11.2 Stochastic Calculus

: . ds' __ ¢t
» generalized Wiener process ;- = §

> colored Gaussian excitation Z+%' = <£w?> © =27m6(w — w') Pg(w)

> bound power spectrum [ dw P¢(w) < 00

Fourier space:

o0 ) e8] . dst 00 d iwt 00 )
& = / dte'¢ = / dret & — —/ ar &t = —iw/ dte' s'
. . di Y .

=& = —iws”

ww' _ W _ i g _ Eww’ _ o P{(w)
=S —<ss >(S)—< > = =210 (w — w')

—lw W



11.2.1 Stratonovich’s Calculus
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11.2.1 Stratonovich’s Calculus
Required moments: =7 = §(¢ — 1)
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11.2.1 Stratonovich’s Calculus
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[to’s Calculus

Transformed process:
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[t6’s vs. Stratonovich’s Calculus

Stratonovich picture Ito picture
continuous discrete
drift arises automatically no drift without explicit drift term
coloured excitation spectrum white excitation spectrum




11.3 Linear Stochastic Differential Equations
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11.3 Linear Stochastic Differential Equations
N

ay (—iw)"s¥ = ¢¥
n=0
N ~1
=5 = Zan (—iw)"] &
n=0
s =R¢
~1
= RY, =27m0(w — W' [Zdn ]
= P(s|R, Z) = G(s, ), withS = RER'
§9 = 2n0(w — W')Py(w)
Pe(w)
Py(w) = 5 =t Pr(w)Pe¢(w)

> n (—iw)"



11.3.1 Example: Wiener Process
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11.3.2 Example: Ornstein-Uhlenbeck Process
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11.3.2 Example:

Ornstein-Uhlenbeck Process
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11.3.3 Example: Harmonic Oscillator

P> k: damping constant
P> wy: eigenfrequency of the oscillator

» f : noise coupling constant
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11.3.3 Example: Harmonic Oscillator
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11.3.2 Example:

Ornstein-Uhlenbeck Process
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11.4 Parameter Determination

PEs = T T Ew
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11.5 Lognormal Poisson Model

» event density: p* = p(x)

» number of observed events: d = (d', ..., d")

» expected number of observed events: A = (A!, ..., \")
>

exposure: K(x)
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11.5 Lognormal Poisson Model
Continuous case:
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11.5 Lognormal Poisson Model

Defining the prior:
> p(x) >0Vx
» p(x) varies on logarithmic scale
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» Higher order corrections are ignored



11.5 Lognormal Poisson Model

Maximum Entropy principle with known 1% and 2" moments:
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Free and Interaction Hamiltonian

Expansion of exponential function:
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MAP Solution

~ 1 ‘
H(d,s) = ESTS_IS + Kl —ds

0 L OH(d,s)

B Os*

(9 1 ! a—1 " yxl /
- % |:2Sx Sx/x//éx + Kye —dx/sx}
= lS_ls““N —i—ls"/S_] + (ke')y —d
= 2 !’ 2 x X X
— | Llsrey Lists 1yt 4 e
= [25 s+2(sS )+ ke’ —d| x
= [$7's+re —d],

OH(d,s)

—_— = S_]s—d+/£eséO

=m = S(d-—re")



Numerical Stable MAP Solution
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Classical Solution
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Classical Solution
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Uncertainty Covariance

F




Expansion around Classical Solution

Hamiltonian: #(d, s)
s

H(d, ¢|m)

I

%STS’ls —d's + kfe
m+ @
H(d, s =m+ )

1 ,

E(m + )18 m+ @) + rle"e? —di (m+ )
1 N

05T o+ mlsT o+ hle? —d'e

1

EinS*lcp —(d—S""m)Tp + Kl e®

1 _
501870 —dp + ke



Expansion around Classical Solution

Shifted data vector:
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Uncertainty Covariance
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