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A simple (obvious??) considera5on…….. 

Gravity is nonlinear and it feeds non‐lineari+tes into the  
cosmological perturba+ons;  
expect CMB non‐Gaussianity from 2nd‐order effects of O(1) 
even with primordial f_NL=0;  

Given the forecasted sensi5vity of Planck the real ques5on 
 is ``what is the exact value’’: is it 0.1 or 7?   



And…….this is not ``abracadabra’’……..  

these effects are there because they are predicted by  
General Rela+vity  with a fixed amplitude 

They must exist regardless of infla:onary models,  
se=ng the minimum level of non–Gaussianity in  
the cosmological perturba+ons 



(from 2nd –order CMB fluctua+ons) 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Numbers, numbers…….which one is correct? 

     Pitrou, Uzan, Bernardeau (Phys.Rev.D78, 2008) claim a contamina+on to local NG     

   N.B & Rio\o (JCAP0903) show that this effect (small‐scale evolu5on of  2nd‐order 
      gravita5onal poten5als) mainly contaminates the equilateral 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Pitrou, Uzan, Bernardeau (JCAP1007) (from squeezed configura5ons of δγ ) 

     Given the forecasted sensi5vity of Planck, might be non‐negligible bias.  
     Do we believe this?  

   N.B., Matarrese, Rio\o (arXiv:1109.2043); Creminelli, Pitrou, Vernizzi (1109.1822) 
     CMB bispectrum at recombina+on  in the squeezed limit.  

                                              Both find 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Other works on secondary sources of NG  

  NG from ISW‐lensing (Rees‐Sciama) correla7on: 
     Goldberg, Spergel 1999; Smith, Zaldarriaga 2006; Hanson, Smith, Challinor, Liguori, 2009; Mangilli, Verde 2009; 
     Lewis, Challinor, Hanson 2011;Junk, Komatsu 2012; Lewis 2012. 

  Study of second‐order Boltzmann equa7ons:  
     N.B. Matarrese, Rio\o 2006; 2007; 2009    
     Pitrou  2007, 2009; Pitrou, Bernardeau, Uzan 2008 
     Khatri, Wandelt 2009,2010 
     Senatore, Tassev, Zaldarriaga 2009 
     Beneke, Fidler 2010 
     see poster by Guido Pemnari 

     In par+cular:   

  ‐ Contamina+on from (first‐order)^2 terms:  
      Ni\a, Komatsu, N.B., Matarrese, Rio\o 2009  

  ‐ ``Inhomogeneous’’ recombina+on:  
        Khatri, Wandelt 2009; Senatore, Tassev, Zaldarriaga 2009 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CMB Non‐Gaussianity from non‐linear effects  
at Recombina5on in the squeezed limit   

N.B., Matarrese, Rio\o (arXiv:1109.2043) and see talk by Filippo Vernizzi 
(see also Lewis 2012) 



Squeezed bispectrum: a coordinate rescaling story.... 

  Squeezed limit:  

Origin of squeezed non‐Gaussian signal: short‐wavelength fluctua5ons modulated by long‐wave  
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  Long‐background mode k_1  
     (outside at recombina5on, but observable now)  

local form bispectrum. A similar cross-talk between large and small scales gives rise to the ISW-lensing
cross-correlation bispectrum.

The plan of the paper is the following: In Sec. II we show that a simple coordinate rescaling reproduces
correctly the second-order expressions for the temperature anisotropies in the squeezed limit. In Sec. III
we take advantage of this coordinate rescaling to estimate the bispectrum from the CMB anisotropies
at recombination in the squeezed limit and the corresponding contamination to the local primordial
non-Gaussianity. Sec. IV contains our conclusions.

2 Second-order CMB anisotropy at recombination

To motivate the fact that the rescaling of coordinates (that we will soon introduce) correctly captures
the physics of the CMB anisotropies at second order in the squeezed limit, we will first show that
such a rescaling applied to the linear equations properly reproduces the second-order sources found in
Refs. [36, 38, 39]. We first recall the Boltzmann equations at first-order in perturbation theory for the
CMB anisotropies. Since this subject is rather standard, we refer the reader to standard books for more
details [51] (see also Refs. [36, 39]). Our starting metric is

ds2 = a2(η)
[
−e2Φdη2 + e−2Ψdx2

]
, (1)

where a(η) is the scale factor as a function of the conformal time η, and we have neglected vector and
tensor perturbations. The equations of motion of the first two moments of the Boltzmann equations for
the CMB photons are
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where Πij is the photon quadrupole moment and τ ′ = −neσT a is the differential optical depth in terms
of the average number of electron number density ne and Thomson cross section σT . Here the primes
indicate differentiation with respect to η and ∂i differentiation w.r.t. xi. The two equations above are
complemented by the momentum continuity equation for baryons, which can be conveniently written as

v(1)i = v(1)i
γ +

R

τ ′

[
v(1)i′ +Hv(1)i + Φ(1),i

]
, (4)

where we have introduced the baryon-photon ratio R ≡ 3ρb/(4ργ) and we have indicated by H = a′/a
the Hubble rate in conformal time.

Eq. (4) is in a form ready for a consistent expansion in the small quantity τ−1 which can be performed
in the tight-coupling limit. By first taking v(1)i = v(1)i

γ at zero order and then using this relation in the
left-hand side of Eq. (4) one obtains

v(1)i − v(1)i
γ =

R

τ ′

[
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γ +Hv(1)i

γ + Φ(1),i
]

. (5)

Such an expression for the difference of velocities can be used in Eq. (3) to give the evolution equation
for the photon velocity in the limit of tight coupling
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The effect of the background‐wave is a coordinate rescaling 
(Creminelli, Zaldarriaga 04; N.B. Matarrese, Rio\o 05; 
 similar to what happens for the squeezed limit of single‐field infla+on, Maldacena  03) 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Coordinate rescaling: it works! 
✓An example: consider the first moment of Boltzmann equa+on for CMB photons 

Linear equa+on 
Coordinate rescaling 

✓ Similar conclusions for photon velocity con+nuity eq. and 2nd‐order evolu+on of  
     gravita+onal poten+als (for a numerical check Creminelli, Pitrou Vernizzi 2011) 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This equation corresponds to the squeezed limit of the velocity continuity equation computed directly at
second order in Ref. [36] (see Eq. (209))
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Here ωi is the pure second-order metric perturbation of the (0 − i) metric tensor (which therefore does
not appear in the first-order equation) while Π(2)

ij is the second-order quadrupole moment of the photons.
If one takes the source term Si

V , Eq. (26), in the squeezed limit and for R = 0, one recovers exactly
Eq. (24) once Eq. (25) is expressed in terms of the bolometric temperature [∆(2)

00 − (∆(1)
00 )2]. Notice

that the second-order velocity continuity equation of the photon-baryon system in the squeezed limit is
recovered only when k1Rηrec < 1, i.e. when the timescale of the modulating long wavelength mode is
much bigger than the typical timescale of the collision term in the tight coupling limit (in particular for
R " 1). This does not come as a surprise, the coordinate transformation we are adopting is not fully
exact when R is not much smaller than unity.

3 The bispectrum at recombination in the squeezed limit
and the contamination to the primordial local NG

Since we will be concerned with a signal-to-noise ratio (S/N) dominated by the maximum multipole a
given experiment can reach, $max # 1, we can use the flat-sky approximation [52] and write for the
bispectrum

〈a(%$1)a(%$2)a(%$3)〉 = (2π)2δ(2)(%$1 + %$2 + %$3)B($1, $2, $3) . (27)

Inspecting Eq. (18), the bispectrum gets two contributions. One from the intrinsically second-order term
Θ(2) and one from the term (Θ(1))2/2.

The first contribution can be calculated through the rescaling of the coordinates. We make the
simplifying assumption that ηrec # ηeq in such a way that the coordinate transformations (8) and (9)
can be performed in a matter-dominated period, that is we take α = 2 and

x→ e−5Φ!/3 x , k→ e5Φ!/3 k , ηrec → eΦ!/3 ηrec , (28)
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is the bolometric temperature so that one recovers the temperature variables used in [45, 36] (notice that,
despite using the same symbol Θ this temperature is different from the brightness temperature defined,
e.g., in Eq. (4.1) of [46]). Since the existing literature usually computed the CMB bispectrum in terms of
the bolometric temperature (e.g., [45, 46]), our results for the CMB bispectrum will refer to this variable.
Let us show in some details how the coordinate rescaling method works for Eqs. (2) and (6). Under the
coordinate rescalings (8) and (9) Eq. (2) transforms as
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This equation can be confronted with Eq. (205) of Ref. [36]
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It is easy to check that in the squeezed limit, k1 " k2 # k3, Eq. (21) exactly coincides to Eq. (20) when
written in terms of the bolometric monopole [∆(2)

00 − (∆(1)
00 )2]. Similarly one can check that the squeezed

limit of Boltzmann equation for the second-order velocity equation of the photon-baryon system can be
obtained in the same way. Let us start from the (linear) Eq. (6). By applying the coordinate rescalings
(8) and (9) we obtain
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Contamina+on to the primordial local NG 
Our goal now is to estimate the level of degradation that the NG from recombination in the squeezed

limit causes on the possible measurement of the local primordial bispectrum. A rigorous procedure is to
define the Fisher matrix (in flat-sky approximation) as

Fij =
∫

d2!1d
2!2d

2!3 δ(2)(#!1 + #!2 + #!3)
Bi(!1, !2, !3) Bj(!1, !2, !3)

6 C(!1) C(!2) C(!3)
, (42)

where i (or j)= (rec, loc), and to define the signal-to-noise ratio for a component i, (S/N)i = 1/
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In multipole space the bispectrum induced by a local primordial NG in the squeezed limit is given by

Bloc(!1, !2, !3) = −6 f loc
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Performing the integrals in the multipoles and using Eq. (35), we find
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where we have taken !max = 2000, !∗ = 750 and !min = 1200, see Ref. [44].
Let us also remark that in Refs. [44, 36] the non-linear evolution on small scales (for all the wavenum-

bers (kiηrec # 1) at recombination) of the second-order gravitational potential also produces a small
contamination to the local non-Gaussianity of the order of f con

NL = 0.3. This contribution should be added
to Eq. (46).

4 Conclusions and remarks

In this paper we have analytically estimated the level of non-Gaussianity produced by the non-linear
evolution of the photon-baryon system at recombination in the squeezed limit. While a contamination
O(5) was numerically obtained in [46], we do find that the total contamination to the primordial local
non-Gaussianity is smaller and not within the reach of present experiments. Our main goal was to provide
a clear and simple way to understand the physical origin of such a contamination. We have reached the
goal using a simple rescaling of the local coordinates of a perturbed FRW universe, which explains in a
very transparent way the large-scale modulation of the perturbations which is generally at the origin of
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Fij =
∫

d2!1d
2!2d

2!3 δ(2)(#!1 + #!2 + #!3)
Bi(!1, !2, !3) Bj(!1, !2, !3)

6 C(!1) C(!2) C(!3)
, (42)

where i (or j)= (rec, loc), and to define the signal-to-noise ratio for a component i, (S/N)i = 1/
√

F−1
ii ,

and the degradation parameter di = FiiF
−1
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rij = F−1
ij /

√
F−1

ii F−1
jj . In order to measure the contamination to the primordial bispectra one can define
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d2!1d
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2!3 δ(2)(#!1 + #!2 + #!3)
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f con
NL Bloc(!1, !2, !3; f loc
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6 C(!1) C(!2) C(!3)
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(43)
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∣∣∣∣∣
f loc
NL=1

. (44)
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NL [C(!1)C(!2) + cycl.] . (45)
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(
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!max

)2
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!∗

)1.2
)]

" 0.91 , (46)

where we have taken !max = 2000, !∗ = 750 and !min = 1200, see Ref. [44].
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to Eq. (46).
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Main conclusion unchanged even including:  
     ‐ lensing term correlated to the CMB anisotropies at recombina+on  
       (Creminelli, Vernizzi, Pitrou, 2011) 

       where overlap our results perfectly agree with them  

Below Planck forecasted sensi5vity and smaller than 5 recently claimed  
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The bispectrum computed with the coordinate rescailing  
  accounts for exact squeezed NG from non‐lineari+es  

  What about beyond squeezed?  

  Turn to the full second‐order Boltzmann equa+ons 



     Main conclusion unchanged even including contribu+ons beyond the exact  
        squeezed limit     

 ‐ correc+ons                                         vanishing for exact squeezed limit bring   

                                      to be added   (Bartolo, Matarrese, Rio\o 2011)  

‐  ``Inhomogeneous’’ recombina+on:  
        Khatri, Wandelt 2009; Senatore, Tassev, Zaldarriaga 2009 

‐ small‐scale (k_i ηrec >>1) evolu+on of  2nd‐order gravita+onal poten+als at recomb. 
   brings                                     
                                      to be added  (Bartolo, Rio\o 2009) 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What about beyond squeezed?  
   Hence what about contamina+on to primordial NG other than  
   local ? 

   Turn to the full second‐order Boltzmann equa+ons 



Metric perturba+ons: Poisson gauge 

Example: using the geodesic equa+on for the photons  

Redshix of the photon  
(Sachs‐Wolfe and ISW effects)  

PS: Here the photon momentum is p= pni  with p2=gij Pi Pj                           
      ( Pμ = dxμ (λ)/dλ quadri‐momentum vector) 

€ 

Φ =Φ(1) +
1
2
Φ(2),   ψ =ψ (1) +

1
2
ψ (2)

Second‐order CMB Anisotropies 

Collision term  Gravity effects 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Gravita+onal lensing 

The 2nd‐order photon Boltzmann equa7on 

€ 

Source term  S=S(2)+S(I×I) 

with τ’= ‐neσTa  
op+cal depth                    

Sachs‐Wolfe effect 

Second‐order  baryon velocity 

Quadra+c‐Doppler effect 

Coupling velocity and linear photon anisotropies 

N.B: for a deriva+on of the Boltzmann equa+ons see also 
C. Pitrou CQG 09 (includes polariza+on);  
Senatore, Tassev, Zaldarriaga, JCAP 09   



CMB angular bispectrum  

Harmonic components  
of the CMB source  
func+on  



CMB angular bispectrum (II) 

Ni\a, Komatsu, N.B, Matarrese, 
Rio\o 09 

Second‐order radia+on transfer func+on 



Two types of contribu+ons: 

1)  (first‐order)2‐terms (oscilla+ng/constant in +me) 

A closer look at the CMB source func7on  

 Contamina+on to local NG  
(but detailed  shape diff. w.r.t. local) 

 Contamina+on to equilateral NG  € 

Θ(2) = (Δ 00
(2) /4 +Φ(2))



l3=200 

l3=1000 

Local primordial 

Local primordial 

Acous+c oscilla+ons 



✓  The bispectrum has the maximum signal in the squeezed triangles 
     l1<<l2~l3, as the local‐type primordial bispectrum: both generate  
     non‐lineari+es via products of first‐order terms in posi+on space 

✓  However the shapes are sufficiently different   

     ‐ different dependence on the transfer func+ons (acous+c oscilla+ons);  
      the primordial bispectrum contain [gl(k)]3 
      the 2nd‐order one goes like  [gl(k)]α, with 2≤ α ≤4  

     ‐ second‐order effects are not scale‐invariant because of extra powers of k  
      (e.g. from velocity terms)  
      B(k1,k2,k3) ~ (k1)m (k2)n / (k1)3 (k2)3+cycl. s+ll peaks in the squeezed     
      configura+on with m,n ≤ 3                



€ 

rij =
Fij

−1

FiiFij

2nd‐order bispectrum  
and local primordial  
are fairly similar 

r2nd,prim~ 0.5 at lmax~200 

r2nd,prim~ 0.3 at l_max~2000 

r 2
nd

,p
ri
m
(l m

ax
) 

How similar are 2 bispectra? 

Iideal exp. 



Signal to Noise ra7o: 
numerical results for (first‐order)2‐terms 

(S/N) from the (first‐order×first‐order) terms  is about 0.4   
at lmax≈2000 for an ideal full‐sky experiment     

(Ni\a, Komatsu,  
N.B., Matarrese,  
Rio\o, JCAP 09) 

Iideal exp. 



Contamina7on to primordial f_NL of the 
local type from (first‐order)2‐terms 

Contamina+on is 0.9 at lmax≈200 and 0.5 at lmax≈2000 
vs  5 which is the minimum detectable value forcasted for Planck     

(Ni\a, Komatsu,  
N.B., Matarrese, 
Rio\o, JCAP 09) 

co
nt
 



Non‐linear dynamics at recombina7on  

On small scales, i.e. modes k >> keq, the second‐order anisotropies at recombina+on  
are dominated by the 2nd‐oder  gravita+onal poten+al sourced by dark ma\er perturba+ons    

Ini+al condi+ons that contain  
the primordial NG 

in Fourier space gives the  
convolu+on kernel 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3
(k •k2)(k •k1 )

k 2
 

  
 

  
η2

This is a generaliza+on to the well known expression at linear‐order 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Θ(2) =
1
4
Δ 00
(2) +Φ(2) ~ Acos[kcsη] e

−(k / kD )
2

− RΦ(2) + S (For details see Pitrou et al. 08; 
 see also N.B, Matarrese, Rio\o 07) 

On small scales the combina+on of the damping effects AND the growth of  
the poten+al as  η2  make dominant the term 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Θ(2) ≅ −RΦ(2) ≅ −
R
14
G(k1,k2,k)η

2Φ(1)(k1)Φ
(1)(k2)

This effect is a causal one, i.e. developing on small scales; its origin is gravitational (due to the 
non-linear growth sourced by dark matter perturbations)  
We expect the corresponding CMB bispectrum will be of the equilateral type.      
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Non‐Gaussianity from 2nd‐order gravita7onal poten7al    

so, even if the NG at 
recombina+on is 
dominated by this effect, it 
will have a minimal 
contamina+on to the local 
primordial NG    



Fisher matrix 

For EQUILATERAL primordial feqNL 

As a confirma7on of our expecta7ons  
the NG from recombina7on (governed by 
the non‐linear evolu7on of the 2nd‐order 
gravita7onal poten7al) shows a quite high 
correla7on with an equilateral primordial 
bispectrum 

N.B, Rio\o JCAP 09 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Contamination to equilateral        fNL
cont = 5

Contamination to local                fNL
cont = 0.3

So the contamina+on from the  intrinsically second‐order term θ(2)=‐RΦ(2)   
to a primordial local NG is minimal  
(definitely smaller than                           claimed in Pitrou, Uzan, Bernardeau (PRD78, 08) 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fNL
cont (loc) ≈ 25



Conclusions 

   Reassuring that results on NG from second‐order fluctua+ons 
      in the Boltzmann equa+ons for photon‐baryon and DM fluids converge 

  Reassuring various groups worked on this (equa+ons and computa+ons quite messy)  

  no significant contamina+on to  primordial NG from non‐lineari+es at recombina+on 

  S+ll some work (and fun???) to do  


