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4.8 Maximum Entropy with known 1°** and 2" Moments

Prior information I: x € R
Prior knowledge: ¢(x) := P(x|I) = const.

Updating information J: (x) (s 5y = m, ((x —m)?) s, = 02
ea.x+ﬁ(x—1n)2

Posterior knowledge: p(x) := P(x|J, I) = O
1. calculate Z(«, 3):

- ax+B(x — m)?
/ dxe =
—0o0

S
_ / dx' eax’ +am+Bx"*



Z(a, p)

Completing the square:

Claiming 5 < 0:
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4.8 Maximum Entropy with known 1** and 2" Moments

2. determine o and f:

2
InZ(e, ) = am-— j—ﬁ + %ln (_ﬁﬁ)
dln Z(a, B) T
(ol 243
=a = 0
OnZ(a=0,8) I,
9B A
1
=p3 = ~352

Insert in Z(cv, f):



4.8 Maximum Entropy with known 1°** and 2" Moments

3. calculate p(x) = P(x|J, I):
eax—i—ﬁ(x—m)z
Z(a B) a=0,8=—1/(0?)
1 (xfm)z

e 202
V2ro?

= g(x_ma 0-2)

PG, I) =

= Maximum Entropy PDF P(x|J, I) for known 1% and 2"¢ moments (and flat prior) is

Gaussian distribution




5 Gaussian Distribution

» maximum Entropy solution if only 1** and 2"¢ moments known
P emerges according to central limit theorem

» mathematically convenient

5.1 One dimensional Gaussian distribution:

Glx—m, 0?) = ﬂ%p@(—m))




5.2 Multivariate Gaussian Distribution

x = (x1,... x,)": zero centered independent Gaussian distributed variables
af, ... 02: corresponding variances
X = diag(o?, ... 02): diagonal covariance matrix

n n N2
Joint probability: P(x) = HP(xi) = H ! exp ( (x;) >
~ : 2

2
i=1 i=1 1/2m0 20;
1 1 & x,.2> 1 < Lyt )
= exp | —= - | = exp | —=x X
[T, \/270? 2o V27X 2
o . 1 |
Multivariate Gaussian: G(x, X) = exp | —=x'X"'x
V27X 2
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From independent to dependent coordinates

Orthonormal basis transformation in n-dim. space:

= Ox
o' = 0

= (0| =0T = 107" = V0|
= |0 =1
= |lo] =o' =1

Conservation of probability mass:

PO dy = Pl dx|,_piy



From independent to dependent coordinates

= PO = G X5l =G(0'y, x) ||0"||
= Lo | -1 (0hyix ofy
\/|27TX| 2~ ~~
xt=yto X
= ! exp | — yTOX*IOTy
|27wX]|




From independent to dependent coordinates

Y| = [y~ '[!
= Jjox'o'!
= (lo| x7'1]of)!
~— ~~
=+1 =41
= |X|
Generic multivariate Gaussian:
= PO) = G0 ) = <o exp -y
= s = ex —_ =
y y 2] pl—5y Yy




Moments of the multivariate Gaussian

Normalization:
Dgp.ry = /dylg(y, Y):/dxlg(x, X) =1
1 1
1 = dy exp [ —=yTy~! )
my/y p< Y
— ]
1*Moment:

Mg,y = /dyyg(y, Y)
- / &/ () G(—, V)| - 1]

= —(gw,r=0



Moments of the multivariate Gaussian
2MdM\oment:

T — i Y
<yy >gw) /dyyy Gy, Y)

= /dx G(x, X)Oxx' O

= o/dxxng(x x)ot L oxo' =y

Xi Xj

‘/dxx,-xjg(x, X)) = [ﬁ/dxkg(xk,aﬁ)

o?) ,] [fdx] (x;, jz)x] ifi #j
[ dxiG(xi, 0%) x? ifi=j

a
{ ifi

[[ dxiG(xi, 0

—6”0 =X; O
ifi=j



Moments of the multivariate Gaussian

<)’>g(y, Y) =0
FONgw, vy =0, iff(=y) = =)
Wy =Y




Wick theorem

Wick theorem:
IP: set of all possible ways to partition {iy, ..., i, } into pairs

2n
<yl'1 .- 'yi2n>g(y, Y) — <Hyz, Gy, Y) = Z H Yl/l/
J=1 peP (i’ j)ep

Examples:

> <yi1yi2>g( Y) — Yii,
> <yi1yi2yi3yi4>g( Y) — Y1112Y1314 + Ynt; Y1214 + Y1114Y1213

= Mg,y ZW(Yﬁ)"

= 07" Ny =0




Maximum Entropy with known n-dimensional 1°* and 2" Moments

Prior information I: s € V (e.g. R, R", C(R"))

Prior knowledge: ¢(s) := P(s|I) = const. = 1

Updating information J: (s) .1y = m, {(s —m)(s — m)T>(s|L n=>~
Posterior: p(s) = % exp[ D pils —m)i + 3 Ay (s — m)i(s —m); — Sji) |

=Bi(s)

1. calculate Z(u, A):

Z(u, A) = /ds exp | p' (s —m) + Tr[AB(s)]

L s’

ds’ exp _/LTS/ + Tr[A(s's'T — S)]}

— /ds/exp S +S/TAS TI'[AS]:| :eTr[AS}/dS/ e;U'TS/+SITAsl




Maximum Entropy with known n-dimensional 1°* and 2" Moments
2. determine p and A:

In Z(pu, A) = —Tr[AS] + In </ ds' exp(p's’ + s'TAs'))

Oln Z(u, A) dln [ds's exp(uls’ +s'TAs) 1
o < )l [ds’ exp(pts’ + s'TAs’)
=u = 0
Oln Z(u, A) <8an> (S + <fds’ sisexp(s /TAS)> Lo
OA L [ds" exp(s'tAs’) )Y
—S

Jds's'sTexp (=3sT(=3A7")71)  [ds' 's'1G (', —5A7Y)
[ds'exp (—is't(=IA-1)~1y) B [ds'G (s',—3A~)

1 1
= —A = A=—25"!
T 2




Maximum Entropy with known n-dimensional 1°* and 2" Moments

Insert in Z(u, A):

1 1
Z(p, ) = /ds’ exp | — ES/TS_IS/—F ~Tr[S1S]

2 i
= |27TS|'/ze%Tr[]l]
3. calculate p(s) = P(s|J, I): remember: s’ = s —m
P 1) o (5 m's s m)
s|J, = xp | —=(s —m s—m
V278 P2
= G(s—m,S)

=-use Gaussian distribution G(s — m, S) given the n-dim. mean m and variance S




