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Figure 1: Snapshot of an 80× 50 (h−1Mpc)2 slice with a thickness of 2 h−1Mpc at
redshift z = 0.3 from the IllustrisTNG300 simulation [1, 2]. The red rods represent
simulated galaxies with stellar mass M∗ > 109 h−1M⊙. The direction of each rod
corresponds to the major axis of the projected galaxy ellipse, and the length is
proportional to the magnitude of the ellipticity.

1 Introduction

In the standard ΛCDM scenario, the initial density fluctuations, which are the seeds
of structure formation, are generated by inflation as adiabatic, Gaussian, and nearly
scale-invariant perturbations. These fluctuations grow through gravitational insta-
bility, forming progressively larger structures as smaller ones merge repeatedly in a
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bottom-up process. This hierarchical growth eventually gives rise to the observed
universe, including stars, galaxies, and galaxy clusters in the high-density regions
formed through this process. The primary source of gravity in the structure for-
mation is cold dark matter (CDM). As galaxies form under the influence of its
gravitational (tidal) field, it has become evident that the intrinsic shapes of galaxies
correlate with the surrounding large-scale structure. This physical correlation is
known as intrinsic alignments (IA) [3, 4, 5, 6] (see Fig. 1).

Since IA can mimic part of the cosmic shear signal, they are considered a major
systematic effect in cosmic shear analysis [7]. Many studies on IA have been moti-
vated by its potential contamination of weak lensing measurements [see 8, 9, 10, 11,
for a review]. Recently, however, IA has gained attention as a potential cosmological
signal rather than just a contaminant. Several theoretical studies have explored the
possibility of extracting cosmological information from IA effects. [e.g., 12, 13, 14].
While galaxy clustering analysis treats galaxies as “points” and focuses on their spa-
tial distribution, IA provides additional cosmological information encoded in galaxy
“shapes”. If properly leveraged, IA could enhance constraints on cosmological pa-
rameters and offer a new probe into the physics of the early universe.

IA is fundamentally a physical correlation mediated by gravity on the three-
dimensional shapes of galaxies and halos in three-dimensional space. Therefore,
unlike weak lensing, which is essentially a two-dimensional phenomenon on the sky,
IA naturally involves three-dimensional statistics, such as power spectra P (k) or
correlation functions ξ(r), similar to galaxy clustering. On the other hand, the
shape is a tensor quantity, not scalar quantity like galaxy density. Additionally, due
to the projection onto the sky, it becomes a spin-2 quantity on the sky, similar to
weak lensing shear, making techniques such as E/B decomposition useful. For these
reasons, IA statistics lie between galaxy clustering and weak lensing, closely related
to both, and have a unique structure both physically and mathematically.

This note is structured as follows: In Section 2, we define the “shapes” of galaxies
and halos, and deepen our understanding of shape distortions and observational
effects such as “projection” through simple examples. In Section 3, we introduce
the linear theory that describes the distribution of galaxy and halo shapes and derive
the expression for the IA power spectrum. We also discuss how this can serve as
a potential cosmological signal. Then, in Section 4, we briefly introduce several
advanced and related topics. Finally, in Section 5, we present an example of how IA
can uniquely be sensitive to a particular type of primordial non-Gaussianity (PNG),
which is more difficult to constrain using galaxy clustering or weak lensing.

2 What is the “shape” of a galaxy or halo?

2.1 Definition

We approximate the three-dimensional shape of a galaxy or dark matter halo, de-
noted as “g”, as a triaxial ellipsoid, which is estimated from its second moment
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Figure 2: Particle distribution (blue points) and the ellipsoidal fit (red wireframe),
obtained by measuring the second moment tensor (Eq. 1), with the contour level set
to C = 1 as defined in Eq. (3). The black point represents the center of mass.

tensor (or inertia tensor):

Iij(xg) =
1

N

∫
drρg(r)rirj, (1)

where ρg represents the mass density or luminosity profile of the object at the
position xg, and r ≡ x− xg is the position relative to its center. The normalization
factor is somewhat arbitrary, but here it is defined as N ≡

∫
drρg(r). In simulations,

this tensor is estimated by summing over the member particles of the object. For
the mass density ρ, it is given by:

Iij(xg) =
1

N

∑
p∈g

mp(xp − xg)i(xp − xg)j, (2)

where mp and xp are the mass and position of a member particle p, and N =∑
p∈gmp is the mass-weighted number of particles. Thus, Iij corresponds to the

covariance of the relative positions of the constituent elements. In this sense, the
ellipsoidal fit of the particle distribution is given by

xiI
−1
ij xj = C, (3)

where C determines the size of the contour. Fig. 2 shows an example of the ellip-
soidal fit of a particle distribution. The off-diagonal components of Iij represent the
difference in orientation between the principal axes of deformation and the coordi-
nate axes. By aligning the coordinate axes with the eigenvectors, the tensor can
always be diagonalized, and thus we obtain the standard form of the ellipsoid in the
new coordinates x′:

x′21
λ1

+
x′22
λ2

+
x′23
λ3

= C, (4)
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Figure 3: Left panel : Visualization of the distortion along the z-axis (horizontal
in the figure) given by the trace-free part of Eq. (9). The blue and red ellipsoids
correspond to ∆ = +0.2 and ∆ = −0.2, respectively, relative to the gray sphere.
Right panel : A projection of the sphere and ellipsoid from the left panel onto a plane
perpendicular to the line of sight (circle and ellipse).

where λi is the eigenvalue of Iij.
Iij is symmetric by definition (Eq. 1), meaning it has six degrees of freedom.

Among these, one is the trace component, given by

TrI ≡ I11 + I22 + I33 = λ1 + λ2 + λ3. (5)

From Eq. (2), the trace can be expressed as

TrI =
1

N

∑
p∈g

mp |xp − xg|2 , (6)

which represents the (weighted) mean squared distance of the relative positions.
Since this serves as a measure of the dispersion from the center, it is generally
considered to represent the “size” of the object. The remaining five degrees of
freedom correspond to the trace-free component, defined as

I⟨ij⟩ ≡ Iij −
δij
3
TrI. (7)

These components correspond to two modes of “deformation” that preserve volume
(or size) and three parameters that determine the “orientation” of the principal axes
(e.g., Euler angles).

Let us consider a spherically symmetric object where I11 = I22 = I33 = TrI/3
for simplicity, and examine the change in the diagonal component along the z-axis:

I33 → I33(1 + ∆). (8)
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In this case, the trace and trace-free components change as follows:

Iij +∆Iij =
TrI

3

1 0 0
0 1 0
0 0 1 + ∆


ij

=
TrI

3

1 + ∆
3

0 0
0 1 + ∆

3
0

0 0 1 + ∆
3


ij

+
TrI

3

−∆
3

0 0
0 −∆

3
0

0 0 +2∆
3


ij

(9)

Thus, the transformation in Eq. (8) scales the size (trace) by a factor of 1+∆/3 and
introduces the distortion proportional to ∆ described in the second term above1. We
show an example of this trace-free distortion in Fig. 3. When ∆ > 0, the distortion
stretches along the z-axis, and when ∆ < 0, the distortion compresses along the
z-axis. Note that the distortion around the z-axis is isotropic.

Such a decomposition into trace and trace-free components is an irreducible de-
composition, which separates the degrees of freedom of a symmetric tensor based on
their transformation properties under rotations (see below). Since intrinsic align-
ments describe the correlations in shape distortions and orientations of galaxies
and halos, we will particularly focus on the trace-free component in the modeling
presented in Section 3.

2.2 Projection

So far, we have considered the galaxy shape tensor Iij defined in three-dimensional
space. However, in actual observations, we observe only the “projected” shape of
individual galaxies onto the sky, which lies on a two-dimensional plane perpendicular
to the line-of-sight direction, under the flat-sky approximation, which is a good
approximation since the size of a galaxy is very small compared to the curvature
scale of the celestial sphere. See Fig. 4 for an illustration.

For simplicity, we first assume the line-of-sight direction to be n̂ = ẑ. In this
case, the projection operator takes the form:

Pij(ẑ) = δij − ẑiẑj =

1 0 0
0 1 0
0 0 0


ij

. (11)

Note that Pij acts as the identity tensor in this subspace, i.e., the two-dimensional
plane normal to the line-of-sight direction, rather than δij for the three-dimensional

1This distortion is often referred to as quadrupolar modulation since the trace-free part of the
second moment tensor contributes to the quadrupolar component of the gravitational potential at
large distances from the object (system), which is given by

ϕ(ℓ=2)(r) ∝ I⟨ij⟩r̂ir̂j

r3
=

TrI

3

L2(µ)

r3
2∆, (10)

where µ = r̂ · ẑ and L2 is the Legendre polynomial of order 2.
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Figure 4: An example of the projection of a particle distribution onto a plane
perpendicular to the line of sight. What we observe is the red ellipse on the screen,
estimated from the projected particle distribution (purple points), while the depth
information of the particle distribution is generally not an observable quantity.

space. Thus, the “projected” tensor is expressed as:

γij ≡ Pik(ẑ)Pjl(ẑ)Ikl =

I11 I12 0
I21 I22 0
0 0 0


ij

. (12)

where the orthogonality condition γij ẑj = 0 holds. This constraint reduces the
degrees of freedom from 6 to 3: one corresponds to the two-dimensional trace,
I11 + I22, while the remaining two are the trace-free components:

γ1 ≡
I11 − I22

2
, γ2 ≡ I12. (13)

These components can be mathematically extracted by:

Trγ = I11 + I22, (14)

γ⟨ij⟩ = γij −
Trγ

2
Pij(ẑ)

=

(I11 − I22)/2 I12 0
I21 −(I11 − I22)/2 0
0 0 0


ij

=

γ1 γ2 0
γ2 −γ1 0
0 0 0


ij

. (15)

The two components γ1 and γ2 correspond to the distortions along the directions
of coordinate axes (x or y) and the directions rotated by 45◦ from coordinate axes,
respectively. See Fig. 5 for an illustration.

While the above expressions are specific to the case where the line-of-sight di-
rection is n̂ = ẑ, the general projection for arbitrary n̂ can be obtained by replacing
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Figure 5: Illustration of the distortions induced by the two parameters, γ1 (left)
and γ2 (right), after projection onto a two-dimensional plane. γ1 corresponds to
a distortion along the coordinate axes, where γ1 > 0 indicates stretching in the
x-direction and compression in the y-direction, while γ1 < 0 corresponds to the
opposite. Similarly, γ2 represents a distortion oriented at a 45◦ angle to the axes,
where positive values indicate stretching along one diagonal and compression along
the other.

Pij(ẑ) → Pij(n̂). The mathematical operation to extract the trace-free component
is then given by:

γ⟨ij⟩(n̂) = γij(n̂)−
Trγ(n̂)

2
Pij(n̂) (16)

=

(
Pik(n̂)Pjl(n̂)−

1

2
Pij(n̂)Pkl(n̂)

)
Ikl (17)

≡ Pijkl(n̂)Ikl. (18)

Note that γ⟨ij⟩ = PijklIkl = PijklI⟨kl⟩. In this way, the “projection” is a purely ob-
servational effect, which can be considered as a mathematical operation applied to
the three-dimensional shape Iij after it is given, by applying the projector. There-
fore, when modeling the underlying physical correlations of galaxy shapes, we first
perform the modeling on the three-dimensional shape Iij, and then consider this
projection when dealing with actual observational quantities.

2.3 Fluctuation

Given a set of inertia tensors of a target sample {Iij,g}g=1,··· ,Ng , we formally define
the inertia tensor field by assigning the values at each position as

Iij(x) ≡
1

n̄g

∑
g

Iij,gδD(x− xg), (19)
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where n̄g ≡ Ng/V is the mean number density of the sample2.
To define the fluctuation, we first consider the one-point statistics of Iij. Due

to statistical isotropy, the shape of an object after the ensemble average must be
spherically symmetric. This implies that the off-diagonal components vanish and
that the eigenvalues must be equal in all directions, i.e.,

⟨I11⟩ = ⟨I22⟩ = ⟨I33⟩ = ⟨TrI⟩ /3, (21)

and otherwise zero. Thus, the degrees of freedom reduce to a single parameter, the
trace component (size), and we obtain

⟨Iij⟩ =
⟨TrI⟩
3

δij. (22)

In practice, this ensemble average is estimated using the sample mean: ⟨TrI⟩ =
1/Ng

∑
g TrIg.

Now, we define the dimensionless “fluctuation” of shape, Sij, as the deviation
from the ensemble average:

δij + Sij(x) ≡
Iij(x)

⟨TrI⟩ /3 . (23)

This definition follows the same concept as defining the density fluctuation, δg, in
galaxy clustering as

1 + δg(x) ≡
ng(x)

⟨ng⟩
, (24)

but with a key difference: while the density field is a scalar field, the shape field is
a (rank-two) tensor field.

Now, for Sij, we separate the trace part and the trace-free part as follows:

Sij(x) =
TrS(x)

3
δij + S⟨ij⟩(x) (25)

≡ δs(x)δij + S⟨ij⟩(x). (26)

We defined the size fluctuation as δs ≡ TrS/3 in the second line. Here, we consider
a rotation of the coordinate system: x′i = Rijxj. Since δij is an isotropic tensor
(δ′ij = Rii′Rjj′δi′j′ = Rii′R

T
i′j = δij), we have δ′s(x

′) = δs(x), showing that the size

2A field constructed in this way, due to the properties of the Dirac delta function, satisfies

Îij(x) =
1

n̄g

∑
g

Iij(xg)δD(x− xg) = Iij(x)
1

n̄g

∑
g

δD(x− xg) = Iij(x)(1 + δg(x)). (20)

Thus, it can be interpreted as a field of the underlying Iij(x) sampled at the positions of galaxies
{xg}g=1,··· ,Ng

. Therefore, strictly speaking, it represents a density-weighted field. However, in the
linear theory that we will discuss, this effect is considered to be small and will be neglected going
forward.
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fluctuation is a “scalar” field. On the other hand, for the trace-free part, we have
S ′
⟨ij⟩ = Rii′Rjj′S⟨i′j′⟩, This means that while the components mix, they do not mix

with components outside of the trace-free part. As a result, the trace and trace-free
parts can be separated in terms of their transformation properties under rotations.
Since the theory model for the scalar field δs(x) has the same degrees of freedom
as the galaxy density field δg(x), it will be modeled using the same bias expansion
as that for a scalar biased tracer of the large-scale structure (although the values
of the bias coefficients may differ). In contrast, the trace-free part is inherently a
tensorial tracer, so a bias expansion that accounts for its degrees of freedom, which
is different from the scalar case, is required.

The Fourier transform of the shape field is defined as

Sij(k) ≡
∫

dxSij(x)e
−ik·x, (27)

Sij(x) ≡
∫

dk

(2π)3
Sij(k)e

ik·x, (28)

The purpose here is to explore the cosmological information encoded in the statistics
of the shape field.

3 Linear theory

3.1 Linear Alignment (LA) model

In this section, we introduce a physical model for Sij(x). As described in the defini-
tion of the Fourier transform (Eq. 28), Sij(x) can be expressed as a superposition of
numerous Fourier modes. Among them, we are particularly interested in the contri-
bution from cosmological, large-scale modes, such as those with a wavelength greater
than λ ∼ 100h−1Mpc, corresponding to a wavenumber of k = 2π/λ ∼ 0.1 hMpc−1.
In other words, we hereafter implicitly assume a low-pass filtered shape field:

Slij(x) =

∫
dk

(2π)3
Wl(k)Sij(k)e

ik·x, (29)

where Wl(k) is a low-pass filter that satisfies Wl(k) = 1 for sufficiently large scales
(small k), and vanishes for smaller scales (large k).

For the galaxy at position x, what could be the origin of the large-scale modes
contributing to its shape, Sij(x)? Since it is difficult for astrophysical processes
to generate modes on scales much larger than those of galaxy and halo formation,
any nonzero component on such large scales is expected to originate from primor-
dial perturbations generated by inflation. As constrained by observations of the
CMB and galaxy clustering, if the early universe contained only a single degrees
of freedom (adiabatic scalar mode), then at large scales where linear theory holds,
all fluctuations should be proportional to the single scalar field, e.g., the primor-
dial gravitational potential Φp(x)

3. Furthermore, for the large-scale modes we are

3We here also assume the Gaussian initial condition.
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interested in, the region of galaxy and halo formation (or its Lagrangian patch) is
considered to be sufficiently local. Therefore, the gravitational effects on galaxy
formation, i.e., the observable gravitational effects on galaxies, are, at the lowest
order, always related to the second derivative of the potential, ∂i∂jΦ(x), along its
trajectory.

From these considerations, in the linear regime, we assume the following linear
relation to hold:

Sij(x) ∝ ∂i∂jΦ(x). (30)

From here, we focus only on the trace-free component S⟨ij⟩, which we will simply
denote as Sij. The linear theory of intrinsic alignments is called the linear alignment
(LA) model, which assumes that the three-dimensional tensor Sij is linearly related
to the second derivative of the potential [7]:

Sij(x) = bKKij(x), (31)

where Kij is the rescaled, dimensionless tidal field, defined as

Kij(x) ≡
(
∂i∂j −

δij
3
∇2

)
Φ(x)

4πGa2ρ̄m(a)
(32)

=

(
∂i∂j
∇2

− δij
3

)
δ(x), (33)

or, equivalently, in Fourier space:

Kij(k) =

(
k̂ik̂j −

δij
3

)
δ(k). (34)

Here, a is the scale factor (a = 1/(1 + z)), and ρ̄m(a) is the mean matter density
at a. In the second equality, we have related the gravitational potential Φ to the
matter density fluctuation δ via the Poisson equation:

∇2Φ(x) = 4πGa2ρ̄m(a)δ(x). (35)

The coefficient bK is called the linear shape bias parameter, which depends on the
properties of the sample galaxies or halos, such as luminosity (for galaxies), mass,
redshift, cosmological parameters, etc. The physical meaning of this linear bias can
be interpreted as the response of the shape to the large-scale tidal field. Notably,
Eq. (31) represents the tensor counterpart of the well-known linear bias relation in
galaxy clustering:

δg(x) = b1δ(x). (36)

Here, we aim to develop a clearer physical understanding of the LA model
(Eq. 31). Without loss of generality, we consider a Fourier mode aligned with the
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Figure 6: The distortion pattern of galaxy shapes predicted by the LA model. The
black curve represents the large-scale Fourier modes along the z-axis (horizontal in
the figure) extracted from the matter density field δ(x). The ellipsoids (blue and
red) and the sphere (gray) represent the predicted distortion patterns created by
this mode according to the LA model with bK < 0. This is a statistical prediction,
meaning that while individual galaxies (shown in orange) have scattered shapes, the
large-scale pattern is statistically aligned.

z-axis, k = kẑ. Based on the definition of the Fourier transform, the contribution
of this mode to Sij(x) can be written as

Sij(x) ⊃ bK

(
k̂ik̂j −

δij
3

)
δ(k)eik·x

∣∣∣∣
k=kẑ

=

−1
3

0 0
0 −1

3
0

0 0 +2
3


ij

bKδ(k)e
ikz. (37)

This distortion takes the same form as Eq. (9), with an amplitude given by ∆ =
bKδ(k)e

ikz. Thus, the LA model predicts that a Fourier mode k induces a distortion
pattern in the form of a plane wave with amplitude bKδ(k) (see Fig. 6). Since
this distortion is purely along the direction of k̂ and remains isotropic in the plane
perpendicular to k̂, it is referred to as a longitudinal scalar mode.

Note that measurements of intrinsic alignment signals, obtained from both simu-
lated galaxies/halos and observed galaxy shapes, indicate that bK < 0. The negative
sign implies that galaxy and halo shapes tend to be stretched along the minor axis
of the tidal field. In other words, the principal major axis of the inertia tensor
tends to align with filamentary structures or lie within sheet-like structures. This is
consistent with an intuitive picture in which mass accretion occurs along the minor
axis of the tidal field, naturally leading to an elongated shape in that direction.

3.2 Projection and E/B decomposition

So far, we have examined the three-dimensional distortion patterns. However, ac-
tual observables correspond to the projected two-dimensional shapes on the plane
perpendicular to the line of sight (i.e., on the sky). As discussed in Section 2.2,
this observational effect can be expressed as the contraction of the original three-
dimensional shape tensor Sij with the projection tensor given in Eq. (18). Here,
we adopt the assumption that all galaxies share the same line-of-sight direction (the
global-plane parallel limit or distant observer approximation) and take this direction
to be along the z-axis. The two trace-free components of the projected shape tensor
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γij can then be obtained by applying the projection tensor to the definition of the
linear alignment model (Eq. 31), yielding

γ1(x) =
bK
2

∂21 − ∂22
∇2

δ(x), (38)

γ2(x) = bK
∂1∂2
∇2

δ(x), (39)

Equivalently, we obtain the LA model in Fourier space,

γ1(k) =
bK
2

(
k̂21 − k̂22

)
δ(k) (40)

=
bK
2
(1− µ2) cos 2ϕkδ(k), (41)

γ2(k) = bK k̂1k̂2δ(k) (42)

=
bK
2
(1− µ2) sin 2ϕkδ(k), (43)

where µ ≡ k̂ · ẑ = k̂3 and ϕk ≡ tan−1(k̂1/k̂2) is the phase factor rotating the tensor
components on the plane perpendicular to the line-of-sight direction in Fourier space.

An important point to note is that the coordinates of the field, x and k, are three-
dimensional, and the “projection” acts only on the components of the tensor (i.e.,
its internal degrees of freedom), not on the position. Conceptually, this corresponds
to considering the three-dimensional spatial distribution of two-dimensionally pro-
jected ellipses, as illustrated in Fig. 7. In observations, such a shape field is realized
by combining spectroscopic and imaging surveys. For galaxies with spectroscopic
redshifts (and thus three-dimensional positions) obtained from the spectroscopic
survey, the imaging data (two ellipticities) are assigned to the corresponding posi-
tions of each galaxy, allowing for the construction of γ1(x) and γ2(x). This is a key
distinction from weak lensing statistics (such as the angular power spectrum), where
both the galaxy positions and shapes are projected onto a two-dimensional space.

For later convenience, we here introduce the complex representation of the shear
components:

±2γ(k) ≡ γ1(k)± iγ2(k)

=
bK
2
(1− µ2)e±2iϕkδ(k). (44)

Here, let us consider a rotation of the coordinate axes around the line-of-sight di-
rection ẑ by an angle θ. δ(k) is a scalar, we have δ′(k′) = δ(k), and µ′ = k̂′ · ẑ = µ
is also invariant under this rotation. On the other hand, since the phase changes as
ϕk′ = ϕk − θ, ±2γ (γ1,2) are coordinate-dependent quantities, specifically called as
spin-2 quantities on the sky due to their transformation property: ±2γ

′ = ±2γe
∓2iθ.

To obtain a coordinate-independent quantity, we define the E-mode and B-mode
fields by rotating ±2γ in Fourier space and canceling the phase factors as

E(k)± iB(k) ≡ ±2γ(k)e
∓2iϕk . (45)
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Figure 7: An example of the three-dimensional spatial distribution of two-
dimensional shapes (green ellipses). Each ellipse corresponds to the projected shape
of a galaxy as observed in imaging surveys, with the distribution of these shapes
in three-dimensional space resulting from the combination of spectroscopic redshift
(providing the galaxy’s position) and imaging data (providing the ellipticities).

These fields are invariant under any rotations around the line-of-sight direction. In
Fig. 8, we show the E/B-mode patterns in real space. The distortion direction
represented by the E mode is either parallel or perpendicular to the wave vector
(horizontal), while the distortion direction represented by the B mode is tilted by
45 degrees.

Substituting Eq. (44) into Eq. (45), we obtain the LA model for the E and
B-mode fields:

E(k) =
bK
2
(1− µ2)δ(k), (46)

B(k) = 0. (47)

Thus, the LA model generates only the E-mode as the galaxy shape pattern. This
means that, in the linear regime, the E-mode is a physical mode caused by the
scalar gravitational potential, while the B-mode is a non-physical mode that cannot
be generated by the scalar mode, and therefore serves as an indicator of systematic
errors in actual measurements. Note that the B-mode can be generated in the
nonlinear regime, as shown in the intrinsic alignment power spectrum below.
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Figure 8: Green ellipses represent the E-mode (top) and B-mode (bottom) patterns
in real space, i.e., E(x) and B(x), generated by a plane wave, with the Fourier mode
direction oriented to the right. That is, the E-mode (B-mode) distortion corresponds
to γ1 (γ2) distortion, rotated such that the Fourier mode direction aligns with the
x-axis.

3.3 Power spectrum

Let’s now define the intrinsic alignment power spectrum from the following three
fields we currently have:

{δg(k), E(k), B(k)} . (48)

Their auto- and cross-power spectra are defined as

⟨X(k)Y (k′)⟩ ≡ (2π)3δD(k+ k′)PXY (k), (49)

where X, Y represent field labels. Here, we assume linear theory for both the density
field and intrinsic alignment. (We first consider the real-space case and then take
into account redshift space distortions.) For example, the density–E-mode cross-
power spectrum and the E-mode auto-power spectrum are given by

PgE(k, µ) = b1
bK
2
(1− µ2)Plin(k), (50)

PEE(k, µ) =
b2K
4
(1− µ2)2Plin(k), (51)

where Plin is the linear matter power spectrum. All spectra involving the B-mode are
zero in linear theory. Note that, once again, although the E/B modes are defined
as distortion patterns on the two-dimensional plane perpendicular to the line-of-
sight direction, the power spectra are given as a function of the three-dimensional
wavevector, k.

In addition, the power spectra depend not only on the scalar wavenumber k
(= |k|) but also on the direction of k, particularly through the factor (1 − µ2),
where µ = k̂ · ẑ is the cosine of the angle between the Fourier mode direction
and the line-of-sight direction. This factor arises from the projection of shapes
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Figure 9: Projection of the three-dimensional galaxy shape distortion pattern pre-
dicted by the LA model along the line of sight. The left and right panels show
the projected two-dimensional shape patterns for the same Fourier mode but with
different line-of-sight directions: the left panel corresponds to a line of sight perpen-
dicular to the Fourier mode (µ = 0), while the right panel corresponds to a line of
sight parallel to the Fourier mode (µ = 1).

(Eqs. 41 and 43) and represents an observational effect. A visual explanation of
the anisotropy introduced by this projection is shown in Fig. 9. For example, the
distortion pattern created by a Fourier mode k perpendicular to the line of sight
(µ = 0, left panel) remains observable after projection (since 1−µ2 = 1 ̸= 0). On the
other hand, the pattern generated by a Fourier mode k parallel to the line of sight
(µ = 1, right panel) becomes completely isotropic after projection and thus cannot
be observed (since 1 − µ2 = 0)4. Therefore, the intrinsic alignment power spectra
are already anisotropic in real space, even before considering the effects of redshift-
space distortion, due to the projection effect. These power spectra contain the full
information on the intrinsic alignment effect at the level of two-point statistics.

For convenience in actual measurements and analyses, we define the multipole
moments of the power spectra as

P
(ℓ)
XY (k) ≡ (2ℓ+ 1)

∫ 1

−1

dµ

2
Lℓ(µ)PXY (k, µ), (52)

where Lℓ is the Legendre polynomials of order ℓ. From Eqs. (50) and (51), we obtain
for the cross spectrum:

P
(0)
gE (k) =

1

3
b1bKPlin(k), (53)

P
(2)
gE (k) = −P (0)

gE (k), (54)

4However, the size fluctuation of the projected two-dimensional shape remains, in principle,
observable. Here, we focus on the distortion (the trace-free part) and thus ignore this effect.
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and for the auto spectrum:

P
(0)
EE (k) =

2

15
b2KPlin(k), (55)

P
(2)
EE (k) = −10

7
P

(0)
EE (k), (56)

P
(4)
EE (k) =

3

7
P

(0)
EE (k). (57)

These anisotropic intrinsic alignment power spectra have actually been measured
from simulations [see e.g., 15, for measurements in N -body simulations].

Next, let us consider the redshift-space distortion. Due to peculiar velocities,
the position of galaxies in the line-of-sight direction is inferred to deviate from the
isotropic Hubble flow. However, the observed galaxy shape itself remains invariant
(at leading order) since it involves components perpendicular to the line-of-sight
direction. In other words, in the linear regime, the galaxy density field is only
affected by the Kaiser effect. Therefore, the linear power spectrum in redshift space
only modifies the cross-power spectrum, and we obtain:

P
(S)
gE (k, µ) = (b1 + fµ2)

bK
2
(1− µ2)Plin(k), (58)

where

δ(S)g (k) = (b1 + fµ2)δ(k), (59)

with f ≡ dlnD/dlna being the linear growth rate and D being the linear growth
factor. An interesting observation can be made by comparing Eqs. (46) and (59).
Both are anisotropic with respect to the line-of-sight direction, but while intrinsic
alignment is sensitive to the component perpendicular to the line-of-sight (µ = 0),
galaxy density is sensitive to the component parallel to the line-of-sight (µ = 1).
This difference in anisotropy suggests that using both the galaxy clustering and
intrinsic alignment signals could lead to tighter constraints, such as on fσ8 [16].
Furthermore, as seen from the expression in linear theory, the intrinsic alignment
power spectrum, like galaxy clustering, depends on Plin, meaning it is also sensitive
to baryon acoustic oscillations (BAO) [17]. Therefore, stronger constraints on the
geometrical parameters, the Hubble parameter H(z) and angular-diameter distance
dA(z), are also expected through the distortion of the BAO via the Alcock–Paczynski
effect [14].

4 Additional Topics

4.1 Beyond the LA model

Here we summarize some IA models beyond the linear alignment model.
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• Nonlinear alignment model (NLA): Ref. [18] proposed an empirical model
based on the linear alignment model where the linear matter power spectrum
appearing in Eqs. (50) and (51) is replaced with the nonlinear matter power
spectrum, Plin(k) → PNL(k), where PNL is provided by halofit [19] for in-
stance. This model has been found to fit the measured IA correlation function
well down to r ∼ 2 h−1Mpc [e.g., 20] and commonly adopted to model the IA
contamination in the recent cosmic shear analyses [e.g., 21].

• Perturbation theory-based models : In order to predict the IA effect beyond the
linear theory, one might want to use the perturbation theory of structure for-
mation [22] and the bias expansion for cosmological tracers [23]. For example,
Ref. [24] proposed the “Tidal Alignment + Tidal Torquing” (TATT) model
which includes the quadratic terms:

Sij(x) = bKKij(x)

+ bδKδ(x)Kij(x) + bKK

(
Kik(x)Kkj(x)−

1

3
δKijK

2(x)

)
+ bTTij(x).

(60)

where the first term corresponds to the linear alignment model, the second
is for the density-weighted tidal field, the third is for the tidal torque effect,
and the fourth is defined as Tij ≡ (∂i∂j/∇2 − δKij /3)(δ

2 −K2), which form a
complete basis at second order [see 25, 26, for further discussion]. This model
recently has been used in the cosmic shear analyses as well as the NLA model
[e.g., 27, 28]. More recently, Ref. [29] developed an effective field theory (EFT)
description including the higher order derivatives and stochastic contributions
from the small-scale modes up to one-loop order [see also 30, 31].

• Halo model : To model the IA signal of galaxies in the inner region of their
host dark matter halos, i.e. the one-halo term, Ref. [32] provided the fitting
function with a halo model-based approach by usingN -body simulations under
the two assumptions that the shapes of the central galaxies trace those of dark
matter halos at the central part and the shapes of the satellite galaxies point
at their halo center. The fitting formula is characterized by three parameters,
except the overall amplitude a1hIA, as

P 1h
mE(k) = a1hIA

(k/p1)
2

1 + (k/p2)p3
, (61)

where pi = qi1 exp (qi2z
qi3 ) and z is the redshift. These parameters are shown

in Table 2 in Ref. [32]. Ref. [20] showed that the measured correlation function
can be explained by the hybrid model of the NLA model and this halo model
down to r⊥ ∼ 0.1 h−1Mpc. Recently, Ref. [33] improved the halo model
including the luminosity and color dependence of galaxies.

4.2 Direct measurements

We briefly introduce some pioneering studies on the direct measurements of IA.
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4.2.1 Observational Constraints: Early-Type Galaxies

Early-type galaxies are groups of old stars, hence often red galaxies, that have
completed star formation. The luminous red galaxies (LRGs) have been the main
target of BAO searches of spectroscopic galaxy surveys [e.g. SDSS, 34] because they
can be easily identified to high redshifts. The three-dimensional shape of early-
type galaxies, especially elliptical galaxies, is generally considered to be a triaxial
ellipsoid. Since it is difficult to support such a shape with rotational motion, the
shape of elliptical galaxies is actually supported by the anisotropic random motion
(velocity dispersion) of stars. Therefore, shape correlations are considered to be
described by the “tidal stretching” picture in the linear alignment model due to the
lack of angular momentum.

The direct measurements of the IA correlations from LRGs have been done in
Ref. [35] and many works [e.g., 36, 37, 38, 39, 20] investigated the IA correlations
using SDSS LRG samples. In particular, Ref. [20] carried out a comprehensive study
using the SDSS BOSS LOWZ sample, and found that the hybrid model with the
NLA model and the halo model successfully explains the measured IA correlation
function over 0.1 < r⊥ < 100 h−1Mpc. They also investigated the dependence of the
IA amplitude (bK or AIA) on the properties and environments of galaxy samples,
e.g. luminosity, color, redshift, central/satellite, and gave a fitting function of the
luminosity of galaxies [see also 38].

4.2.2 Misalignment between galaxy and halo shapes

Here we mention the connection of shapes of galaxies and their host dark matter
halos following Ref. [37]. By using the halo catalogs constructed from N -body
simulations, Ref. [37] generated the SDSS LRG-like galaxy mock catalogs using the
halo occupation distribution (HOD) method [40, 41, 42, 43]. The central galaxies
in their mock catalogs inherit the shape information from their host dark matter
halos assuming an imperfect inheritance of orientation, the so-called misalignment,
between galaxy and halo that is characterized by a Gaussian random distribution
as

f(θ;σθ)dθ =
1√
2πσθ

exp

[
−1

2

(
θ

σθ

)2
]
, (62)

where θ is the misalignment angle between the major axes and σθ is a parameter
describing a typical misalignment angle for a galaxy sample. By measuring the
IA correlation function from this LRG-like mock sample and comparing it with the
actual measurements, they obtained σθ = 35◦±2◦ which leads to a degradation of the
alignment signal by a factor of two. Interestingly, although this “random-scatter”
misalignment model can only change an overall constant factor to the correlation
function, the mock signal also reproduces the scale dependence of the actual data
quite well. Thus, this result gives observational evidence that galaxy shapes are very
closely related to the shapes of their host halos in a sense of large-scale correlations.
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Figure 10: A schematic illustration of weak lensing and intrinsic alignment effects.
Ellipses (A, B, C) represent observed galaxy shapes. A distant galaxy (A) is dis-
torted by weak lensing from the mass distribution along the light cone (gray region).
Galaxies (B, C) at lower redshift are deformed by the same mass distribution via
the IA effect. The GI and II terms correspond to correlations between A and B (or
C), and between B and C, respectively.

The misalignment angle has been recently investigated in hydrodynamic simulations
[e.g. 44, 45] and shown to be σθ ∼ 30◦ for both red and blue galaxies.

4.2.3 Observational Constraints: Late-Type Galaxies

Late-type galaxies consist of a central ellipsoidal component called a bulge and a
broadened disk component. The observed shape is determined by the projection of
the disk onto the celestial sphere and thus depends on its inclination and the line-
of-sight directions. The disk is supported by angular momentum which requires at
least second-order effects, the so-called tidal torque in Eq. (60) since the linear theory
can not produce a rotational motion. Hence the large-scale correlations in late-type
galaxies are expected to be smaller than those in early-type galaxies. Actually the
correlation functions have been measured for late-type galaxies in observations, but
have not yet been detected [e.g. 36, 46]. These results are consistent with recent
hydrodynamic simulations [e.g. 47].

4.3 Systematic effects on weak lensing analysis

Correlations between observed galaxy images distorted by weak gravitational lensing
effects, called cosmic shear, are a unique method of revealing the inhomogeneous
dark matter distribution in the universe. Since the IA correlation of galaxies mimics
part of this correlation [7], if we assume that the observed shape correlations are
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purely due to lensing effects, the constraints on cosmological parameters could be
biased. Most of the previous studies on IA have been motivated by these possible
systematic effects on the weak lensing analysis. We here briefly show how the IA
affects the weak lensing analysis.

Including the weak gravitational lensing (G) and intrinsic alignment (I) effects,
the observed galaxy shape can be written by

γobs = γG + γI, (63)

where we assumed that both of the distortions are sufficiently small [48]. The angular
power spectrum of the observed galaxy shapes then includes three terms as

Cobs
ℓ = CGG

ℓ + CII
ℓ + CGI

ℓ , (64)

where GG is the pure weak lensing signal due to the foreground large-scale structure
from source galaxies to us, II is the auto IA signal due to the local tidal field in the
region where source galaxies live, i.e., surrounding large-scale structure, and GI is the
cross-correlation which arises when the same large-scale structure can be responsible
for both the lensing effect on galaxies with higher redshifts and the IA effect on
those with lower redshifts due to a broad redshift distribution of photometric galaxy
samples. In Fig. 10, we show a schematic picture of this contamination effect. Note
that with a point mass lens (or shperical mass distribution), the weak lensing effect
predicts tangential shear around the mass, while the IA effect predicts radial shear.
Hence the GI correlation should be negative.

5 Primordial non-Gaussianity in galaxy shapes

5.1 Local-type primordial non-Gaussianity

In the standard ΛCDM scenario, the primordial fluctuation field, such as the Bardeen
potential Φ [49], which sets the initial conditions for structure formation, is predicted
to follow a Gaussian distribution under the standard inflationary scenario. The
statistical properties of such a Gaussian field are fully characterized by its power
spectrum (or equivalently, the two-point correlation function):

⟨Φ(k1)Φ(k2)⟩ = (2π)3δD(k1 + k2)Pϕ(k1). (65)

Here, the primordial potential Φ is related to the curvature perturbation ζ as
Φ = 3ζ/5. In linear theory, the matter density fluctuation δ(k, z) is related to
the primordial fluctuation via

δ(k, z) = M(k, z)Φ(k), (66)

where

M(k, z) ≡ 2

3

k2T (k)D(z)

ΩmH2
0

, (67)
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with T (k) being the transfer function and D(z) the linear growth factor, normalized
to the scale factor in the matter-dominated era. For simplicity, we omit the redshift
dependence of δ and M hereafter. Since T (k) → 1 for k ≪ keq, where keq ∼
0.015 hMpc−1 [50] corresponds to the horizon scale at matter-radiation equality,
M(k) scales as ∝ k2 at large scales.

Primordial non-Gaussianity (PNG) is defined as any deviation from Gaussianity,
with the leading-order effect characterized by the bispectrum:

⟨Φ(k1)Φ(k2)Φ(k3)⟩ = (2π)3δD(k1 + k2 + k3)BΦ(k1,k2,k3). (68)

We assume that the non-Gaussian fluctuation Φ can be expressed as a local function
of a Gaussian random field ϕ:

Φ(x) = F [ϕ(x)]. (69)

Given that |ϕ| ≪ 1, the leading non-Gaussian contribution, based on a Taylor
expansion, is given by

Φ(x) = ϕ(x) + fNL

(
ϕ2(x)−

〈
ϕ2
〉)
, (70)

where the subtraction of ⟨ϕ2⟩ ensures ⟨Φ⟩ = 0. Substituting Eq. (70) into Eq. (68),
we obtain

BΦ(k1,k2,k3) = 2fNLPϕ(k1)Pϕ(k2) + 2 perms. (71)

This simplest quadratic non-Gaussianity is known as the “local-type” PNG [51], and
the amplitude parameter fNL has been constrained by CMB bispectrum measure-
ments [e.g., 52, 53, 54, 55, 56].

5.2 Scale-dependent bias in galaxy clustering

Using Eq. (67), we obtain the matter bispectrum at leading order:

Bm(k1,k2,k3) = M(k1)M(k2)M(k3)Bϕ(k1,k2,k3). (72)

An important property of Eq. (72) is that it has a large amplitude in the so-called
squeezed triangle configuration, where one of the three modes, e.g., k3, is much
larger than the other two, i.e., k1 ≃ k2 ≫ k3. In this limit, Eq. (72) simplifies to

Bm(k1,k2,k3) = 4fNLM−1(k)P (k)P (q) +O
(
k

q

)2

, (73)

where P is the matter power spectrum, and we have relabeled the long mode as
k ≡ k3 and the short modes as k1,k2 ≡ q ± k/2. This squeezed bispectrum can
be equivalently interpreted as the modulation of the local (or short-mode) matter
power spectrum at position x in the presence of a long-mode realization due to mode
coupling:

P (q;x) = [1 + 4fNLϕℓ(x)]P (q). (74)
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We can reproduce Eq. (73) by correlating Eq. (74) with δ(k) in Fourier space. In
terms of the σ8 parameter, the local σ8 is given by

σ8(x) = [1 + 2fNLϕℓ(x)]σ8. (75)

Fig. 11 shows an illustration for this modulation. In the presence of the local PNG,
the local abundance of dark matter halos, hence galaxies, n(x) depends not only on
the long-mode density fluctuation δℓ(x) but also on σ8(x) through mode coupling
with ϕℓ(x) (Eq. 74). The local number density, n(x) = n[δℓ(x), σ8(x)], can be
perturbatively expanded as

n(x) = n̄+
∂n

∂δℓ
δℓ(x) +

∂n

∂σ8
δσ8(x) = n̄

(
1 +

∂lnn

∂δℓ
δℓ(x) + 2fNL

∂lnn

∂lnσ8
ϕℓ(x)

)
. (76)

From this, we obtain the linear (Lagrangian) bias for local PNG:

b1(k; fNL) = b1 + bϕfNLM−1(k), (77)

where we define the bias in the Gaussian case as b1 ≡ ∂lnn/∂δℓ and the PNG-
induced bias as bϕ ≡ 2∂lnn/∂lnσ8

5.
Since the scale dependence is determined by M−1(k) ∝ k−2 at large scales, we

can place strong constraints on fNL using the large-scale galaxy power spectrum.

5.3 Scale-dependent bias in galaxy shapes

We consider here a generalized local-type PNG characterized by the bispectrum
[57, 13]:

BΦ(k1,k2,k3) = 2
∑

s=0,1,2,···

f
(s)
NL

[
Ls(k̂1 · k̂2)Pϕ(k1)Pϕ(k2) + 2 perms

]
, (79)

where Ls is the Legendre polynomials of order s. The coefficient f
(s)
NL characterizes

the amplitude of the local PNG at each order s. The term corresponding to s = 0,
referred to as the isotropic term, matches the conventional local PNG case (Eq. 71).
To distinguish it from other terms, we henceforth denote the conventional parameter
fNL as f

(0)
NL. Here, we focus on the anisotropic PNG described by the s = 2 term in

the above bispectrum:6

BΦ(k1,k2,k3) = 2f
(2)
NLL2(k̂1 · k̂2)Pϕ(k1)Pϕ(k2) + 2 perms. (80)

5Although we have considered the halo abundance in the initial fluctuation, i.e. Lagrangian
space, we actually obtain the observebles at late time, i.e. in Eulerian space. The number conser-
vation of the matter and halo are given by

[1 + δ(xE)]dxE = dxL, [1 + δEh (x
E)]dxE = [1 + δLh (x

L)]dxL. (78)

Using these, we finally obtain the Eulerian bias as bE1 ≡ 1+ bL1 at leading order. Hereafter we omit
E and use b1 to refer to the Eulerian bias for simplicity.

6The anisotropic PNG can be generated in several inflationary scenarios: the solid inflation [58],
the non-Bunch-Davies initial states [59], and the existence of vector fields [60, 61, 62, 57, 63]
and higher-spin fields [64, 65, 66] in the inflationary epoch. Although the predicted bispectrum

generally has a particular scale dependence such as Lℓ(k̂1 · k̂2) → (k1/k2)
∆ℓ Lℓ(k̂1 · k̂2) in Eq. (79),

we consider a model with ∆2 = 0 for simplicity.
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Figure 11: A schematic picture of the effect of PNG on the density fluctuation. The
light-blue and orange lines correspond to short-mode fluctuations with and without
local-type PNG, respectively. The dark-blue and red-dashed curves represent the
large-scale mode of the density δℓ and primordial potential ϕℓ, respectively. The
black-dashed line represents the threshold indicating high-density regions where dark
matter halos, hence galaxies, form in the peak-background split picture. Since the
short- and long- Fourier modes are independent in the Gaussian initial condition,
the statistical amplitude of short-mode fluctuations, or power spectrum, does not
depend on spatial position (light-blue). On the other hand, in the presence of the
non-Gaussianity (orange), the amplitude of local short-mode spatially varies with
respect to the underlying long-mode fluctuation (δℓ(x) or ϕℓ(x)) due to the mode
coupling (Eq. 74), which leads to the scale-dependent bias relation between the halo
(galaxy) number density field and the density field.
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In analogy with the isotropic case shown in Eqs. (72)-(74), the presence of
anisotropic PNG modulates the amplitude of the local small-scale power spectrum
at position x, depending on the long-wavelength potential [13]:

P (q;x) =
[
1 + 4f

(2)
NLψij,ℓ(x)q̂iq̂j

]
P (q), (81)

where ψij,ℓ is a trace-free tensor with the same dimension as ϕℓ, defined as

ψij,ℓ(x) ≡
3

2

[
∂i∂j
∇2

− 1

3
δKij

]
ϕℓ(x) =

3

2

∫
k

(
k̂ik̂j −

1

3
δKij

)
ϕℓ(k)e

ik·x. (82)

Since ψij,ℓ is trace-free, it induces an anisotropic (quadrupolar) modulation in the
power of short-mode fluctuations. In other words, the anisotropic PNG induces the
coupling between the local tidal field, Kij(x), and the long-wavelength quadrupolar
potential, ψij(x).

Recalling the definition of the linear shape bias in Gaussian initial conditions
(Eq. 31):

Sij(x) = bKKij(x), (83)

or, equivalently, by using the definition of Sij (Eq. 23):

Iij(x)

⟨TrI⟩ /3 = δij + bKKij(x), (84)

the parameter bK can be interpreted as the response of shapes of local peaks, where
galaxies and halos form, to large-scale modulation: bK ≡ ∂Ikl/∂Kkl. In the case
of the anisotropic PNG, since the local peak shapes depend on both Kij(x) and
ψij(x), i.e., Iij(x) = Iij[Kij(x), ψij(x)] we obtain the scale-dependent shape bias in
the linear regime:

bK(k; f
(2)
NL) = bK + bψf

(2)
NLM−1(k), (85)

where we denote the response of shapes to the anisotropic PNG as bψ.
In Ref. [67], N -body simulations with the PNGs confirm that the anisotropic

(s = 2) PNG induces a scale-dependent modification in the IA power spectra in the
low-k regime compared to Gaussian simulations (see Fig. 12). However, it does not
affect the halo (clustering) power spectrum at the same scales. On the other hand,
the isotropic (s = 0) PNG does not alter the IA power spectra but does modify
the halo spectrum [68]. Thus, the scale-dependent bias in the IA power spectra is
a unique signature arising from the anisotropy of PNG. If detected, it would serve
as smoking-gun evidence for s = 2 PNG. In Ref. [69], the IA power spectrum was
measured using the SDSS BOSS galaxy sample, and constraints on anisotropic PNG
were obtained based on the signal in the linear regime.
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Figure 12: The matter-halo power spectrum (left panel) and the monopole moment
of the matter-halo shape cross-power spectrum (E-mode) (right panel) for different
initial conditions: Gaussian (blue), isotropic PNG (orange), and anisotropic PNG
(green). For the isotropic and anisotropic PNG cases, we assume (f s=0

NL , f
s=2
NL ) =

(500, 0) and (0, 500), respectively, following Eq. 79. These measurements are based
on a halo sample with Mvir > 1014h−1M⊙ at z = 0. Adapted from Figure 1 in
Ref. [67], with modifications.

References
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[7] Christopher M. Hirata and Uroš Seljak. Intrinsic alignment-lensing interference
as a contaminant of cosmic shear. Phys. Rev. D, 70(6):063526, Sep 2004.

[8] Benjamin Joachimi, Marcello Cacciato, Thomas D. Kitching, Adrienne
Leonard, Rachel Mandelbaum, Björn Malte Schäfer, Cristóbal Sifón, Henk
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rese, N. Mauri, J. D. McEwen, P. D. Meerburg, P. R. Meinhold, A. Melchiorri,
A. Mennella, M. Migliaccio, M. A. Miville-Deschênes, D. Molinari, A. Moneti,
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