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Future SZ science opportunities

Individual cluster studies 
⟷  ‘Gastrophysics’ 
⟷  state of the ICM, turbulence, 
profile reconstruction 
⟷  feedback mechanisms and 
formation history

Cluster samples / stacking 
⟷  still kind of ‘Blobology’ 
⟷  scaling relations 
⟷  average properties 
⟷  cosmology, lensing masses

Figure 2. Expected mass - redshift distribution for CORE and CMB-S4 cluster samples. Top: for
the three considered CORE apertures. Middle: for our fiducial CORE aperture and the two CMB-S4
sites. Bottom: for our fiducial CORE aperture size, CMB-S4 at South Pole and for a joint CMB-S4
and CORE cluster extraction over the South Pole sky.

Fig. 2 presents the expected mass M500 - redshift z distribution of the detected clus-
ters. CORE will detect clusters down to a limiting mass M500 lying between 10

14
M� and

2⇥10
14
M�, while CMB-S4 (Atacama) is shallower with a limiting mass between 2⇥10

14
M�

and 3 ⇥ 10
14
M�. CMB-S4 (South Pole) is deeper and should reach masses approaching

5 ⇥ 10
13
M�. The combination of CORE-150 and CMB-S4 would permit us to reduce the

mass threshold to between 2 ⇥ 10
13
M� and 3 ⇥ 10

13
M�. The combination of CORE and
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• Future high resolution & high sensitivity SZ observations 
à will allow us to address detailed questions about the state of the ICM 
à require accurate model for the SZ signal (e.g., along different lines of sight...) 
à which parameters actually determine the SZ signal?

What is the problem?

SZpack available at: www.Chluba.de/SZpack
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What is the problem?

SZpack overcomes all these problems!

SZpack available at: www.Chluba.de/SZpack



Thermal SZ effect for isothermal cluster

I⌫ ⌘ B⌫Ne(l)

Te = const

Sunyaev & Zeldovich, 1981

Scattering physics 
• SZ signal depends on # of photons 

scattering in and out of the line-of-sight 

• optically thin case ΔIν  ~ 𝝉 S(ν, Te) 

• computation of S(ν, Te) demanding
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Thermal SZ effect for isothermal cluster

Approximate schemes 
• Convergence issues 
• Accuracy and user-interface 
• flexibility
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Figure 1. Spectrum of the thermal SZ e�ect with relativistic corrections for
a range of electron temperatures at fixed y = 10�4. The grey bands indicate
the nine Planck frequency channels with �⌫/⌫ = 0.2 for the three LFI and
�⌫/⌫ = 0.3 for the six HFI channels.

clusters. These corrections (sometimes referred to as the relativis-
tic SZ e�ect or the rSZ e�ect) can be e�ciently computed using
SZpack

1 (Chluba et al. 2012, 2013), which overcomes limitations
of asymptotic expansions (Sazonov & Sunyaev 1998; Challinor &
Lasenby 1998; Itoh, Kohyama & Nozawa 1998) and explicit tabu-
lation schemes (e.g., Nozawa et al. 2000). For the kSZ e�ect, we
neglect relativistic corrections, which are well below the current
sensitivity.

In its non-relativistic approximation, the tSZ e�ect has a char-
acteristic spectral shape independent of the plasma temperature,
causing a decrement in intensity at frequencies below the tSZ "null"
at ' 217.5 GHz and an increment above. Taking into account rel-
ativistic corrections, the frequency spectrum becomes a function
of the electron temperature. With increasing temperature, the tSZ
"null" shifts towards higher frequencies and the tSZ decrement and
increment amplitudes decrease while the increment becomes wider
(see Figure 1). For a massive galaxy cluster with kBTe = 10 keV the
tSZ flux at 353 GHz, for example, reduces by 13%. Accurate mea-
surements of the spectral shape of the SZ spectrum would thus allow
to measure the y-weighted line-of-sight averaged ICM temperature
of galaxy clusters, allowing a more complete thermodynamic de-
scription without the need for additional density or temperature
measurements from X-ray telescopes.

Since the SZ e�ect is a small distortion of the CMB, measuring
weak changes in its spectrum at the level of a few percent caused
by relativistic e�ects or the similarly weak kSZ is very challenging
and only recently have observations become sensitive enough. For
example, Zemcov et al. (2012) reported a 3� measurement of the
shift of the SZ null using the Z-spec instrument. Under the assump-
tion that the zero-shift is only caused by the relativistic distortions
(i.e. no kSZ), the authors constrained the temperature of the cluster
RX J 1347.5-1145 to kBTe = (17.1 ± 5.3) keV . Prokhorov & Co-
lafrancesco (2012) present a measurement of the line-of-sight tem-
perature dispersion of the Bullet Cluster with observations of both

1
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the decrement and increment of the tSZ using data from ACBAR
and Herschel-SPIRE. Their analysis was later refined by Chluba et
al. (2013), showing that no significant temperature dispersion could
be deduced. In an attempt to measure the evolution of the CMB tem-
perature, Hurier et al. (2014) demonstrated that constraints on the
electron temperature of a sample of clusters can be placed using data
from the Planck satellite. More recently, Hurier (2016) claimed a
high significance detection of the tSZ relativistic corrections based
on a stacking analysis performed on large cluster samples using
Planck data.

A major challenge for precision measurements of the electron
temperature of galaxy clusters via the relativistic tSZ e�ect is far
infrared emission (FIR) that is spatially correlated with clusters and
can a�ect measurements of the tSZ increment. Galaxy clusters are
populated with galaxies, some of which form stars, which then in
turn heat up the dusty ISM of these galaxies, giving rise to thermal
emission from warm dust grains. Although the star formation rates
in most clusters are low, some are known to show exceptionally
high star formation activity (e.g. McDonald et al. 2016). This dusty
galaxy contribution correspond to the halo-halo clustering term of
the Cosmic Infrared Background (CIB) that is correlated with clus-
ter positions (e.g., Addison, Dunkley & Spergel 2012). Individual
CIB sources are also magnified by clusters through gravitational
lensing, leading to spatially correlated increases in the CIB flux
(Blain et al. 1998). In addition to the unresolved galaxies, it has
long been suspected that the ICM should contain large amounts of
warm (' 20 K) dust grains, which are thought to be stripped from
infalling galaxies by ram pressure and supernova winds (e.g. Sarazin
1988). The dust grains are then stochastically heated by collisions
with hot electrons from the ICM and re-emit the absorbed energy in
the FIR (Ostriker & Silk 1973; Dwek et al. 1990). In the ICM, dust
grains can be destroyed by thermal sputtering (Draine & Salpeter
1979), but the grain lifetimes are highly uncertain and depend on
the ICM density and temperature, as well as the size of the dust
grains, but can reach several billion years in the outskirts of clus-
ters (Dwek & Arendt 1992). The actual amounts of dust grains and
their lifetime is speculative and so far dust grains have not been in-
cluded in hydrodynamical simulations. All of the above contribute
to a FIR excess observed at low resolution in stacked samples of
clusters (Montier & Giard 2005; Giard et al. 2008; Planck Collab-
oration 2016a,b). Besides these spatially correlated sources of FIR
emission, the spatially uncorrelated contribution of di�use Galactic
foregrounds like synchrotron, free-free and thermal dust emission,
as well as the stochastic CIB from extragalactic sources, has to
be subtracted or modelled carefully in order to allow for precise
measurements of the SZ spectral shape.

In this work, we present a detailed analysis of the SZ spectrum
of a stacked sample of galaxy clusters as seen by the Planck satellite.
We remove Galactic and extragalactic foregrounds with a spatial
matched filtering approach and include a FIR component in our
model of the observed cluster spectrum. We provide an estimate of
the sample mean electron temperature as well as the average FIR
emission from clusters. A major aspect of our work is a realistic
simulation setup with mock clusters with which we test our method
and demonstrate a potential Y -bias in the Planck SZ measurements,
resulting from the use of the non-relativistic tSZ spectrum. As an
outlook, we compare Planck to the upcoming CCAT-prime2 tele-
scope which will o�er exciting observational possibilities like de-
termining the SZ spectral shape for large number of clusters.
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ABSTRACT
We study the generalized Kompaneets equation (the kinetic equation for the photon distribution func-

tion taking into account Compton scattering by electrons) using a relativistically covariant formalism.
Using the generalized Kompaneets equation, we derive an analytic expression for the Sunyaev-Zeldovich
e†ect, which takes into account up to terms, where is the relativistic expansionO(h

e
5) h

e
\ kB T

e
/mc2

parameter and is the electron temperature. We carefully study the applicable region of the obtainedT
eanalytic expression by comparing it with the result of the direct numerical integration. We conclude that

the present analytic expression can be reliably applied to the calculation of the Sunyaev-Zeldovich e†ect
for keV, which is the highest electron temperature in the clusters of galaxies presently known.kB T

e
π 15

Therefore, the present analytic expression can be applied to all known clusters of galaxies.
Subject headings : cosmic microwave background È cosmology : theory È distance scale È

galaxies : clusters : general È radiation mechanisms : nonthermal È relativity

1. INTRODUCTION

Compton scattering of the cosmic microwave background (CMB) radiation by hot intracluster gasÈthe Sunyaev-
Zeldovich e†ect & Sunyaev Sunyaev & Zeldovich a useful method to measure the(Zeldovich 1969 ; 1972, 1980)Èprovides
Hubble constant & White Danese, & De ZottiH0 (Gunn 1978 ; Silk 1978 ; Birkinshaw 1979 ; Cavaliere, 1979 ; Birkinshaw,
Hughes, & Arnaud & Hughes et al. et al. et al.1991 ; Birkinshaw 1994 ; Myers 1995 ; Herbig 1995 ; Jones 1995 ; Markevitch

et al. The Sunyaev-Zeldovich formula has been derived from a kinetic equation for the photon1996 ; Holzapfel 1997).
distribution function taking into account the Compton scattering by electrons : the Kompaneets equation (Kompaneets 1957 ;

The Kompaneets equation has been derived with a nonrelativistic approximation for the electron. However,Weymann 1965).
the electrons in clusters of galaxies are extremely hot, keV et al. et al.kB T

e
\ 5È15 (Arnaud 1994 ; Markevitch 1994 ;

et al. et al.Markevitch 1996 ; Holzapfel 1997).
Recently attempts have been made to include the relativistic corrections in the Sunyaev-Zeldovich e†ect (Rephaeli 1995 ;

& Yankovitch However, it appears that the calculations have not been carried out in a manifestly covariantRephaeli 1997).
form. For example, equation (4) in which comes from is a nonrelativistic formula.Rephaeli (1995), Chandrasekhar (1950),
Since the extension of the Kompaneets equation to the relativistic regime is extremely important in view of many recent
measurements of the Hubble constant with the use of the Sunyaev-Zeldovich e†ect, we will solve the kinetic equation forH0the photon distribution function in a manifestly covariant form, taking into account the Compton scattering by electrons.

Very recently a generalized Kompaneets equation has been derived by two groups & Lasenby(Stebbins 1997 ; Challinor
By using the generalized Kompaneets equation, analytic expressions for the Sunyaev-Zeldovich e†ect have been1997).

derived as a power series of where and m are the electron temperature and the electron mass, respectively. Ith
e
\ kB T

e
/mc2, T

ehas been shown that the results obtained by a power series expansion agree with the previous numerical calculations by
and & Yankovitch Analytic expressions are compact and extremely useful to study theRephaeli (1995) Rephaeli (1997).

Sunyaev-Zeldovich e†ect. On the other hand, it has been pointed out by & Lasenby that the convergence ofChallinor (1997)
the power series expansion in is slow. They suspect that the expansion is an asymptotic expansion. Therefore, it is extremelyh

eimportant to study the extent of the region where the analytic expressions can be applied. This is the main subject in theh
epresent paper. Following the approach of & Lasenby we will derive analytic expressions for the intensityChallinor (1997),

change of the photon spectrum. In the derivation we will take into account the relativistic terms up to the Ðfth order in Inh
e
.

order to examine the accuracy of the analytic expressions derived from the power series expansion, we will directly integrate
the Boltzmann equation numerically. Comparing these results, we will carefully study the valid region for the electron
temperature and for the photon angular frequency u where the present analytic expressions can be reliably applied.T

eThe present paper is organized as follows : extension of the Kompaneets equation to the relativistic regime will be treated,
and an analytic expression for the intensity change of the photon spectrum will be derived, in In we will study the° 2. ° 3
accuracy of the analytic expressions by comparing them with the numerical results. Concluding remarks will be given in ° 4.

2. GENERALIZED KOMPANEETS EQUATION

In this section we will extend the Kompaneets equation to the relativistic regime. We will formulate the kinetic equation for
the photon distribution function using a relativistically covariant formalism Lifshitz, & Pitaevskii(Berestetskii, 1982 ; Buchler
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where is the Thomson scattering cross section and is the electron number density. The expansion parameter ispT N
e

h
edeÐned by

h
e
4

kB T
e

mc2 . (2.22)

In deriving equations we have ignored contributions. Using equations one can show that(2.12)È(2.21), O(h
e
6) (2.12)È(2.21),

the photon number is conserved order by order in terms of the expansion parameter h
e
.

We now apply the present result of the generalized Kompaneets equation to the Sunyaev-Zeldovich e†ect for clusters of
galaxies. We assume the initial photon distribution of the CMB radiation to be Planckian with temperature T0 :

n0(X) \ 1
eX [ 1

, (2.23)

where

X 4
u

kB T0
. (2.24)

Substituting and equations into and assuming one obtains theequation (2.23) (2.12)È(2.21) equation (2.10), T0/Te
> 1,

following expression for the fractional distortion of the photon spectrum:

*n(X)
n0(X)

\ yh
e
XeX

eX [ 1
(Y0] h

e
Y1] h

e
2 Y2] h

e
3 Y3] h

e
4 Y4) , (2.25)

Y0\ [ 4 ] X3 , (2.26)

Y1\ [ 10 ] 47
2

X3 [ 42
5

X3 2] 7
10

X3 3 ] S3 2A[ 21
5

] 7
5

X3
B

, (2.27)

Y2\ [ 15
2

] 1023
8

X3 [ 868
5

X3 2] 329
5

X3 3[ 44
5

X3 4] 11
30

X3 5

] S3 2A[ 434
5
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5
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5

X3 2] 143
30

X3 3B] S3 4A[ 44
5
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60

X3
B

, (2.28)

Y3\ 15
2
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8
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5
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10

X3 3[ 18594
35
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140
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21

X3 6 ] 16
105

X3 7

] S3 2A[ 7098
10

] 14253
5

X3 [ 102267
35

X3 2] 156767
140

X3 3[ 1216
7

X3 4 ] 64
7

X3 5B
] S3 4A[ 18594

35
] 205003

280
X3 [ 1920

7
X3 2] 1024

35
X3 3B] S3 6A[ 544

21
] 992

105
X3
B
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et al. The Sunyaev-Zeldovich formula has been derived from a kinetic equation for the photon1996 ; Holzapfel 1997).
distribution function taking into account the Compton scattering by electrons : the Kompaneets equation (Kompaneets 1957 ;

The Kompaneets equation has been derived with a nonrelativistic approximation for the electron. However,Weymann 1965).
the electrons in clusters of galaxies are extremely hot, keV et al. et al.kB T
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Recently attempts have been made to include the relativistic corrections in the Sunyaev-Zeldovich e†ect (Rephaeli 1995 ;

& Yankovitch However, it appears that the calculations have not been carried out in a manifestly covariantRephaeli 1997).
form. For example, equation (4) in which comes from is a nonrelativistic formula.Rephaeli (1995), Chandrasekhar (1950),
Since the extension of the Kompaneets equation to the relativistic regime is extremely important in view of many recent
measurements of the Hubble constant with the use of the Sunyaev-Zeldovich e†ect, we will solve the kinetic equation forH0the photon distribution function in a manifestly covariant form, taking into account the Compton scattering by electrons.

Very recently a generalized Kompaneets equation has been derived by two groups & Lasenby(Stebbins 1997 ; Challinor
By using the generalized Kompaneets equation, analytic expressions for the Sunyaev-Zeldovich e†ect have been1997).
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.

order to examine the accuracy of the analytic expressions derived from the power series expansion, we will directly integrate
the Boltzmann equation numerically. Comparing these results, we will carefully study the valid region for the electron
temperature and for the photon angular frequency u where the present analytic expressions can be reliably applied.T

eThe present paper is organized as follows : extension of the Kompaneets equation to the relativistic regime will be treated,
and an analytic expression for the intensity change of the photon spectrum will be derived, in In we will study the° 2. ° 3
accuracy of the analytic expressions by comparing them with the numerical results. Concluding remarks will be given in ° 4.

2. GENERALIZED KOMPANEETS EQUATION

In this section we will extend the Kompaneets equation to the relativistic regime. We will formulate the kinetic equation for
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the photon number is conserved order by order in terms of the expansion parameter h
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Table 1. Main characteristics of the galaxy cluster catalogs. Ncl
is the number of objects in the catalog, Te,min and Te,max are the
covered range of temperature, Te,med is the median, zmin and zmax
are the covered range of redshift and zmed is the median redshift

Catalog Ncl Te,min Te,max Te,med zmin zmax zmed
MCXC 1743 0.11 10.25 2.81 0.00 1.26 0.14
CAV08 192 2.44 19.13 6.99 0.03 1.24 0.26
ZHA08 37 3.2 11.6 6.7 0.14 0.30 0.23
VIK09 85 2.13 14.72 4.4 0.03 0.89 0.09
PRA09 31 2.07 8.91 3.85 0.06 0.18 0.12
ECK11 26 0.62 2.99 1.61 0.01 0.05 0.02
MIT11 64 0.90 15.91 4.37 0.00 0.22 0.05
REI11 232 2.0 15.0 5.9 0.04 1.46 0.30

MAH13 50 3.1 12.1 6.5 0.15 0.55 0.24
LAG13 117 2.0 15.2 5.8 0.11 1.24 0.35

2.2. Catalogs

We used two di↵erent galaxy cluster samples. The first one con-
siders all galaxy clusters in the MCXC catalog (Pi↵aretti et al.
2011). For this sample we computed the electron temperatures
using the scaling relation from Pratt et al. (2009),

LX = (0.079 ± 0.008) (T [keV])2.70±0.24 1044erg.s�1. (1)

In the second sample we considered galaxy clusters for
which we have a spectroscopic temperature (Cavagnolo et al.
2008; Zhang et al. 2008; Vikhlinin et al. 2009; Pratt et al. 2009;
Eckmiller et al. 2011; Mittal et al. 2011; Reichert et al. 2011;
Mahdavi et al. 2013; Laganá et al. 2013).
In Table. 1, we summarize the main characteristics of each
galaxy cluster catalogs, Ncl is the number of objects in the cata-
log, Te,min and Te,max are the covered range of temperature, Te,med
is the median. We stress that the di↵erent catalogs present over-
laps of objects. This overlap has been considered in the follow-
ing analysis.

3. The tSZ effect

The thermal Sunyaev-Zel’dovich e↵ect (Sunyaev & Zeldovich
1972) is a distortion of the CMB blackbody radiation through in-
verse Compton scattering. CMB photons receive an average en-
ergy boost by collision with hot (a few keV) ionized electrons of
the intra-cluster medium (see e.g., Birkinshaw 1999; Carlstrom
et al. 2002, for reviews). The thermal SZ Compton parameter in
a given direction, n, on the sky is given by

y(n) =
Z

ne
kBTe

mec2�T ds, (2)

where ds is the distance along the line-of-sight, n, and ne and Te
are the electron number density and temperature, respectively. In
units of CMB temperature, the contribution of the tSZ e↵ect for
a given observation frequency ⌫ is

�TCMB

TCMB
= g(⌫) y. (3)

Neglecting relativistic corrections we have

g(⌫) =

x coth

✓ x
2

◆
� 4
�
, (4)

with x = h⌫/(kBTCMB). At z = 0, where TCMB(z =
0) = 2.726±0.001 K, the tSZ e↵ect is negative below 217 GHz
and positive for higher frequencies.

Compton parameter to CMB temperature, KCMB, conversion
factors for each frequency channel depend of the convolution
of this tSZ contribution to the sky intensity with the Planck
frequency responses.

This characteristic spectral signature of tSZ e↵ect makes it
a unique tool for the detection of galaxy clusters as presented in
Planck Collaboration 2015 results XXVII (2016) and is related
to Te through relativistic corrections.
The relativistic corrections on the tSZ emission law have been
computed as presented in (Pointecouteau et al. 1998). From this
estimation, if we assume that the relativistic corrections on the
tSZ emission law can be described as a first order approximation
(see Nozawa et al. 2000, for a detailed fitting formula),

�T relat
CMB(Te) = �T unrelat

CMB + Te�T cor
CMB, (5)

the averaged tSZ emission from di↵erent electron populations at
various temperatures can be modeled with a single temperature.
This approach enables the possibility to perform stacking
analyses of the tSZ relativistic corrections. This approximation
is already implicitly considered when fitting a single temper-
ature on the observed tSZ signal. Considering that electronic
temperature varies along the line of sight. We stress that the
quasi linear behavior of the tSZ spectral distorsion relativistic
corrections with respect to Te is only used to motivate a stacking
analysis. In the following, when fitting for Te on the stacked tSZ
signal we use the exact tSZ spectral distorsion as a function of
Te.

Figure 1. tSZ spectral distorsion as a function of the frequency
for various temperatures of the hot plasma from 0 to 20 keV.

Figure 1 shows the tSZ spectral dependance as a function
of the frequency for various temperatures of the hot plasma
ranging from 0 to 20 keV. We observe that the main conse-
quence of relativistic corrections is a modification of the zero
frequency, ⌫0, of the tSZ spectral distorsion, that follows the re-
lation ⌫0 ' 217.4 + Te/2. We also observe a significant increase
of the 353 to 545 GHz tSZ intensity ratio. In general, higher
temperatures for the plasma will favor a higher tSZ amplitude at
high-frequencies, and a lower tSZ intensity at low frequencies.

The Planck experiment has a large frequency coverage at low
frequency (< 217 GHz) where the tSZ e↵ect produces an inten-
sity decrement, at 217 GHz where tSZ e↵ect is almost null, and
at higher frequencies (> 217 GHz) where tSZ produce positive

2

The high frequency 
part is also what is 
hardest to 
compute….
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We study the generalized Kompaneets equation (the kinetic equation for the photon distribution func-

tion taking into account Compton scattering by electrons) using a relativistically covariant formalism.
Using the generalized Kompaneets equation, we derive an analytic expression for the Sunyaev-Zeldovich
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parameter and is the electron temperature. We carefully study the applicable region of the obtainedT
eanalytic expression by comparing it with the result of the direct numerical integration. We conclude that

the present analytic expression can be reliably applied to the calculation of the Sunyaev-Zeldovich e†ect
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1. INTRODUCTION

Compton scattering of the cosmic microwave background (CMB) radiation by hot intracluster gasÈthe Sunyaev-
Zeldovich e†ect & Sunyaev Sunyaev & Zeldovich a useful method to measure the(Zeldovich 1969 ; 1972, 1980)Èprovides
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et al. The Sunyaev-Zeldovich formula has been derived from a kinetic equation for the photon1996 ; Holzapfel 1997).
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The Kompaneets equation has been derived with a nonrelativistic approximation for the electron. However,Weymann 1965).
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order to examine the accuracy of the analytic expressions derived from the power series expansion, we will directly integrate
the Boltzmann equation numerically. Comparing these results, we will carefully study the valid region for the electron
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accuracy of the analytic expressions by comparing them with the numerical results. Concluding remarks will be given in ° 4.

2. GENERALIZED KOMPANEETS EQUATION
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where is the Thomson scattering cross section and is the electron number density. The expansion parameter ispT N
e

h
edeÐned by

h
e
4

kB T
e

mc2 . (2.22)

In deriving equations we have ignored contributions. Using equations one can show that(2.12)È(2.21), O(h
e
6) (2.12)È(2.21),

the photon number is conserved order by order in terms of the expansion parameter h
e
.

We now apply the present result of the generalized Kompaneets equation to the Sunyaev-Zeldovich e†ect for clusters of
galaxies. We assume the initial photon distribution of the CMB radiation to be Planckian with temperature T0 :

n0(X) \ 1
eX [ 1

, (2.23)

where

X 4
u

kB T0
. (2.24)

Substituting and equations into and assuming one obtains theequation (2.23) (2.12)È(2.21) equation (2.10), T0/Te
> 1,

following expression for the fractional distortion of the photon spectrum:

*n(X)
n0(X)

\ yh
e
XeX

eX [ 1
(Y0] h

e
Y1] h

e
2 Y2] h

e
3 Y3] h

e
4 Y4) , (2.25)

Y0\ [ 4 ] X3 , (2.26)

Y1\ [ 10 ] 47
2

X3 [ 42
5

X3 2] 7
10

X3 3 ] S3 2A[ 21
5

] 7
5

X3
B

, (2.27)

Y2\ [ 15
2

] 1023
8

X3 [ 868
5

X3 2] 329
5

X3 3[ 44
5

X3 4] 11
30

X3 5

] S3 2A[ 434
5

] 658
5

X3 [ 242
5

X3 2] 143
30

X3 3B] S3 4A[ 44
5

] 187
60

X3
B

, (2.28)

Y3\ 15
2

] 2505
8

X3 [ 7098
5

X3 2] 14253
10

X3 3[ 18594
35

X3 4] 12059
140

X3 5[ 128
21

X3 6 ] 16
105

X3 7
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] 14253
5

X3 [ 102267
35

X3 2] 156767
140

X3 3[ 1216
7

X3 4 ] 64
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X3 5B
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35
] 205003

280
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7
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B

, (2.29)
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] 30375
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X3 2] 614727
40

X3 3[ 124389
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] 355703
80

X3 5[ 16568
21
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7
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X3 2] 4624139
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X3 3[ 157396
7

X3 4

] 30064
7

X3 5[ 2717
7

X3 6] 2761
210
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7
X3 2] 481024

35
X3 3[ 15972

7
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] S3 6A[ 70414
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X3 2] 19778
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, (2.30)

Asymptotic expansions 
• Convergence slow at high-

frequencies (Wien tail) 

• Velocity terms add another 
dimension to the expansion 

• All quite complicated and 
not very illuminating 
expressions

SZpack (JC, Nagai, Sazonov & Nelson, 2012) 
• Asymptotic expansions up 

to 10th order in Te 

• Motion of cluster and 
observer (JC, Huetsi & Sunyaev, 2005) 

• Higher orders easy to add 
(but kind of pointless…)

Lots of terms just 
from nth derivative 
of Planckian…



No improvement 
when increasing k

Maximal deviation for 
different temperatures

Convergence of asymptotic expansion

JC, Nagai, Sazonov & Nelson, 2012



Thermal and kinematic SZ effect for isothermal cluster

New SZpack approach 
• Te derivatives 

analytically 

• collision integral 
numerically for given 
reference temperature 

• set of smooth basis 
functions that is 
motivated by scattering 
physics 

• excellent convergence 
properties 

• precise representation 
of SZ signal for        
kTe < 75 keV and x<30

JC, Nagai, Sazonov & Nelson, 2012 SZpack available at: 
www.Chluba.de/SZpack

http://www.Chluba.de/SZpack


Motion of the observer

• Can be included by simple 
Lorentz-boost (SZpack) 

• Well-known dependence on 
the sky 

• Asymmetry in the cluster 
number counts 

• Alternative way to constrain 
dipole 

• Dominik’s talk re systematic 
effects on observables

J. Chluba et al.: Clusters of galaxies in the microwave band 813
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Fig. 1. Frequency dependence of the SZ brightness due to the non-relativistic th- and k-SZ and the corresponding corrections induced by the
motion of the Solar System relative to the CMB rest frame for a cluster with electron temperature k Te = 5.1 keV, which is moving with
βc = 10−3 towards the observer and is located at the maximum of the CMB dipole, i.e. βo,∥ = 1.241 × 10−3. The first order βc correction to the
th-SZ (dash-dotted line in the left panel) is shown. Note that for convenience all the velocity corrections are multiplied by a factor as given in
the labels.

Integrating the flux F′(ν′, n′0) over frequency ν′ it is straight-
forward to obtain the change of the total bolometric flux
F′bol(n′0) =

∫
F′(ν′, n′0) dν′ in the observer’s frame S′:

∆Fbol

Fbol
=

F′bol(n′0) − Fbol(n′0)

Fbol(n′0)
= 2 βo,∥. (7)

This result can also be easily understood considering the trans-
formation law for the total bolometric intensity Ibol =

∫
I(ν) dν,

i.e. I′bol = Ibol/[γ(1−βoµ′)]4, and the transformation of the solid
angle dΩ′ = [γ(1 − βoµ′)]2 dΩ.

Transformation of the number counts

Defining dN
dΩ (F, n) as the number of objects per solid angle dΩ

above a given flux F at some fixed frequency ν and in some
direction n on the sky in the CMB rest frame S, the correspond-
ing quantity in the observer’s frame S′ may be written as

dN′

dΩ′
(F′, n′) =

dN
dΩ

(F, n)
dΩ
dΩ′
, (8)

where F and n are functions of F′ and n′. Now, assuming
isotropy in S, in the first order of βo,∥ one may write

dN′

dΩ′
(F′, n′) ≈ dN

dΩ
(F′) ×

⎡
⎢⎢⎢⎢⎢⎣1 + 2 βo,∥ −

∆F
F

∂ ln dN
dΩ (F′)

∂ ln F′

⎤
⎥⎥⎥⎥⎥⎦ , (9)

with ∆F = F′ − F. For unresolved objects ∆F/F is given
by Eq. (6). Here we made use of the transformation law for
the solid angles and performed a series expansion of dN

dΩ (F)
around F′.

If one assumes dN
dΩ (F) ∝ F−λ and F(ν) ∝ ν−α, it is straight-

forward to show that for unresolved sources dN′
dΩ′ (F

′, n′) ≈
dN
dΩ (F′)

[
1 + βo,∥(2 + λ[1 + α])

]
. This result was obtained earlier

by Ellis & Baldwin (1984) for the change of the radio source
number counts due to the motion of the observer. Depending on
the sign of the quantity Σ = 2 + λ[1 + α] there is an increase or
decrease in the number counts in a given direction. However, in
the case of clusters, α is a strong function of frequency, which
makes the situation more complicated.

3. Transformation of the cluster signal

For an observer at rest in the frame S defined by the CMB the
change of the surface brightness in the direction n towards a
cluster of galaxies is given by the sum of the signals due to the
th-SZ, I th(ν, n) and the k-SZ, I k(ν, n):

I SZ(ν, n) = I th(ν, n) + I k(ν, n). (10)

In the non-relativistic case these contributions are (see
Zeldovich & Sunyaev 1969; Sunyaev & Zeldovich 1980a,b):

I th(ν, n) = y
x ex

ex − 1

[
x

ex + 1
ex − 1

− 4
]

I0(ν) (11a)

I k(ν, n) = τ βc,∥
x ex

ex − 1
I0(ν), (11b)

where I0(ν) = 2h
c2

ν3

ex−1 denotes the CMB monopole intensity
with temperature T0 = 2.725 K, y =

∫
k Te
mec2 ne σT dl is the

Compton y-parameter, with the electron number density ne. In
addition βc,∥ is the line of sight component of the cluster pecu-
liar velocity and we introduced the abbreviation x = hν/k T0

for the dimensionless frequency. Here we are only interested in
the correction to the intensity in the central region of the clus-
ter, where the spatial derivative of y is small and the effects of

JC, Huetsi & Sunyaev, 2005



Non-isothermality and effect of internal motions

I⌫ ⌘ B⌫Ne(l)

• SZ signal given by additional integral 
over line-of-sight 

• problem becomes very demanding 

• Question: what are the real 
parameters/observables?

Te(l)
�k(l)
�?(l)



Non-isothermality and effect of internal motions

I⌫ ⌘ B⌫Ne(l)

• SZ signal given by additional integral 
over line-of-sight 

• problem becomes very demanding 

• Question: what are the real 
parameters/observables?

Te(l)
�k(l)
�?(l)

S ⇡ S(0)
iso + S(2)

iso ⌅(1) + C(1)
iso ⇤(1) + D(2)

iso ⇥(1) + E(2)
iso �2

c,?,SZ + ...,

Simple Solution: 
• perform expansion around mean 

values of main variables! 
• temperature-velocity moments      

define new set of parameters:

all functions of Te, 𝜏 and β||

p = {⌅, Te, ⇧
(k), ⇤(k), ⇥(k), �k, �

2
?}



Average CMB spectral distortions in ΛCDM
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Stacked all-sky  
relativistic correction 
(Hill et al., 2015)
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Figure 9. Spectral modelling results for our sample of 772 galaxy clusters selected from the second Planck cluster catalogue (PSZ2). Upper panel: spectrum
extracted after passing the Planck, IRAS and AKARI maps through our matched filtering pipeline and stacking the cluster positions. The red and blue solid
lines indicate the best-fit tSZ and FIR models. Note that the data points have been corrected for the instrumental bandpasses using the best-fit model for
illustrational purposes only in order to plot smooth curves. Lower panel: marginalised 2D and 1D constraints on our model parameters obtained though an
MCMC approach. The colours in the 2D plots represent the 68%, 95% and 99% confidence intervals. The dashed lines on top of the 1D constraints indicate the
best-fit values and the 68% confidence interval. The third parameter of the FIR model �Dust was fixed to the common value 1.5 in order to obtain these results.
We do not observe any strong correlation between the tSZ and FIR parameters. The tSZ signal of the sample is detected with high significance (31�) and we
obtain a 2.2� measurement of the sample- average cluster temperature.
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Erler et al, 2017, ArXiv:1709.01187

Stacked SZ signal + foregrounds



Basis functions to include non-isothermality

JC, Switzer, Nagai & Nelson, 2012

It is straightforward to 
compute the required 
functions with SZpack!



Can be directly used to compute signal morphologies

JC, Switzer, Nagai & Nelson, 2012



Analysis of Bullet cluster data (Prokhorov et al)

• MCMC analysis with 
extended set of 
parameters 

• consistent analysis for 
mean and dispersion 

• isothermal model in 
tension with data (orange) 

• two-temperature (green) 
and simple dispersion 
(blue) models 
indistinguishable 

• high frequency spectrum 
very important 

• Itoh expansion (red) in this 
case not meaningful 
although at current level of 
precision consistent with 
data...

Te = (13.5± 1.8) keV

�(1) = 0.8± 0.4

JC, Switzer, Nagai & Nelson, 2012



Dependence of weighting scheme (Bullet Cluster)

𝝉-weighted analysis y-weighted analysis

• Prior on 𝝉-needed (from X-ray) 

• Indication for dispersion

• No external prior 

• upper limit on dispersion

⌧̄ = h⌧i
T̄e = h⌧Tei /⌧̄
�2 =

⌦
⌧(T 2

e � T̄e)
2
↵
/⌧̄

ȳ = hyi
T̄e = hyTei /ȳ
�2 =

⌦
y(T 2

e � T̄e)
2
↵
/ȳ



Multiple-scattering SZ signal

• previous analysis 
neglected anisotropy of 
local radiation field 

• even in simplest cases 
this is inconsistent 

• treatment using 
anisotropic scattering 

• local monopole through 
octupole relevant 

• relevant correction 
remains very small…. 

• One could learn about the 
local anisotropy in the 
density of the medium 

JC, Dai & Kamionkowski, 2013, ArXiv:1308.5969 
JC & Dai, 2013, ArXiv:1309.3274
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Conclusions/Question

• SZpack can deal with physically relevant cases 

• what is the typical temperature dispersion etc?              
→ use cosmological sims to estimate these effects                
→ quantify possible biases to temperature measurements 

• how feasible will it be to use multiple scattering 
correction to learn about structure of the ICM? 

• combination with X-ray lines (Athena)? 

• What does polarization tell us? 

• add non-thermal electron populations 

• Extension of method to X-rays 

• Already applied to CMB foregrounds (see JC, Hill & Abitbol, 2017)

SZpack available at: www.Chluba.de/SZpack


