=</latexit>

⇡GW
ij

<latexit sha1_base64="UlizORGXUK049JcvMBMihvkQGqQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibQGo0eiBz1iYoEEKtkuW1jZbuvuloQ0/R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dD31W2MqFYvEvZ7E1AvxQLCAEayN5HVj1kvZY/aQ3rSyXrliV+0Z0DJxclKBHI1e+avbj0gSUqEJx0p1HDvWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl86OztCJUfooiKQpodFM/T2R4lCpSeibzhDroVr0puJ/XifRwaWXMhEnmgoyXxQkHOkITRNAfSYp0XxiCCaSmVsRGWKJiTY5lUwIzuLLy6R5VnVq1fO7WqV+lcdRhCM4hlNw4ALqcAsNcIHAEzzDK7xZY+vFerc+5q0FK585hD+wPn8AIIqSVw==</latexit>

We define:



Let’s solve EoM

• Two tricks:

ḧij +
3ȧ

a
ḣij +

k2

a2
hij = 16⇡GTGW

ij
<latexit sha1_base64="XLil458Y+U4bzO29KFAWiBIo6hk="></latexit>

⌘ =

Z
dt

a(t)
<latexit sha1_base64="Hh9vfmowV89FN4/WIswMF8l4I0w=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyWpgl6EohePFewHNKFstpt26WYTdidCCQUv/hUvHhTx6p/w5r9x2+agrQ8GHu/NMDMvSATX4Djf1tLyyuraemGjuLm1vbNr7+03dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemBK81jewyhhfkT6koecEjBS1z70GBB8hT0uwQsVoVkPxhkpw+m4a5ecijMFXiRuTkooR71rf3m9mKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m/4wxidG6eEwVqYk4Kn6eyIjkdajKDCdEYGBnvcm4n9eJ4Xw0s+4TFJgks4WhanAEONJILjHFaMgRoYQqri5FdMBMUmAia1oQnDnX14kzWrFPatU785Ltes8jgI6QseojFx0gWroFtVRA1H0iJ7RK3qznqwX6936mLUuWfnMAfoD6/MHU5mXUw==</latexit>

(1) Define “conformal time”

and use this instead of time derivatives
a(t)

@

@t
=

@

@⌘
<latexit sha1_base64="tAD74QR0ehNcGl7YTxIV7iqnXJk=">AAACJnicdVDLSgMxFM34rPVVdelmsAh1U2aqoJtC0Y3LCvYBnVLupJk2NPMguSOUYb7Gjb/ixkVFxJ2fYtoOoq0eCBzOuTfJOW4kuELL+jBWVtfWNzZzW/ntnd29/cLBYVOFsaSsQUMRyrYLigkesAZyFKwdSQa+K1jLHd1M/dYDk4qHwT2OI9b1YRBwj1NALfUKVSjhmeNJoIkTgUQOIv1mJqbV/zyHIaS9QtEqWzOYy8TOSJFkqPcKE6cf0thnAVIBSnVsK8JuMr2SCpbmnVixCOgIBqyjaQA+U91kFjM1T7XSN71Q6hOgOVN/biTgKzX2XT3pAw7VojcV//I6MXpX3YQHUYwsoPOHvFjHD81pZ2afS0ZRjDUBKrn+q0mHoHtB3Wxel2AvRl4mzUrZPi9X7i6Kteusjhw5JiekRGxySWrkltRJg1DySJ7JhLwaT8aL8Wa8z0dXjGzniPyC8fkFVpunkg==</latexit>

expansion of the Universe affects hij

⇡GW
ij

<latexit sha1_base64="UlizORGXUK049JcvMBMihvkQGqQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibQGo0eiBz1iYoEEKtkuW1jZbuvuloQ0/R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dD31W2MqFYvEvZ7E1AvxQLCAEayN5HVj1kvZY/aQ3rSyXrliV+0Z0DJxclKBHI1e+avbj0gSUqEJx0p1HDvWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl86OztCJUfooiKQpodFM/T2R4lCpSeibzhDroVr0puJ/XifRwaWXMhEnmgoyXxQkHOkITRNAfSYp0XxiCCaSmVsRGWKJiTY5lUwIzuLLy6R5VnVq1fO7WqV+lcdRhCM4hlNw4ALqcAsNcIHAEzzDK7xZY+vFerc+5q0FK585hD+wPn8AIIqSVw==</latexit>



Let’s solve EoM

• Two tricks:

⌘ =

Z
dt

a(t)
<latexit sha1_base64="Hh9vfmowV89FN4/WIswMF8l4I0w=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyWpgl6EohePFewHNKFstpt26WYTdidCCQUv/hUvHhTx6p/w5r9x2+agrQ8GHu/NMDMvSATX4Djf1tLyyuraemGjuLm1vbNr7+03dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemBK81jewyhhfkT6koecEjBS1z70GBB8hT0uwQsVoVkPxhkpw+m4a5ecijMFXiRuTkooR71rf3m9mKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m/4wxidG6eEwVqYk4Kn6eyIjkdajKDCdEYGBnvcm4n9eJ4Xw0s+4TFJgks4WhanAEONJILjHFaMgRoYQqri5FdMBMUmAia1oQnDnX14kzWrFPatU785Ltes8jgI6QseojFx0gWroFtVRA1H0iJ7RK3qznqwX6936mLUuWfnMAfoD6/MHU5mXUw==</latexit>

(1) Define “conformal time”

and use this instead of time derivatives
a(t)

@

@t
=

@

@⌘
<latexit sha1_base64="tAD74QR0ehNcGl7YTxIV7iqnXJk=">AAACJnicdVDLSgMxFM34rPVVdelmsAh1U2aqoJtC0Y3LCvYBnVLupJk2NPMguSOUYb7Gjb/ixkVFxJ2fYtoOoq0eCBzOuTfJOW4kuELL+jBWVtfWNzZzW/ntnd29/cLBYVOFsaSsQUMRyrYLigkesAZyFKwdSQa+K1jLHd1M/dYDk4qHwT2OI9b1YRBwj1NALfUKVSjhmeNJoIkTgUQOIv1mJqbV/zyHIaS9QtEqWzOYy8TOSJFkqPcKE6cf0thnAVIBSnVsK8JuMr2SCpbmnVixCOgIBqyjaQA+U91kFjM1T7XSN71Q6hOgOVN/biTgKzX2XT3pAw7VojcV//I6MXpX3YQHUYwsoPOHvFjHD81pZ2afS0ZRjDUBKrn+q0mHoHtB3Wxel2AvRl4mzUrZPi9X7i6Kteusjhw5JiekRGxySWrkltRJg1DySJ7JhLwaT8aL8Wa8z0dXjGzniPyC8fkFVpunkg==</latexit>

h00
ij +

2a0

a
h0
ij + k2hij = 16⇡Ga2TGW

ij
<latexit sha1_base64="VjIb6+O9vdxPsPWea9csOUwlj1g="></latexit>

Primes =  
conformal time derivatives

⇡GW
ij

<latexit sha1_base64="UlizORGXUK049JcvMBMihvkQGqQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibQGo0eiBz1iYoEEKtkuW1jZbuvuloQ0/R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dD31W2MqFYvEvZ7E1AvxQLCAEayN5HVj1kvZY/aQ3rSyXrliV+0Z0DJxclKBHI1e+avbj0gSUqEJx0p1HDvWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl86OztCJUfooiKQpodFM/T2R4lCpSeibzhDroVr0puJ/XifRwaWXMhEnmgoyXxQkHOkITRNAfSYp0XxiCCaSmVsRGWKJiTY5lUwIzuLLy6R5VnVq1fO7WqV+lcdRhCM4hlNw4ALqcAsNcIHAEzzDK7xZY+vFerc+5q0FK585hD+wPn8AIIqSVw==</latexit>



Let’s solve EoM

• Two tricks:
(2) Multiply hij by the scale factor and define

h00
ij +

2a0

a
h0
ij + k2hij = 16⇡Ga2TGW

ij
<latexit sha1_base64="VjIb6+O9vdxPsPWea9csOUwlj1g="></latexit>

uij = ahij
<latexit sha1_base64="QIFDGr/9FJbMgr/WA90jezz/REw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6gHUsmzbSxSWZIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmBDFn2rjut7O0vLK6tl7YKG5ube/slvb2mzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qkSrNI3plxTH2BB5KFjGBjpfukl7KHySUeZr1XKrsVNwNaJF5OypCj3it9dfsRSQSVhnCsdcdzY+OnWBlGOJ0Uu4mmMSYjPKAdSyUWVPtpdvUEHVulj8JI2ZIGZervjRQLrccisJMCm6Ge96bif14nMeGFnzIZJ4ZKMnsoTDgyEZpGgPpMUWL42BJMFLO3IjLEChNjgyraELz5Ly+SZrXinVaqt2fl2lUeRwEO4QhOwINzqMEN1KEBBBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8AQXEktk=</latexit>

⇡GW
ij

<latexit sha1_base64="UlizORGXUK049JcvMBMihvkQGqQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibQGo0eiBz1iYoEEKtkuW1jZbuvuloQ0/R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dD31W2MqFYvEvZ7E1AvxQLCAEayN5HVj1kvZY/aQ3rSyXrliV+0Z0DJxclKBHI1e+avbj0gSUqEJx0p1HDvWXoqlZoTTrNRNFI0xGeEB7RgqcEiVl86OztCJUfooiKQpodFM/T2R4lCpSeibzhDroVr0puJ/XifRwaWXMhEnmgoyXxQkHOkITRNAfSYp0XxiCCaSmVsRGWKJiTY5lUwIzuLLy6R5VnVq1fO7WqV+lcdRhCM4hlNw4ALqcAsNcIHAEzzDK7xZY+vFerc+5q0FK585hD+wPn8AIIqSVw==</latexit>



Let’s solve EoM

• Two tricks:
(2) Multiply hij by the scale factor and define

uij = ahij
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Defining 

We obtain a harmonic oscillator with a time-dependent mass term! 

effect of the expansion  
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Propagation of GW 

in vacuum: Two regimes
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• Two regimes:


1. Short wavelength (k >> |m|)


• uij ~ exp(ikη) => hij ~ a–1exp(ikη) [decaying]


2. Long wavelength (k << |m|)


• uij ~ a => hij ~ constant



Meaning of m2

• The inverse of the expansion rate, (aH)–1, gives an estimate of 
the (comoving) size of the observable Universe, or “horizon”


• So, k << |m| is the “super-horizon” mode, and k >> |m| is 
the “sub-horizon” mode
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Hubble’s expansion rate



Horizon Distance
• Horizon = the physical distance traveled by a photon


• The (unperturbed) photon path in the radial direction is 
given by


• Integrating it, we obtain the physical distance traveled 
by a photon, dhorizon, as  

ds24 = �dt2 + a2(t)dr2 = 0
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dhorizon = a(t)r = a(t)
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• Hubble length is given by H–1, which is on the same order of 
magnitude as dhorizon. Comoving Hubble length is (aH)–1, 
which is on the same order of magnitude as dhorizon/a(t)=r



GW “entering the horizon”

• This is a tricky concept, but it is important


• Suppose that GWs exist at all wavelengths


• Let’s not yet ask the origin of these “super-horizon 
GW”, but assume their existence


• As the Universe expands, the horizon size grows and we 
can see longer and longer wavelengths


• Fluctuations “entering the horizon”



10 Gpc today
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10 Mpc today

1 Mpc today

“enter the horizon”

Radiation Era Matter Era
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GW Evolution: Summary
• Super-horizon scales [k << aH] 

• The amplitude of GW is conserved (i.e., hij = constant)


• Sub-horizon scales [k >> aH] 

• The amplitude of GW decays (i.e., hij ~ 1/a)

Therefore, the long-wavelength 
GW preserves the initial condition: 

the beginning of the Universe!



Source of GW 

in the early Universe?

• Was there any source of GW in the early Universe?


• Yes, in a sense that there are many papers on possible 
sources in the literature 


• See a recent review article by C. Caprini and D. Figueroa, 
Classical and Quantum Gravity, 35, 163001 (2018), 
arXiv:1801.04268
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Quantum generation of GW 

in the early Universe!

• But, even if there was no source, GW can emerge 
quantum-mechanically! 

• This is the subject of today’s lecture. We will talk about the 
right hand side on March 19


• To see this, we need to quantise the left hand side of the 
equation
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Cosmic Inflation

• Exponential expansion (inflation) stretches the wavelength 
of quantum fluctuations to very large scales

Starobinsky (1980); Sato (1981); Guth (1981); Linde (1982); Albrecht & Steinhardt (1982)

Quantum fluctuations on 
microscopic scales

Inflation!



Cosmic Inflation

• Inflation is the accelerated, quasi-exponential 
expansion. Thus, we must have
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Actually, we rather need ε << 1, to have a 
sustained period of inflation. So H(t) is a 

slowly-varying function of time

Starobinsky (1980); Sato (1981); Guth (1981); Linde (1982); Albrecht & Steinhardt (1982)



Cosmic Inflation

• Inflation is the accelerated, quasi-exponential 
expansion. Thus, we must have
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Starobinsky (1980); Sato (1981); Guth (1981); Linde (1982); Albrecht & Steinhardt (1982)
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During inflation, a(t) grows 
exponentially in time

Therefore, 



GW from inflation

• During inflation, the scale factor grows exponentially in time,


• In conformal time, this means
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<latexit sha1_base64="sfmiVUD15mwI1NCtwzmV4XCXGkk=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBiyWpgh56KHrxWMF+QBPLZrtpl242YXeihND/4cWDIl79L978N27bHLT1wcDjvRlm5vmx4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2faCa4ZC3gIFg3VoyEvmAdf3wz9TuPTGkeyXtIY+aFZCh5wCkBIz2cuVwGkNZdBqRu98sVu2rPgJeJk5MKytHsl7/cQUSTkEmggmjdc+wYvIwo4FSwSclNNIsJHZMh6xkqSci0l82unuATowxwEClTEvBM/T2RkVDrNPRNZ0hgpBe9qfif10sguPIyLuMEmKTzRUEiMER4GgEecMUoiNQQQhU3t2I6IopQMEGVTAjO4svLpF2rOufV2t1FpXGdx1FER+gYnSIHXaIGukVN1EIUKfSMXtGb9WS9WO/Wx7y1YOUzh+gPrM8fsLGR+w==</latexit>

m
2(⌘) = �a

00

a
= �a

2(2H2 + Ḣ)
<latexit sha1_base64="yV/jVbUevNVeMhccYfb1uR5/lcQ=">AAACFHicbVC7SgNBFJ31GeNr1dJmMUgiYthdBW0Cok1KBZMIeXF3MqtDZh/M3BXCsh9h46/YWChia2Hn3zh5FJp4YOBwzj3cuceLBVdo29/G3PzC4tJybiW/ura+sWlubddVlEjKajQSkbz1QDHBQ1ZDjoLdxpJB4AnW8PqXQ7/xwKTiUXiDg5i1A7gLuc8poJa65mHQcUsthnBQOWr5EmgKxWKWQlY5Au241Y572OpFmFazg65ZsMv2CNYscSakQCa46ppfOkqTgIVIBSjVdOwY2ylI5FSwLN9KFIuB9uGONTUNIWCqnY6Oyqx9rfQsP5L6hWiN1N+JFAKlBoGnJwPAezXtDcX/vGaC/lk75WGcIAvpeJGfCAsja9iQ1eOSURQDTYBKrv9q0XvQ1aDuMa9LcKZPniV1t+wcl93rk8L5xaSOHNkle6REHHJKzkmVXJEaoeSRPJNX8mY8GS/Gu/ExHp0zJpkd8gfG5w8wX5xn</latexit>

⌘ =

Z
dt

a(t)
<latexit sha1_base64="Hh9vfmowV89FN4/WIswMF8l4I0w=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyWpgl6EohePFewHNKFstpt26WYTdidCCQUv/hUvHhTx6p/w5r9x2+agrQ8GHu/NMDMvSATX4Djf1tLyyuraemGjuLm1vbNr7+03dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXDm4nfemBK81jewyhhfkT6koecEjBS1z70GBB8hT0uwQsVoVkPxhkpw+m4a5ecijMFXiRuTkooR71rf3m9mKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m/4wxidG6eEwVqYk4Kn6eyIjkdajKDCdEYGBnvcm4n9eJ4Xw0s+4TFJgks4WhanAEONJILjHFaMgRoYQqri5FdMBMUmAia1oQnDnX14kzWrFPatU785Ltes8jgI6QseojFx0gWroFtVRA1H0iJ7RK3qznqwX6936mLUuWfnMAfoD6/MHU5mXUw==</latexit>



GW from inflation

• During inflation, the scale factor grows exponentially in time,


• In conformal time, this means

a(t) / exp(Ht)
<latexit sha1_base64="ts/QEiAxzaPStsFASzho9PJIF3I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK0m5JUQZdFN11WsA9oQplMJ+3QyWSYuRFrKf6KGxeKuPU/3Pk3TtsstPXAhcM593LvPaHkTIPrflsrq2vrG5u5rfz2zu7evn1w2NRJqghtkIQnqh1iTTkTtAEMOG1LRXEcctoKhzdTv3VPlWaJuIORpEGM+4JFjGAwUtc+xkUo+VIlEhLHpw+yWINS1y64ZXcGZ5l4GSmgDPWu/eX3EpLGVADhWOuO50oIxlgBI5xO8n6qqcRkiPu0Y6jAMdXBeHb9xDkzSs+JEmVKgDNTf0+Mcaz1KA5NZ4xhoBe9qfif10khugrGTMgUqCDzRVHKHfPpNAqnxxQlwEeGYKKYudUhA6wwARNY3oTgLb68TJqVsndertxeFKrXWRw5dIJOURF56BJVUQ3VUQMR9Iie0St6s56sF+vd+pi3rljZzBH6A+vzB0J5lHM=</latexit>

a(⌘) = �(H⌘)�1
<latexit sha1_base64="ZEyL8UrnGldIoCA+zBu8ZL49dHA=">AAACAHicbZC7SgNBFIZn4y3G26qFhc1gEGKRsBsFbYSgTcoI5gLJGmYnJ8mQ2Qszs0JYtvFVbCwUsfUx7HwbJ5stNPGHgY//nMOZ87shZ1JZ1reRW1ldW9/Ibxa2tnd298z9g5YMIkGhSQMeiI5LJHDmQ1MxxaETCiCey6HtTm5n9fYjCMkC/15NQ3A8MvLZkFGitNU3j0ipB4qc4WtcLtVTfIjLdtI3i1bFSoWXwc6giDI1+uZXbxDQyANfUU6k7NpWqJyYCMUoh6TQiySEhE7ICLoafeKBdOL0gASfameAh4HQz1c4dX9PxMSTcuq5utMjaiwXazPzv1o3UsMrJ2Z+GCnw6XzRMOJYBXiWBh4wAVTxqQZCBdN/xXRMBKFKZ1bQIdiLJy9Dq1qxzyvVu4ti7SaLI4+O0QkqIRtdohqqowZqIooS9Ixe0ZvxZLwY78bHvDVnZDOH6I+Mzx98Z5Rq</latexit>

for �1 < ⌘ < 0
<latexit sha1_base64="sfmiVUD15mwI1NCtwzmV4XCXGkk=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBiyWpgh56KHrxWMF+QBPLZrtpl242YXeihND/4cWDIl79L978N27bHLT1wcDjvRlm5vmx4Bps+9sqrKyurW8UN0tb2zu7e+X9g7aOEkVZi0YiUl2faCa4ZC3gIFg3VoyEvmAdf3wz9TuPTGkeyXtIY+aFZCh5wCkBIz2cuVwGkNZdBqRu98sVu2rPgJeJk5MKytHsl7/cQUSTkEmggmjdc+wYvIwo4FSwSclNNIsJHZMh6xkqSci0l82unuATowxwEClTEvBM/T2RkVDrNPRNZ0hgpBe9qfif10sguPIyLuMEmKTzRUEiMER4GgEecMUoiNQQQhU3t2I6IopQMEGVTAjO4svLpF2rOufV2t1FpXGdx1FER+gYnSIHXaIGukVN1EIUKfSMXtGb9WS9WO/Wx7y1YOUzh+gPrM8fsLGR+w==</latexit>

u00
ij +

✓
k2 � 2

⌘2

◆
uij = 0

<latexit sha1_base64="fMKX4NtmSvNN7gURQs4Z+J3d5Mo=">AAACGXicbVDLSgNBEJz1GeMr6tHLYpBExLC7CnoRgl48RjCJkE3C7KQ3GTP7YKZXCEt+w4u/4sWDIh715N84eRw0WjBQVFXT0+XFgiu0rC9jbn5hcWk5s5JdXVvf2MxtbddUlEgGVRaJSN56VIHgIVSRo4DbWAINPAF1r3858uv3IBWPwhscxNAMaDfkPmcUtdTOWUk75XfDQuHQFeBjsd9yjlxfUuakLiBtOUNX8m4PDya5c6udy1slawzzL7GnJE+mqLRzH24nYkkAITJBlWrYVozNlErkTMAw6yYKYsr6tAsNTUMagGqm48uG5r5WOqYfSf1CNMfqz4mUBkoNAk8nA4o9NeuNxP+8RoL+WTPlYZwghGyyyE+EiZE5qsnscAkMxUATyiTXfzVZj+peUJeZ1SXYsyf/JTWnZB+XnOuTfPliWkeG7JI9UiQ2OSVlckUqpEoYeSBP5IW8Go/Gs/FmvE+ic8Z0Zof8gvH5DXC1n/U=</latexit>



GW from inflation

• The solution is

u00
ij +

✓
k2 � 2

⌘2

◆
uij = 0

<latexit sha1_base64="fMKX4NtmSvNN7gURQs4Z+J3d5Mo=">AAACGXicbVDLSgNBEJz1GeMr6tHLYpBExLC7CnoRgl48RjCJkE3C7KQ3GTP7YKZXCEt+w4u/4sWDIh715N84eRw0WjBQVFXT0+XFgiu0rC9jbn5hcWk5s5JdXVvf2MxtbddUlEgGVRaJSN56VIHgIVSRo4DbWAINPAF1r3858uv3IBWPwhscxNAMaDfkPmcUtdTOWUk75XfDQuHQFeBjsd9yjlxfUuakLiBtOUNX8m4PDya5c6udy1slawzzL7GnJE+mqLRzH24nYkkAITJBlWrYVozNlErkTMAw6yYKYsr6tAsNTUMagGqm48uG5r5WOqYfSf1CNMfqz4mUBkoNAk8nA4o9NeuNxP+8RoL+WTPlYZwghGyyyE+EiZE5qsnscAkMxUATyiTXfzVZj+peUJeZ1SXYsyf/JTWnZB+XnOuTfPliWkeG7JI9UiQ2OSVlckUqpEoYeSBP5IW8Go/Gs/FmvE+ic8Z0Zof8gvH5DXC1n/U=</latexit>

uij = Aij


cos(k⌘)� sin(k⌘)

k⌘

�
+Bij


cos(k⌘)

k⌘
+ sin(k⌘)

�

<latexit sha1_base64="UozWQHnrK2zFgSG/1u7/lFEFm0E="></latexit>

• How do we fix the integration constants, Aij and Bij? We need QM!


• We find Aij and Bij, such that the uij coincides with the known 
flat-space (Minkowski) results for the quantum fluctuation in 
vacuum



Second-order Action
• The action that gives Einstein’s field equations is the so-

called “Einstein-Hilbert action”, given by the Ricci scalar R:

Mpl = (8⇡G)�1/2
<latexit sha1_base64="sb3kvG0b3zx6DLFWE8n+264RI2E=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFexGKLrQjVDBPqCJYTKdtkMnyTAzEUoIuPFX3LhQxK0/4c6/cdpmodYDFw7n3Mu99/icUaks68vIzc0vLC7llwsrq2vrG+bmVlNGscCkgSMWibaPJGE0JA1FFSNtLggKfEZa/vBi7LfuiZA0Cm/ViBM3QP2Q9ihGSkueuXPtJY4IIGfpWanqcAovD+6SQ/uoknpm0SpbE8BZYmekCDLUPfPT6UY4DkioMENSdmyLKzdBQlHMSFpwYkk4wkPUJx1NQxQQ6SaTH1K4r5Uu7EVCV6jgRP05kaBAylHg684AqYH8643F/7xOrHpVN6EhjxUJ8XRRL2ZQRXAcCOxSQbBiI00QFlTfCvEACYSVjq2gQ7D/vjxLmpWyfVyu3JwUa+dZHHmwC/ZACdjgFNTAFaiDBsDgATyBF/BqPBrPxpvxPm3NGdnMNvgF4+MbU86WBQ==</latexit>

IGR =

Z p
�gd4x

✓
1

2
M2

plR

◆

<latexit sha1_base64="lfxv+anUZPeBjI55rRtdURGiNfM="></latexit>

with

• Expanding this to second-order in hij, we obtain the action 
that gives the equation of motion for hij:
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Z
a3d4x

1

2
M2

pl
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�=+,⇥

✓
1

2
ḣ2
� � (rh�)2

2a2

◆

<latexit sha1_base64="LvUSE56AYQZkuBuLnPVniz6c/UY="></latexit>

p
�g = a3

<latexit sha1_base64="Lb76PZ1+iifm/4nfVHUao+y9C4M=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbCbCHoRgl48RjAPSNYwO5kkQ2YfmekNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5UVSaLTtbyuztr6xuZXdzu3s7u0f5A+P6jqMFeM1FspQNT2quRQBr6FAyZuR4tT3JG94w7uZ3xhzpUUYPOIk4q5P+4HoCUbRSG5bjxQmF/3pDX0qd/IFu2jPQVaJk5ICpKh28l/tbshinwfIJNW65dgRuglVKJjk01w71jyibEj7vGVoQH2u3WR+9JScGaVLeqEyFSCZq78nEuprPfE90+lTHOhlbyb+57Vi7F27iQiiGHnAFot6sSQYklkCpCsUZygnhlCmhLmVsAFVlKHJKWdCcJZfXiX1UtEpF0sPl4XKbRpHFk7gFM7BgSuowD1UoQYMRvAMr/Bmja0X6936WLRmrHTmGP7A+vwBceyR4Q==</latexit>

I(2)GR =

Z
a3d4x
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(rhij)2

2a2

◆

<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

<latexit sha1_base64="hlPrrvhryKWK4jM72Qr7KwPo/K0="></latexit>

with



Second-order Action
• The action that gives Einstein’s field equations is the so-

called “Einstein-Hilbert action”, given by the Ricci scalar R:

Mpl = (8⇡G)�1/2
<latexit sha1_base64="sb3kvG0b3zx6DLFWE8n+264RI2E=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLqxJFexGKLrQjVDBPqCJYTKdtkMnyTAzEUoIuPFX3LhQxK0/4c6/cdpmodYDFw7n3Mu99/icUaks68vIzc0vLC7llwsrq2vrG+bmVlNGscCkgSMWibaPJGE0JA1FFSNtLggKfEZa/vBi7LfuiZA0Cm/ViBM3QP2Q9ihGSkueuXPtJY4IIGfpWanqcAovD+6SQ/uoknpm0SpbE8BZYmekCDLUPfPT6UY4DkioMENSdmyLKzdBQlHMSFpwYkk4wkPUJx1NQxQQ6SaTH1K4r5Uu7EVCV6jgRP05kaBAylHg684AqYH8643F/7xOrHpVN6EhjxUJ8XRRL2ZQRXAcCOxSQbBiI00QFlTfCvEACYSVjq2gQ7D/vjxLmpWyfVyu3JwUa+dZHHmwC/ZACdjgFNTAFaiDBsDgATyBF/BqPBrPxpvxPm3NGdnMNvgF4+MbU86WBQ==</latexit>

IGR =

Z p
�gd4x

✓
1

2
M2

plR

◆

<latexit sha1_base64="lfxv+anUZPeBjI55rRtdURGiNfM="></latexit>

• Expanding this to second-order in hij, we obtain the action 
that gives the equation of motion for hij:

=

Z
a3d4x

1

2
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pl
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�=+,⇥

✓
1

2
ḣ2
� � (rh�)2

2a2

◆

<latexit sha1_base64="LvUSE56AYQZkuBuLnPVniz6c/UY="></latexit>

p
�g = a3

<latexit sha1_base64="Lb76PZ1+iifm/4nfVHUao+y9C4M=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbCbCHoRgl48RjAPSNYwO5kkQ2YfmekNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5UVSaLTtbyuztr6xuZXdzu3s7u0f5A+P6jqMFeM1FspQNT2quRQBr6FAyZuR4tT3JG94w7uZ3xhzpUUYPOIk4q5P+4HoCUbRSG5bjxQmF/3pDX0qd/IFu2jPQVaJk5ICpKh28l/tbshinwfIJNW65dgRuglVKJjk01w71jyibEj7vGVoQH2u3WR+9JScGaVLeqEyFSCZq78nEuprPfE90+lTHOhlbyb+57Vi7F27iQiiGHnAFot6sSQYklkCpCsUZygnhlCmhLmVsAFVlKHJKWdCcJZfXiX1UtEpF0sPl4XKbRpHFk7gFM7BgSuowD1UoQYMRvAMr/Bmja0X6936WLRmrHTmGP7A+vwBceyR4Q==</latexit>

I(2)GR =

Z
a3d4x

1

4
M2

pl

✓
1

2
ḣ2
ij �

(rhij)2

2a2

◆

<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

unwanted pre-factor

with

hij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

<latexit sha1_base64="hlPrrvhryKWK4jM72Qr7KwPo/K0="></latexit>

with



• Two tricks again:


• (1) Use the conformal time: 


• (2) Define:

“Canonically-normalised” 
mode function

=

Z
a3d4x

1

2
M2

pl

X

�=+,⇥

✓
1

2
ḣ2
� � (rh�)2

2a2

◆

<latexit sha1_base64="LvUSE56AYQZkuBuLnPVniz6c/UY="></latexit>

I(2)GR =

Z
a3d4x

1

4
M2

pl

✓
1

2
ḣ2
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(rhij)2

2a2

◆

<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

unwanted pre-factor

a3d4x = a4d⌘d3x
<latexit sha1_base64="EP+DbbwIaXIFcY4RHL1jppARU80=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7CbBPQiBL14jGAekGxC7+xsMmT2wcysJCzBi7/ixYMiXv0Kb/6Nk2QPmljQUFR1093lxpxJZVnfxsrq2vrGZm4rv72zu7dvHhw2ZJQIQusk4pFouSApZyGtK6Y4bcWCQuBy2nSHN1O/+UCFZFF4r8YxdQLoh8xnBJSWeuYxdMvY61ZG+ApDt4K9DlWghfKoZxasojUDXiZ2RgooQ61nfnW8iCQBDRXhIGXbtmLlpCAUI5xO8p1E0hjIEPq0rWkIAZVOOnthgs+04mE/ErpChWfq74kUAinHgas7A1ADuehNxf+8dqL8SydlYZwoGpL5Ij/hWEV4mgf2mKBE8bEmQATTt2IyAAFE6dTyOgR78eVl0igV7XKxdFcpVK+zOHLoBJ2ic2SjC1RFt6iG6oigR/SMXtGb8WS8GO/Gx7x1xchmjtAfGJ8/+1CVQA==</latexit>

u� =
Mplp

2
ah�

<latexit sha1_base64="tu4YNXkaO8UpYsqDxBAKYORtl9w=">AAACGnicbVDLSgMxFM34rPU16tJNsAiuykwVdCMU3bgRKtgHdIYhk2ba0ExmTDJCCfMdbvwVNy4UcSdu/BvTdgRtPRA4nHMuN/eEKaNSOc6XtbC4tLyyWlorr29sbm3bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfDy7HfvidC0oTfqlFK/Bj1OY0oRspIge1mgcdMvIfgOfQigbC+DrQnYpiyPNeevBNK1/IcDX5ygV1xqs4EcJ64BamAAo3A/vB6Cc5iwhVmSMqu66TK10goihnJy14mSYrwEPVJ11COYiJ9PTkth4dG6cEoEeZxBSfq7wmNYilHcWiSMVIDOeuNxf+8bqaiM19TnmaKcDxdFGUMqgSOe4I9KghWbGQIwoKav0I8QKYfZdosmxLc2ZPnSatWdY+rtZuTSv2iqKME9sEBOAIuOAV1cAUaoAkweABP4AW8Wo/Ws/VmvU+jC1Yxswf+wPr8BjUAoZ8=</latexit>



• Two tricks again:


• (1) Use the conformal time: 


• (2) Define:

“Canonically-normalised” 
mode function
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a3d4x
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(rhij)2

2a2

◆

<latexit sha1_base64="KQZvFqzAI+yMamne1do5rGVKL5o="></latexit>

a3d4x = a4d⌘d3x
<latexit sha1_base64="EP+DbbwIaXIFcY4RHL1jppARU80=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7CbBPQiBL14jGAekGxC7+xsMmT2wcysJCzBi7/ixYMiXv0Kb/6Nk2QPmljQUFR1093lxpxJZVnfxsrq2vrGZm4rv72zu7dvHhw2ZJQIQusk4pFouSApZyGtK6Y4bcWCQuBy2nSHN1O/+UCFZFF4r8YxdQLoh8xnBJSWeuYxdMvY61ZG+ApDt4K9DlWghfKoZxasojUDXiZ2RgooQ61nfnW8iCQBDRXhIGXbtmLlpCAUI5xO8p1E0hjIEPq0rWkIAZVOOnthgs+04mE/ErpChWfq74kUAinHgas7A1ADuehNxf+8dqL8SydlYZwoGpL5Ij/hWEV4mgf2mKBE8bEmQATTt2IyAAFE6dTyOgR78eVl0igV7XKxdFcpVK+zOHLoBJ2ic2SjC1RFt6iG6oigR/SMXtGb8WS8GO/Gx7x1xchmjtAfGJ8/+1CVQA==</latexit>

u� =
Mplp

2
ah�

<latexit sha1_base64="tu4YNXkaO8UpYsqDxBAKYORtl9w=">AAACGnicbVDLSgMxFM34rPU16tJNsAiuykwVdCMU3bgRKtgHdIYhk2ba0ExmTDJCCfMdbvwVNy4UcSdu/BvTdgRtPRA4nHMuN/eEKaNSOc6XtbC4tLyyWlorr29sbm3bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfDy7HfvidC0oTfqlFK/Bj1OY0oRspIge1mgcdMvIfgOfQigbC+DrQnYpiyPNeevBNK1/IcDX5ygV1xqs4EcJ64BamAAo3A/vB6Cc5iwhVmSMqu66TK10goihnJy14mSYrwEPVJ11COYiJ9PTkth4dG6cEoEeZxBSfq7wmNYilHcWiSMVIDOeuNxf+8bqaiM19TnmaKcDxdFGUMqgSOe4I9KghWbGQIwoKav0I8QKYfZdosmxLc2ZPnSatWdY+rtZuTSv2iqKME9sEBOAIuOAV1cAUaoAkweABP4AW8Wo/Ws/VmvU+jC1Yxswf+wPr8BjUAoZ8=</latexit>
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<latexit sha1_base64="1ihUeZ2kHjR5aLyxpnvZLs2rWts="></latexit>

This is the correct (“canonical”)  
normalisation!

2



GW from inflation

• The solution is
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<latexit sha1_base64="fMKX4NtmSvNN7gURQs4Z+J3d5Mo=">AAACGXicbVDLSgNBEJz1GeMr6tHLYpBExLC7CnoRgl48RjCJkE3C7KQ3GTP7YKZXCEt+w4u/4sWDIh715N84eRw0WjBQVFXT0+XFgiu0rC9jbn5hcWk5s5JdXVvf2MxtbddUlEgGVRaJSN56VIHgIVSRo4DbWAINPAF1r3858uv3IBWPwhscxNAMaDfkPmcUtdTOWUk75XfDQuHQFeBjsd9yjlxfUuakLiBtOUNX8m4PDya5c6udy1slawzzL7GnJE+mqLRzH24nYkkAITJBlWrYVozNlErkTMAw6yYKYsr6tAsNTUMagGqm48uG5r5WOqYfSf1CNMfqz4mUBkoNAk8nA4o9NeuNxP+8RoL+WTPlYZwghGyyyE+EiZE5qsnscAkMxUATyiTXfzVZj+peUJeZ1SXYsyf/JTWnZB+XnOuTfPliWkeG7JI9UiQ2OSVlckUqpEoYeSBP5IW8Go/Gs/FmvE+ic8Z0Zof8gvH5DXC1n/U=</latexit>
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+ sin(k⌘)
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<latexit sha1_base64="UozWQHnrK2zFgSG/1u7/lFEFm0E="></latexit>

• How do we fix the integration constants, Aij and Bij? We need QM!


• We find Aij and Bij, such that the uij coincides with the known 
flat-space (Minkowski) results for the quantum fluctuation in 
vacuum



GW from inflation

• In the very short wavelength limit, kη->∞, we want to 
reproduce the quantum field theory result in the flat 
(Minkowski) space, which is
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>
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cos(k⌘)
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+ sin(k⌘)
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<latexit sha1_base64="D4rgBWCe2XA4a2Zy8T/YZtaUSGU="></latexit>

• The solution is

u� ! exp(�ik⌘)p
2k

<latexit sha1_base64="jSkuN9QqHgGmNNnB7by8Z0m5Ja4=">AAACFHicbVC7SgNBFJ31GeNr1dJmMQgRMexGQcugjWUE84BsCLOTu8mQ2Yczd8Ww7EfY+Cs2ForYWtj5N04ehSYeGDiccy537vFiwRXa9rexsLi0vLKaW8uvb2xubZs7u3UVJZJBjUUikk2PKhA8hBpyFNCMJdDAE9DwBlcjv3EPUvEovMVhDO2A9kLuc0ZRSx3zOOm4Qse71MXI9SVlqQsPcfGED1xAepSlrrqTmJYHWdYxC3bJHsOaJ86UFMgU1Y755XYjlgQQIhNUqZZjx9hOqUTOBGR5N1EQUzagPWhpGtIAVDsdH5VZh1rpWn4k9QvRGqu/J1IaKDUMPJ0MKPbVrDcS//NaCfoX7ZSHcYIQsskiPxEWRtaoIavLJTAUQ00ok1z/1WJ9qptB3WNel+DMnjxP6uWSc1oq35wVKpfTOnJknxyQInHIOamQa1IlNcLII3kmr+TNeDJejHfjYxJdMKYze+QPjM8f72KfYQ==</latexit>



GW from inflation

• In the very short wavelength limit, kη->∞, we want to 
reproduce the quantum field theory result in the flat 
(Minkowski) space, which is
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>
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<latexit sha1_base64="D4rgBWCe2XA4a2Zy8T/YZtaUSGU="></latexit>

• The solution is

u� ! exp(�ik⌘)p
2k

<latexit sha1_base64="jSkuN9QqHgGmNNnB7by8Z0m5Ja4=">AAACFHicbVC7SgNBFJ31GeNr1dJmMQgRMexGQcugjWUE84BsCLOTu8mQ2Yczd8Ww7EfY+Cs2ForYWtj5N04ehSYeGDiccy537vFiwRXa9rexsLi0vLKaW8uvb2xubZs7u3UVJZJBjUUikk2PKhA8hBpyFNCMJdDAE9DwBlcjv3EPUvEovMVhDO2A9kLuc0ZRSx3zOOm4Qse71MXI9SVlqQsPcfGED1xAepSlrrqTmJYHWdYxC3bJHsOaJ86UFMgU1Y755XYjlgQQIhNUqZZjx9hOqUTOBGR5N1EQUzagPWhpGtIAVDsdH5VZh1rpWn4k9QvRGqu/J1IaKDUMPJ0MKPbVrDcS//NaCfoX7ZSHcYIQsskiPxEWRtaoIavLJTAUQ00ok1z/1WJ9qptB3WNel+DMnjxP6uWSc1oq35wVKpfTOnJknxyQInHIOamQa1IlNcLII3kmr+TNeDJejHfjYxJdMKYze+QPjM8f72KfYQ==</latexit>

(2k)–1/2 -i(2k)–1/2



GW from inflation
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The solution is
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<latexit sha1_base64="2aO72Y0mj1SdSqAMstoAw3iDRgo="></latexit>

This term dominates in the  
super-horizon mode!  

“Particle Production by Inflation”
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The super-horizon solution is

u� ! � 1p
2k3⌘

eik⌘

<latexit sha1_base64="aWY+RAWSXROyNZeznJz94g8X1B0=">AAACGHicbVC7SgNBFJ31GeMrammzGAQb424iaBm0sYxgHpDdhNnJ3WTI7MOZu0JY8hk2/oqNhSK26fwbJ8kWmnhg4HDOudy5x4sFV2hZ38bK6tr6xmZuK7+9s7u3Xzg4bKgokQzqLBKRbHlUgeAh1JGjgFYsgQaegKY3vJ36zSeQikfhA45icAPaD7nPGUUtdQsXSdcROt6jDkbmueNLyuzUUY8S0/KwUxk7gHQMnZQPZ6xbKFolawZzmdgZKZIMtW5h4vQilgQQIhNUqbZtxeimVCJnAsZ5J1EQUzakfWhrGtIAlJvODhubp1rpmX4k9QvRnKm/J1IaKDUKPJ0MKA7UojcV//PaCfrXbsrDOEEI2XyRnwhTdzBtyexxCQzFSBPKJNd/NdmA6m5Qd5nXJdiLJy+TRrlkV0rl+8ti9SarI0eOyQk5Iza5IlVyR2qkThh5Jq/knXwYL8ab8Wl8zaMrRjZzRP7AmPwApEegyg==</latexit>



GW from inflation
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The super-horizon solution is

u� ! � 1p
2k3⌘

eik⌘

<latexit sha1_base64="aWY+RAWSXROyNZeznJz94g8X1B0=">AAACGHicbVC7SgNBFJ31GeMrammzGAQb424iaBm0sYxgHpDdhNnJ3WTI7MOZu0JY8hk2/oqNhSK26fwbJ8kWmnhg4HDOudy5x4sFV2hZ38bK6tr6xmZuK7+9s7u3Xzg4bKgokQzqLBKRbHlUgeAh1JGjgFYsgQaegKY3vJ36zSeQikfhA45icAPaD7nPGUUtdQsXSdcROt6jDkbmueNLyuzUUY8S0/KwUxk7gHQMnZQPZ6xbKFolawZzmdgZKZIMtW5h4vQilgQQIhNUqbZtxeimVCJnAsZ5J1EQUzakfWhrGtIAlJvODhubp1rpmX4k9QvRnKm/J1IaKDUKPJ0MKA7UojcV//PaCfrXbsrDOEEI2XyRnwhTdzBtyexxCQzFSBPKJNd/NdmA6m5Qd5nXJdiLJy+TRrlkV0rl+8ti9SarI0eOyQk5Iza5IlVyR2qkThh5Jq/knXwYL8ab8Wl8zaMrRjZzRP7AmPwApEegyg==</latexit>

Since u� =
Mplp

2
ah�

<latexit sha1_base64="tu4YNXkaO8UpYsqDxBAKYORtl9w=">AAACGnicbVDLSgMxFM34rPU16tJNsAiuykwVdCMU3bgRKtgHdIYhk2ba0ExmTDJCCfMdbvwVNy4UcSdu/BvTdgRtPRA4nHMuN/eEKaNSOc6XtbC4tLyyWlorr29sbm3bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfDy7HfvidC0oTfqlFK/Bj1OY0oRspIge1mgcdMvIfgOfQigbC+DrQnYpiyPNeevBNK1/IcDX5ygV1xqs4EcJ64BamAAo3A/vB6Cc5iwhVmSMqu66TK10goihnJy14mSYrwEPVJ11COYiJ9PTkth4dG6cEoEeZxBSfq7wmNYilHcWiSMVIDOeuNxf+8bqaiM19TnmaKcDxdFGUMqgSOe4I9KghWbGQIwoKav0I8QKYfZdosmxLc2ZPnSatWdY+rtZuTSv2iqKME9sEBOAIuOAV1cAUaoAkweABP4AW8Wo/Ws/VmvU+jC1Yxswf+wPr8BjUAoZ8=</latexit>

…and a(⌘) = �(H⌘)�1
<latexit sha1_base64="ZEyL8UrnGldIoCA+zBu8ZL49dHA=">AAACAHicbZC7SgNBFIZn4y3G26qFhc1gEGKRsBsFbYSgTcoI5gLJGmYnJ8mQ2Qszs0JYtvFVbCwUsfUx7HwbJ5stNPGHgY//nMOZ87shZ1JZ1reRW1ldW9/Ibxa2tnd298z9g5YMIkGhSQMeiI5LJHDmQ1MxxaETCiCey6HtTm5n9fYjCMkC/15NQ3A8MvLZkFGitNU3j0ipB4qc4WtcLtVTfIjLdtI3i1bFSoWXwc6giDI1+uZXbxDQyANfUU6k7NpWqJyYCMUoh6TQiySEhE7ICLoafeKBdOL0gASfameAh4HQz1c4dX9PxMSTcuq5utMjaiwXazPzv1o3UsMrJ2Z+GCnw6XzRMOJYBXiWBh4wAVTxqQZCBdN/xXRMBKFKZ1bQIdiLJy9Dq1qxzyvVu4ti7SaLI4+O0QkqIRtdohqqowZqIooS9Ixe0ZvxZLwY78bHvDVnZDOH6I+Mzx98Z5Rq</latexit>
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The super-horizon solution is

h� ! Hp
k3Mpl

e
ik⌘

<latexit sha1_base64="VWlz614rvXnGkTy76Sml+bFB6c4=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZcYHuiy66UZQsFro1CGT3rGhmYfJHaGE+RI3/oobF4oIrvRvTGsXaj0QOJxzLjf3hJkUGl3305manpmdmy8tlBeXlldWK2vrlzrNFYcmT2WqWiHTIEUCTRQooZUpYHEo4Srsnwz9qztQWqTJBQ4y6MTsJhGR4AytFFQOeoEvbbzLfEypHynGTaMwvr5VaPrXe8VpYHwV00wWBVwb0fcBWRFUqm7NHYFOEm9MqmSMs6Dy7ndTnseQIJdM67bnZtgxTKHgEoqyn2vIGO+zG2hbmrAYdMeMzivotlW6NEqVfQnSkfpzwrBY60Ec2mTMsKf/ekPxP6+dY3TUMSLJcoSEfy+KckltE8OuaFco4CgHljCuhP0r5T1mK0LbaNmW4P09eZJc7ta8vdru+X61fjyuo0Q2yRbZIR45JHXSIGekSTi5J4/kmbw4D86T8+q8fUennPHMBvkF5+MLb8Cj7g==</latexit>
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<latexit sha1_base64="HmcyaSln2BD3vZjR4YdC5hsVZRs=">AAACH3icbVDLSsNAFJ3Ud31VXboJFqkiliSKuhFENy4rWBWaNkymN+3QyYOZG6GE/okbf8WNC0XEXf/GaQ2i1gMDh3PO5c49fiK4QssaGoWp6ZnZufmF4uLS8spqaW39RsWpZFBnsYjlnU8VCB5BHTkKuEsk0NAXcOv3Lkb+7T1IxePoGvsJNEPaiXjAGUUteaWj1HOFjrdppbLnCghwp9dy9t1AUuZkLiBtOQNX8k4Xd7+jp5ZXKltVawxzktg5KZMcNa/04bZjloYQIRNUqYZtJdjMqETOBAyKbqogoaxHO9DQNKIhqGY2vm9gbmulbQax1C9Cc6z+nMhoqFQ/9HUypNhVf72R+J/XSDE4aWY8SlKEiH0tClJhYmyOyjLbXAJD0deEMsn1X03Wpboa1JUWdQn235MnyY1TtQ+qztVh+ew8r2OebJItskNsckzOyCWpkTph5IE8kRfyajwaz8ab8f4VLRj5zAb5BWP4CZZtohU=</latexit>

• The super-horizon solution is

h� ! Hp
k3Mpl

e
ik⌘

<latexit sha1_base64="VWlz614rvXnGkTy76Sml+bFB6c4=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZcYHuiy66UZQsFro1CGT3rGhmYfJHaGE+RI3/oobF4oIrvRvTGsXaj0QOJxzLjf3hJkUGl3305manpmdmy8tlBeXlldWK2vrlzrNFYcmT2WqWiHTIEUCTRQooZUpYHEo4Srsnwz9qztQWqTJBQ4y6MTsJhGR4AytFFQOeoEvbbzLfEypHynGTaMwvr5VaPrXe8VpYHwV00wWBVwb0fcBWRFUqm7NHYFOEm9MqmSMs6Dy7ndTnseQIJdM67bnZtgxTKHgEoqyn2vIGO+zG2hbmrAYdMeMzivotlW6NEqVfQnSkfpzwrBY60Ec2mTMsKf/ekPxP6+dY3TUMSLJcoSEfy+KckltE8OuaFco4CgHljCuhP0r5T1mK0LbaNmW4P09eZJc7ta8vdru+X61fjyuo0Q2yRbZIR45JHXSIGekSTi5J4/kmbw4D86T8+q8fUennPHMBvkF5+MLb8Cj7g==</latexit>

The amplitude of GW on  
super-horizon scale is proportional to H!



Quantum fluctuations during 
inflation are proportional to H

• THE KEY RESULT: The earlier the fluctuations are 
generated, the more its wavelength is stretched, and thus the 
bigger the angles they subtend in the sky. 


• We can map H(t) by measuring fluctuations over a wide 
range of wavelengths 

• Earlier time -> Larger angular scales


• Late time -> Smaller angular scales
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GW variance per log(k)

• Variance per log(k) depends only on H; thus, 


• It is scale-invariant if H is constant during inflation; or 


• It is nearly scale-invariant if H changes slowly during inflation


• In general, H is a decreasing function of time; thus,


• The variance of GW is smaller at shorter wavelengths. This is the 
key prediction of GW from the vacuum fluctuation during inflation 
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Energy Density of GW

• During the radiation era, 


• During the matter era,

ḣij / a�2(t)
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Solution of EoM

As expected, because GW is radiation

⌦GW(t) = ⇢GW(t)/⇢total(t) = constant
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Spectrum of GW today
Theoretical energy density

Frequency, f=kc [Hz]

Watanabe & EK (2006)
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Spectrum of GW today
Theoretical energy density

Frequency, f=kc [Hz]

Watanabe & EK (2006)

GW entered during  
the matter era

GW entered during  
the radiation era
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Spectrum of GW today
Theoretical energy density

Frequency, f=kc [Hz]

Watanabe & EK (2006)
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Why k–2 ?

• Therefore,

⌦GW(t0) = ⌦GW(thorizon)
a(thorizon)

a(t0)
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higher  
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Spectrum of GW today
Theoretical energy density



Theoretical energy density Watanabe & EK (2006)

GW entered during  
the matter era

GW entered during  
the radiation era

Spectrum of GW today



Evolution of 

Radiation Density

• You might have learned in the cosmology class that the 
radiation density redshifts as 


• This is true only when the radiation content (relativistic 
degrees of freedom) does not change


• The correct formulae:


• Entropy conservation: 


• Then the radiation density redshifts as

⇢radiation / a�4
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S = sa3 / g⇤sT
3a3 = constant
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Kolb & Turner, “The Early Universe”
Sec. 3.3 & 3.4



e+e- annihilation

quark-hadron 
phase transition

Watanabe & EK (2006)



Spectrum of GW today
Watanabe & EK (2006)

CMB PTA Interferometers

Wavelength of GW  
~ Billions of light years!!!

Theoretical energy density

μ-Hz

(μAres)

deci-Hz

(DOs)

milli-Hz

(LISA)



Appendix: 

Scalar Perturbation



Inflationary Predictions
• Fluctuations we observe today in CMB and the matter 

distribution originate from quantum fluctuations during 
inflation

ζ
scalar
mode

hij
tensor
mode

• There should also be ultra long-wavelength 
gravitational waves generated during inflation

Grishchuk (1974) 
Starobinsky (1979)

Mukhanov&Chibisov (1981)
Guth & Pi (1982) 
Hawking (1982) 
Starobinsky (1982) 
Bardeen, Steinhardt&Turner 
(1983)



We measure distortions in space
• A distance between two points in space

d`2 = a2(t)[1 + 2⇣(x, t)][�ij + hij(x, t)]dx
idxj

X

i

hii = 0

• ζ : “curvature perturbation” (scalar mode)


• Perturbation to the determinant of the spatial metric


• hij : “gravitational waves” (tensor mode)


• Perturbation that does not alter the determinant



Second-order Action for hi

• The action that gives Einstein’s field equations is the so-
called “Einstein-Hilbert action”, given by the Ricci scalar R:

Mpl = (8⇡G)�1/2
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• Expanding this to second-order in hij, we obtain the action 
that gives the equation of motion for hij:
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Second-order Action for ζ
• The action that gives Einstein’s field equations is the so-

called “Einstein-Hilbert action”, given by the Ricci scalar R:
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• Expanding this to second-order in ζ, we obtain the action 
that gives the equation of motion for ζ:
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Getting this result is not 
as easy as it may look. 

See the steps leading to 
Eq.(2.12) of Maldacena, 
JHEP 0305 (2003) 013, 

astro-ph/0210603



Second-order Action for ζ
• The action that gives Einstein’s field equations is the so-

called “Einstein-Hilbert action”, given by the Ricci scalar R:

Mpl = (8⇡G)�1/2
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• Expanding this to second-order in ζ, we obtain the action 
that gives the equation of motion for ζ:
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Getting this result is not 
as easy as it may look. 

See the steps leading to 
Eq.(2.12) of Maldacena, 
JHEP 0305 (2003) 013, 

astro-ph/0210603



• Two tricks again:


• (1) Use the conformal time: 


• (2) Define:

Canonically-normalised 
mode function
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The rest follows as before!
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• The super-horizon solution is

The amplitude of ζ on  
super-horizon scale is proportional to H/√ε !
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• In general, H is a decreasing function of time; thus,


• The variance of ζ is smaller at shorter wavelengths. 
This has been measured from the CMB data! 
(Colloquium on March 5) Important milestone of 

cosmology in 2012–2013
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Compare this with GW:
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Tensor-to-scalar Ratio
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✏ ⌘ � Ḣ

H2
⌧ 1

<latexit sha1_base64="bYcRo9QMTjo5me7OZYP0UEm5a3A=">AAACEXicbVC7TsMwFHXKq5RXgZHFokLqQpVURTBWsHQsEn1ITakc96a16jjBdipVUX6BhV9hYQAhVjY2/gb3MUDLka50dM699r3HizhT2ra/rcza+sbmVnY7t7O7t3+QPzxqqjCWFBo05KFse0QBZwIammkO7UgCCTwOLW90M/VbY5CKheJOTyLoBmQgmM8o0Ubq5YsuRIrxULjwELMxPnd9SWji9kOd1NI0qd2XU5dz7PTyBbtkz4BXibMgBbRAvZf/Mo/QOAChKSdKdRw70t2ESM0ohzTnxgoiQkdkAB1DBQlAdZPZRSk+M0of+6E0JTSeqb8nEhIoNQk80xkQPVTL3lT8z+vE2r/qJkxEsQZB5x/5Mcc6xNN4cJ9JoJpPDCFUMrMrpkNiItEmxJwJwVk+eZU0yyWnUrq4rRSq14s4sugEnaIictAlqqIaqqMGougRPaNX9GY9WS/Wu/Uxb81Yi5lj9AfW5w+/S52U</latexit>

with

Super famous result for the 
vacuum fluctuation, which does not necessarily hold for 

the sourced contribution! (the topic on March 19)



Tensor-to-scalar Ratio

• We really want to find this! The current upper bound is 
r<0.06 (95%CL) 

r ⌘ hhijhiji
h⇣2i

BICEP2/Keck Array Collaboration (2018)

= 16✏

<latexit sha1_base64="g6jqlRcxgJC0YwDCVMjA4QWPE18=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgKeyKr4sQ9OIxgnnAZgmzk95kyOzMMtMrhJDP8OJBEa9+jTf/xkmyB00saCiquunuilLBDXret1NYWV1b3yhulra2d3b3yvsHTaMyzaDBlFC6HVEDgktoIEcB7VQDTSIBrWh4N/VbT6ANV/IRRymECe1LHnNG0UrBjX/ZgdRwoWS3XPGq3gzuMvFzUiE56t3yV6enWJaARCaoMYHvpRiOqUbOBExKncxAStmQ9iGwVNIETDienTxxT6zSc2OlbUl0Z+rviTFNjBklke1MKA7MojcV//OCDOPrcMxlmiFINl8UZ8JF5U7/d3tcA0MxsoQyze2tLhtQTRnalEo2BH/x5WXSPKv659WLh/NK7TaPo0iOyDE5JT65IjVyT+qkQRhR5Jm8kjcHnRfn3fmYtxacfOaQ/IHz+QO8r5Dq</latexit>

✏ ⌘ � Ḣ

H2
⌧ 1

<latexit sha1_base64="bYcRo9QMTjo5me7OZYP0UEm5a3A=">AAACEXicbVC7TsMwFHXKq5RXgZHFokLqQpVURTBWsHQsEn1ITakc96a16jjBdipVUX6BhV9hYQAhVjY2/gb3MUDLka50dM699r3HizhT2ra/rcza+sbmVnY7t7O7t3+QPzxqqjCWFBo05KFse0QBZwIammkO7UgCCTwOLW90M/VbY5CKheJOTyLoBmQgmM8o0Ubq5YsuRIrxULjwELMxPnd9SWji9kOd1NI0qd2XU5dz7PTyBbtkz4BXibMgBbRAvZf/Mo/QOAChKSdKdRw70t2ESM0ohzTnxgoiQkdkAB1DBQlAdZPZRSk+M0of+6E0JTSeqb8nEhIoNQk80xkQPVTL3lT8z+vE2r/qJkxEsQZB5x/5Mcc6xNN4cJ9JoJpPDCFUMrMrpkNiItEmxJwJwVk+eZU0yyWnUrq4rRSq14s4sugEnaIictAlqqIaqqMGougRPaNX9GY9WS/Wu/Uxb81Yi5lj9AfW5w+/S52U</latexit>

with

ε << 1 is observationally 
shown already


