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6. Information Hamiltonian

Recap:
Bayes theorem:

P(s|d, I) =
P(d|s, I)P(s|I)
P(d|I)

=
P(d, s|I)´
dsP(d, s|I)

=
e−H(d, s|I)

Z(d)

information Hamiltonian : surprise or information

H(d, s|I) := − lnP(d, s|I)

partition function: evidence

Z(d|I) := P(d|I) =
ˆ

dsP(d, s|I) =
ˆ

ds e−H(d, s|I)



6.1 Linear Measurement of a Gaussian Signal with Gaussian Noise

Background information I:

d = R s + n, either di =
∑

j

Rijsj + ni or di =

ˆ
dx Rixs(x) + ni, i.g. R 6= R†

P(s|I) = G(s, S) =
1√
|2πS|

exp

(
−1

2
s†S−1s

)
, S = 〈s s†〉(s) =

(
〈sx sy〉(s)

)
xy = S† > 0

P(n|s, I) = G(n, N), N = 〈n n†〉(n) =
(
〈ni nj〉(n)

)
ij = N† > 0, N−1 =

(
N−1)† > 0

Calculation of the information HamiltonianH(d, s|I):

H(d, s|I) = − lnP(d, s|I)
= − ln [P(d|s, I)P(s|I)]
= − lnP(d|s, I)− lnP(s|I)
= H(d|s, I) +H(s|I)



6.1 Linear Measurement of a Gaussian Signal with Gaussian Noise

P(s|I) =
1√
|2πS|

exp

(
−1

2
s†S−1s

)
H(s|I) = − lnP(s|I) = 1

2
s†S−1s +

1
2
ln |2πS|

P(d|s, I) =

ˆ
dn P(d, n|s, I) =

ˆ
dn P(d|s, n, I)︸ ︷︷ ︸

= δ(d−(Rs+n))

P(n|s, I)︸ ︷︷ ︸
=G(n,N)

= G(d − Rs,N)

H(d|s, I) = − lnP(d|s, I)

=
1
2
(d − Rs)†N−1(d − Rs) +

1
2
ln |2πN|

=
1
2
[d†N−1d − s† R†N−1d︸ ︷︷ ︸

=: j

− d†N−1R︸ ︷︷ ︸
= j†

s + s†R†N−1Rs + ln |2πN|]

=
1
2
[s†R†N−1Rs− s†j− j†s + d†N−1d + ln |2πN|]



6.1 Linear Measurement of a Gaussian Signal with Gaussian Noise
Summary:

d = R s + n

P(n, s) = G(n,N)G(s, S)
H(d, s) = H(d|s) +H(s)

=
1
2
[s†D−1s− s†j− j†s] +H0

D−1 = S−1 + R†N−1R = information propagator−1

j = R†N−1d = information source

H0 = d†N−1d + ln |2πN|+ ln |2πS| = constants in s(
D−1)† =

(
S−1)† + (R†N−1R

)†
= S−1 + R†

(
N−1)† (R†

)†
= S−1 + R†N−1R = D−1

S,N > 0⇒ S−1,N−1 > 0⇔ ∀ s, n 6= 0 : s†S−1s, n†N−1n > 0

D−1 = S−1︸︷︷︸
>0

+ R†N−1R︸ ︷︷ ︸
≥0︸ ︷︷ ︸

>0

⇒ D exists, D = D† > 0



Quadratic Completion

“=̂”: equal up to irrelevant constants, logarithmic brother of proportionality sign “∝”

H(d, s| I) =̂
1
2
[s†D−1s− j†s− s†j]

=
1
2

s†D−1s− j†D D−1 s− s†D−1 D j︸︷︷︸
=:m


=̂

1
2

s†D−1s− (D j)†︸ ︷︷ ︸
=m†

D−1 s− s†D−1m + m†D−1m


=

1
2
(s− m)†D−1(s− m)



Gaussian Posterior

H(d, s| I) = H(d|s, I) +H(s| I) = 1
2
(s− m)†D−1(s− m) +H′0

⇒ Z(d) =

ˆ
ds e−H(d, s) =

ˆ
ds e−

1
2 (s−m)†D−1(s−m)−H′0

= e−H
′
0

ˆ
ds′ e−

1
2 s′†D−1s′ = e−H

′
0
√
|2πD|

⇒ P(s|d, I) =
P(d, s|I)
P(d|I)

=
e−H(d, s| I)

Z(d)

=
e−

1
2 (s−m)†D−1(s−m)−H′0√
|2πD|e−H′0

=
e−

1
2 (s−m)†D−1(s−m)√
|2πD|

= G(s− m, D)



Gaussian Posterior

P(s|d, I) = G(s− m, D)

Mean:
m = 〈s〉(s|d, I) = D j =

(
S−1 + R†N−1R

)−1
R†N−1︸ ︷︷ ︸

=:FW=Wiener filter

d

Covariance:
D = 〈(s− m)(s− m)†〉(s|d, I) =

(
S−1 + R†N−1R

)−1
≤ S

D−1 = S−1 + R†N−1R ≥ S−1 �

Information source: j = R†N−1d

1σ-range: sx = mx ±
√

Dxx



Wiener Filter in Action
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Wiener Filter in Action
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7. Linear Filter Theory

7.1 Optimal Linear Filter: reconstruct linear signal estimate via m = FL d
Background information I:
I s: unknown signal
I d: measured data
I 〈ss†〉(d, s), 〈ds†〉(d, s), 〈dd†〉(d, s): assumed to be known covariances

Expected root mean square (RMS) error E:

E2 = 〈(s− m)†(s− m)〉(d, s)
=

∑
i

〈|si − mi|2〉(d ,s)

= 〈s†s〉(d, s) − 〈s†m〉(d, s) − 〈m†s〉(d, s) + 〈m†m〉(d, s)



RMS Error

E2 = 〈s†s〉(d, s) − 〈s†m〉(d, s) − 〈m†s〉(d, s) + 〈m†m〉(d, s)
m = FLd

〈s†s〉(d, s) = Tr〈s†s〉(d, s) = Tr〈ss†〉(d, s) = Tr S

〈s†m〉(d, s) = Tr〈ms†〉(d, s) = Tr
(

FL〈ds†〉(d, s)
)

〈m†s〉(d, s) = Tr〈sm†〉(d, s) = Tr
(
〈sd†〉(d, s)F

†
L

)
〈m†m〉(d, s) = Tr〈mm†〉(d, s) = Tr

(
FL〈dd†〉(d,s)F

†
L

)
E2 = Tr

[
〈ss†〉 − FL〈ds†〉 − 〈sd†〉F†L + FL〈dd†〉F†L

]



Minimization of RMS Error
E2 = Tr

[
〈ss†〉 − FL〈ds†〉 − 〈sd†〉F†L + FL〈dd†〉F†L

]
∂E2

∂F†L
=

(
0− 0− 〈sd†〉(d, s) + FL〈dd†〉(d, s)

)
† !
= 0

FL〈dd†〉(d, s)
!
= 〈sd†〉(d, s)

FL = 〈sd†〉(d, s)︸ ︷︷ ︸
cross-correlation

〈dd†〉−1
(d, s)︸ ︷︷ ︸

auto-correlation−1

= optimal linear filter

Claim: Wiener filter is optimal linear filter, FL = FW

Wiener filter: FW =
(
S−1 + R†N−1R

)−1 R†N−1

I linear measurement: d = R s + n
I Gaussian signal and Gaussian noise: P(s, n) = G(s, S)G(n, N)



Proof A: Wiener Filter is Optimal Linear Filter

Covariances:

〈ss†〉(d, s) = 〈ss†〉(n,s)=: S

〈ds†〉(d, s) = 〈(Rs + n)s†〉(n,s) = R 〈ss†〉(n,s)︸ ︷︷ ︸
=S

+ 〈ns†〉(n,s)︸ ︷︷ ︸
=0

=: R S

〈sd†〉(d, s) = S R†

〈dd†〉(d, s) = 〈(Rs + n)(Rs + n)†〉(s)
= R〈ss†〉(n,s)R† + R 〈sn†〉(n,s)︸ ︷︷ ︸

=0

+ 〈ns†〉(n,s)︸ ︷︷ ︸
=0

R† + 〈nn†〉(n,s)

=: RSR† + N



Proof A: Wiener Filter is Optimal Linear Filter

Optimal linear filter: FL = 〈sd†〉(d, s)〈dd†〉−1
(d, s) = SR†(RSR† + N)−1

Wiener filter: FW = (S−1 + R†N−1R)−1R†N−1

FL
?
= FW

SR†(RSR† + N)−1 ?
= (S−1 + R†N−1R)−1R†N−1 | · (RSR† + N) right

SR† ?
= (S−1 + R†N−1R)−1R†N−1(RSR† + N) | · (S−1 + R†N−1R)left

(S−1 + R†N−1R)SR† ?
= R†N−1(RSR† + N)

R† + R†N−1RSR† ?
= R†N−1RSR† + R†

R† + R†N−1RSR† = R†N−1RSR† + R† �



Proof B: Wiener Filter is Optimal Linear Filter

I D: data space
I S : signal space
I X : some space
I linear operators A : D→ S, B : S→ D, and X,Y : X→ X

A(BA + 11D) = (AB + 11S)A

⇒ (AB + 11S)−1A = A(BA + 11D)−1

11X + X−1 Y = X−1 (X + Y)

⇒ (X + Y)−1 = (11X + X−1 Y)−1X−1



Proof B: Wiener Filter is Optimal Linear Filter

(AB + 11S)−1A = A(BA + 11D)−1

(X + Y)−1 = (11X + X−1 Y)−1X−1

I Optimal linear filter: FL = 〈sd†〉(d, s)〈dd†〉−1
(d, s) = SR†(RSR† + N)−1

I Wiener filter: FW = (S−1 + R†N−1R)−1R†N−1

With A = R†, X = N it follows:

FL = SR†(RSR† + N)−1

= SR†(N−1RSR† + 11D)−1N−1

= S(R†N−1RS + 11S)R†N−1

= (R†N−1R + S−1)−1R†N−1

= FW



Summary: Wiener Filter as Optimal Linear Filter

I linear measurement: d = Rs + n
I Gaussian signal and Gaussian noise: P(s, n) = G(s, S)G(n, N)

⇒ FL = FW

Wiener filter in signal space:

FW = (S−1 + R†N−1R)−1︸ ︷︷ ︸
=D

R†N−1

Wiener filter in data space:

FL = SR†︸︷︷︸
=〈sd†〉(d, s)

(RSR† + N)−1︸ ︷︷ ︸
=〈dd†〉−1

(d,s)



Linear Response and Noise

I signal covariance:
〈ss†〉(d, s) =: S

I signal response: R S = 〈ds†〉(d, s)

R = 〈ds†〉(d, s)S−1 = 〈ds†〉(d, s)〈ss†〉−1
(d, s)

I noise covariance: R S R† + N = 〈dd†〉(d, s)

N = 〈dd†〉(d, s) − R S R†

= 〈dd†〉(d, s) − 〈ds†〉(d, s)〈ss†〉−1
(d, s)〈ss†〉(d, s)〈ss†〉−1

(d, s)〈sd†〉(d, s)
= 〈dd†〉(d, s) − 〈ds†〉(d, s)〈ss†〉−1

(d, s)〈sd†〉(d, s)
I linear noise:

n = d − R s



End


