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Abstract. The influence of large-scale density fluctuations on structure formation on
small scales is described by the three-point correlation function (bispectrum) in the so-called
“squeezed configurations,” in which one wavenumber, say k3 , is much smaller than the other
two, i.e., k3 ≪ k1 ≈ k2 . This bispectrum is generated by non-linear gravitational evolution
and possibly also by inflationary physics. In this paper, we use this fact to show that the
bispectrum in the squeezed configurations can be measured without employing three-point
function estimators. Specifically, we use the “position-dependent power spectrum,” i.e., the
power spectrum measured in smaller subvolumes of the survey (or simulation box), and
correlate it with the mean overdensity of the corresponding subvolume. This correlation
directly measures an integral of the bispectrum dominated by the squeezed configurations.
Measuring this correlation is only slightly more complex than measuring the power spectrum
itself, and sidesteps the considerable complexity of the full bispectrum estimation. We use
cosmological N -body simulations of collisionless particles with Gaussian initial conditions to
show that the measured correlation between the position-dependent power spectrum and the
long-wavelength overdensity agrees with the theoretical expectation. The position-dependent
power spectrum thus provides a new, efficient, and promising way to measure the squeezedlimit bispectrum from large-scale structure observations such as galaxy redshift surveys.
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1

Introduction

Suppose that we measure a two-point correlation function (power spectrum) of density fluctuations in the Universe. We normally measure this quantity from the entire survey volume
in which we have measurements of the matter distribution. Let us divide the survey volume
into many subvolumes and measure the power spectrum in each subvolume. In this paper,
we show that the power spectrum in each subvolume depends on environment, and is specifically correlated with the mean overdensity of that subvolume. This correlation measures how
the small-scale power spectrum responds to the presence of a large-scale density fluctuation,
which can be equivalently described by a non-vanishing three-point function (bispectrum).
Even if the initial density fluctuations generated by inflation are perfectly Gaussian,
the subsequent non-linear gravitational evolution of matter generates a non-zero bispectrum
(see [1] for a review). The “position-dependent power spectrum” thus offers a test of our understanding of structure formation in the Universe. Moreover, improving our understanding
of structure formation increases the sensitivity to a small bispectrum generated by inflation, making it possible to test the physics of inflation using observations of the large-scale
structure of the Universe.
Not only is this new observable of the large-scale structure of the Universe conceptually
straightforward to interpret, but it is also simpler to measure than the full bispectrum. Constraining the physics of inflation using the squeezed-limit bispectrum of the cosmic microwave
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background is a solved problem [2]. However, doing the same using the bispectrum of the
large-scale structure (e.g., distribution of galaxies) is considerably more challenging due to
complex survey selection functions as well as to mode couplings caused by the non-linearity
of the matter density field as well as the complexity of galaxy formation. This explains why
only few measurements of the bispectrum have been reported in the literature [3–5], and
further motivates our use of the position-dependent power spectrum as a simpler route to
measuring the squeezed-limit bispectrum. While we mostly have galaxy redshift surveys in
mind, this idea can also be applied to the projected matter density as measured through
lensing.
In this paper, we study this new observable. We show that the position-dependent power
spectrum measures an integral of the bispectrum, which is dominated by the bispectrum in
the so-called “squeezed configurations,” in which one wavenumber, say k3 , is much smaller
than the other two, i.e., k3 ≪ k1 ≈ k2 . This limit of the bispectrum has a straightforward interpretation (i.e., the large-scale density fluctuation modulating the small-scale power
spectrum), which can be predicted using a simple calculation. We restrict ourselves to the
position-dependent power spectrum of collisionless particles in real space in this paper. We
shall incorporate the effects of halo bias and redshift-space distortions in future publications.
The rest of the paper is organized as follows. In section 2, we derive the relation between
the position-dependent power spectrum, the squeezed-limit bispectrum, and the response of
small-scale correlations to large-scale overdensities. In section 3, we present measurements
of the position-dependent power spectrum from cosmological N -body simulations. In section 4, we compare various theoretical approaches to modeling the position-dependent power
spectrum with the simulations. We conclude in section 5. In appendix A, we derive the
approximation of the squeezed-limit tree-level matter bispectrum.

2
2.1

Position-dependent power spectrum, integrated bispectrum, and linear
response function
Position-dependent power spectrum

Consider a density fluctuation field, δ(r), in a big cubic volume with the length of a side LB .
For simplicity and a straightforward application to the N -body simulation box, we assume
a cubic volume and cubic subvolumes thereof. However, the method is also applicable to
realistic survey geometries without major changes. We divide LB into Ncut pieces with the
length of a side of each subvolume given by L = LB /Ncut . In the subvolume centered at rL ,
we measure the local mean density perturbation relative to the global mean density of the
big volume, δ̄(rL ), and the position-dependent power spectrum, P (k, rL ). The local mean
overdensity within a subvolume centered at rL is given by
Z
1
d3 r δ(r)WL (r − rL ) ,
(2.1)
δ̄(rL ) =
VL
where δ(r) is the underlying overdensity relative to the global mean density at a position r
and VL = L3 is the volume of the subvolume. The window function is given by
WL (x) =

3
Y

θ(xi ),

θ(xi ) =

i=1

The Fourier transform is WL (q) = L3

Q3



1, |xi | ≤ L/2,
0, otherwise .

i=1 sinc(qi L/2),
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where sinc(x) = sin(x)/x.

(2.2)

We define the position-dependent power spectrum as
P (k, rL ) ≡

1
|δ(k, rL )|2 ,
VL

(2.3)

R
where δ(k, rL ) ≡ VL d3 r δ(r)e−ir·k is the local Fourier transformation of the density fluctuation field. The integral ranges over the subvolume centered at rL . With this quantity, the
mean density perturbation in the subvolume centered at rL is given by δ̄(rL ) = (1/VL )δ(k =
0, rL ). One can use the window function WL to extend the integration boundaries to infinity
δ(k, rL ) =

Z

3

−ir·k

d r δ(r)WL (r − rL )e

=

Z

d3 q
δ(k − q)WL (q)e−irL ·q .
(2π)3

(2.4)

Therefore, the position-dependent power spectrum of the subvolume centered at rL is
1
P (k, rL ) =
VL
2.2

Z

d3 q1
(2π)3

d3 q2
δ(k − q1 )δ(−k − q2 )WL (q1 )WL (q2 )e−irL ·(q1 +q2 ) . (2.5)
(2π)3

Z

Integrated bispectrum

Correlating P (k, rL ) with the local mean density perturbation of the corresponding subvolume, we find
hP (k, rL )δ̄(rL )i =

1
VL2

Z

d3 q1
(2π)3

Z

d3 q2
(2π)3

Z

d3 q3
hδ(k − q1 )δ(−k − q2 )δ(−q3 )i
(2π)3

× WL (q1 )WL (q2 )WL (q3 )e−irL ·(q1 +q2 +q3 ) ,(2.6)

where h i denotes the ensemble average over many universes. In the case of a simulation
or an actual survey, the average is taken instead over all the subvolumes in the simulation or the survey volume. Through the definition of the bispectrum, hδ(q1 )δ(q2 )δ(q3 )i =
B(q1 , q2 , q3 )(2π)3 δD (q1 + q2 + q3 ) where δD is the Dirac delta function, eq. (2.6) can be
rewritten as
Z 3 Z 3
d q1
1
d q3
hP (k, rL )δ̄(rL )i = 2
B(k − q1 , −k + q1 + q3 , −q3 )
(2π)3
(2π)3
VL
×WL (q1 )WL (−q1 − q3 )WL (q3 )
≡ iB(k) .

(2.7)

As anticipated, the correlation of the position-dependent power spectrum and the local mean
density perturbation is given by an integral of the bispectrum, and we will therefore refer to
this quantity as the integrated bispectrum, iB(k).
As expected from homogeneity, the integrated bispectrum is independent of the location
(rL ) of the subvolumes. Moreover, for an isotropic window function and bispectrum, the
result is also independent of the direction of k. The cubic window function eq. (2.2) is
of course not entirely spherically symmetric,1 and there is a residual dependence on k̂ in
1

We choose the cubic subvolumes merely for simplicity. In general one can use any shapes. For example, one
may prefer to divide the subvolumes into spheres, which naturally lead to an isotropic integrated bispectrum
iB(k).
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eq. (2.7). In the following, we will focus on
Z
Z 2
d Ωk̂
iB(k) ≡
iB(k) =
4π
Z 3 Z
Z 2
d Ωk̂
1
d q1
= 2
4π
(2π)3
VL

the angle average of eq. (2.7),


d2 Ωk̂
P (k, rL ) δ̄(rL )
4π

d3 q3
B(k − q1 , −k + q1 + q3 , −q3 )
(2π)3
×WL (q1 )WL (−q1 − q3 )WL (q3 ) .

(2.8)

The integrated bispectrum contains integrals of three sinc functions, sinc(x), which are
damped oscillating functions and peak at |x| . π. Most of the contribution to the integrated
bispectrum thus comes from values of q1 and q3 at approximately 1/L. If the wavenumber k
we are interested in is much larger than 1/L (e.g., L = 300 h−1 Mpc and k & 0.3 h Mpc−1 ),
then the dominant contribution to the integrated bispectrum comes from the bispectrum in
squeezed configurations, i.e., B(k − q1 , −k + q1 + q3 , −q3 ) → B(k, −k, −q3 ) with q1 ≪ k
and q3 ≪ k.
2.3

Linear response function

Consider the following general separable bispectrum,
B(k1 , k2 , k3 ) = f (k1 , k2 )P (k1 )P (k2 ) + 2 perm ,

(2.9)

where f (k1 , k2 ) = f (k1 , k2 , k̂1 · k̂2 ) is a dimensionless symmetric function of two k vectors
and the angle between them. If f is non-singular as one of the k vectors goes to zero, we can
write, to lowest order in q1 /k and q3 /k,
B(k − q1 , −k + q1 + q3 , −q3 ) = f (k − q1 , −q3 )P (|k − q1 |)P (q3 )
+ f (−k + q1 + q3 , −q3 )P (| − k + q1 + q3 |)P (q3 )
+ f (k − q1 , −k + q1 + q3 )P (|k − q1 |)P (| − k + q1 + q3 |)
q 
1,3
. (2.10)
= 2f (k, 0)P (k)P (q3 ) + f (k, −k)[P (k)]2 + O
k

For matter, momentum conservation requires that f (k, −k) = 0 [6], as can explicitly be
verified for the F2 kernel of perturbation theory. We then obtain
Z 2
 q 2
d Ωk̂
1,3
,
(2.11)
B(k − q1 , −k + q1 + q3 , −q3 ) = f˜(k)P (k)P (q3 ) + O
4π
k

where f˜(k) ≡ 2f (0, k). Note that the terms linear in q1,3 cancel after angular average. For
a singular kernel, one has to take into account the pole (see appendix A). Since the window
R d3 q1
function in real space satisfies WL2 (r) = WL (r), we have (2π)
3 WL (q1 )WL (−q1 − q3 ) =
WL (q3 ). Performing the q1 integral in eq. (2.8) then yields
Z 3
d q3 2
kL→∞ 1
W (q3 )P (q3 )f˜(k)P (k) .
iB(k) =
2
(2π)3 L
VL
= σ 2 f˜(k)P (k) ,
(2.12)
L

where σL2 is the variance of the density field on the subvolume scale,
Z 3
d q3 2
1
σL2 ≡ 2
W (q3 )P (q3 ) .
(2π)3 L
VL
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(2.13)

Eq. (2.12) shows that the integrated bispectrum measures how the small-scale power spectrum, P (k), responds to a large-scale density fluctuation with variance σL2 , with a response
function given by f˜(k).
An intuitive way to arrive at the same expression is to write the response of the smallscale power spectrum to a large-scale density fluctuation as
P (k, rL ) = P (k)|δ̄=0 +

dP (k)
dδ̄

δ̄(rL ) + . . . ,

(2.14)

δ̄=0

where we have neglected gradients and higher derivatives of δ̄(rL ). We then obtain, to leading
order,
d ln P (k)
P (k).
(2.15)
iB(k) = σL2
dδ̄
δ̄=0
Comparing this result with eq. (2.12), we find that f˜(k) indeed corresponds to the linear
response of the small-scale power to the large-scale density fluctuation, d ln P (k)/δ̄. In section 4.1, we use the full bispectrum of the form of eq. (2.9) and confirm the validity of the
squeezed-limit result given in eq. (2.12). In section 4.2, we start from d ln P (k)/δ̄ to compute iB(k). Inspired by eq. (2.15), we define another quantity, the normalized integrated
bispectrum, iB(k)/[σL2 P (k)]. This quantity is equal to f˜(k) and the linear response function
in the limit of kL → ∞.

3

N-body simulations

We now present measurements of the position-dependent power spectrum from 160 collisionless N -body simulations of a 2400 h−1 Mpc box with 7683 particles. The same simulations
are used in [7], and we refer to section 3 of [7] for more details. In short, the initial conditions
are set up using different realizations of Gaussian random fields by second-order Lagrangian
perturbation theory [8] with the power spectrum given by CAMB [9]. We adopt a flat ΛCDM
cosmology, and the cosmological parameters are Ωm = 0.27, Ωb h2 = 0.023, h = 0.7, ns = 0.95,
and σ8 = 0.7913.
To construct the density fluctuation field on grid points, we first distribute all the particles in the 2400 h−1 Mpc box onto a 10003 grid by the cloud-in-cell (CIC) density assignment
scheme. Then the density fluctuation field at the grid point rg is δ(rg ) = N (rg )/N̄ − 1,
where N (rg ) is the fractional number of particles after the CIC assignment at rg and
N̄ = 7683 /10003 is the mean number of particles in each grid cell.
We then divide the 2400 h−1 Mpc box in each dimension by Ncut = 4, 8, and 20, so that
there are 64, 512, and 8000 subvolumes with a side length of 600, 300, and 120 h−1 Mpc,
respectively.
The mean density perturbation in a subvolume centered at rL is δ̄(rL ) =
−3 P
3
3
δ(r
Ngrid
g ), where (Ngrid ) = (1000/Ncut ) is the number of grid points within the
rg ∈VL
subvolume. To compute the position-dependent power spectrum, we use FFTW2 to Fourier
transform δ(rg ) in each subvolume with the grid size (Ngrid )3 . While the fundamental frequency of the subvolume, kF = 2π/L, decreases with the subvolume size L, the Nyquist
frequency of the FFT grid, kN y = kF Ngrid /2 ≈ 1.3 h−1 Mpc, is the same in all cases.
The position-dependent power spectrum is then computed as
X
1
|δ(ki , rL )|2 ,
(3.1)
P (k, rL ) =
VL Nmode
k−∆k/2≤|ki |≤k+∆k/2

2

Fast Fourier Transformation library: www.fftw.org
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Figure 1: Position-dependent power spectra measured from 512 subvolumes with L =
300 h−1 Mpc in one realization. The color represents δ̄(rL ) of each subvolume.
where Nmode is the number of Fourier modes in the bin [k − ∆k/2, k + ∆k/2], and we set
∆k ≈ 0.01 h Mpc−1 in all cases. We choose this ∆k for all Ncut to sample well the baryon
acoustic oscillations (BAO) and thereby are able to show how the window function of the
different subvolumes damps the BAO (see below). We follow the procedures in [10] to correct
for the the smoothing due to the CIC density assignment and also for the aliasing effect in
the power spectrum. Note, however, that this correction is only important for wavenumbers
near the Nyquist frequency.
Figure 1 shows the position-dependent power spectrum measured from 512 subvolumes
with L = 300 h−1 Mpc in one realization. The color represents δ̄(rL ) of each subvolume.
The positive correlation between the subvolume power spectra and δ̄(rL ) is obvious. The
response f˜(k) > 0 is clearly measurable at high significance in the simulations.
We measure the integrated bispectrum through
3

Ncut
1 X
P (k, rL,i )δ̄(rL,i ),
iB(k) = 3
Ncut i=1

(3.2)

where P (k, rL,i ) and δ̄(rL,i ) are measured in the ith subvolume. Further, motivated by
eq. (2.12), we normalize the integrated bispectrum by the mean power spectrum in the sub3
−3 PNcut
volumes, hP (k, rL )i = Ncut
i=1 P (k, rL,i ), and the variance of the mean density fluctuation
3
−3 PNcut 2
2
in the subvolumes, hσL2 i = Ncut
i=1 δ̄ (rL,i ). This quantity, iB(k)/[hP (k, rL )ihσL i], is the
normalized integrated bispectrum we have defined at the end of section 2.3, and is equal to
the linear response function, d ln P (k)/dδ̄, given in eq. (2.15) in the limit of kL → ∞.
Figure 2 shows the normalized integrated bispectrum, averaged over 160 collisionless
N -body simulations at different redshifts. For clarity, no error bars are shown in this figure.
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Figure 2: Normalized integrated bispectrum, averaged over 160 collisionless N -body simulations with Gaussian initial conditions. From left to right are Ncut = 4 (L = 600 h−1 Mpc),
8 (300 h−1 Mpc), and 20 (120 h−1 Mpc); the blue, green, yellow, and red lines are z = 3, 2,
1, and 0, respectively. For clarity, we do not show the error bars.
We have compared the results with a higher-resolution simulation with 15363 particles and
starting at higher redshift (z = 49 compared to z = 19 for our 160 simulations). For the
scales and redshifts shown in figure 2, the differences are less than 1%. However, we expect
an up to 5% uncertainty in the integrated bispectrum at z = 3 (less at lower z) due to
transients which affect the bispectrum more strongly than the power spectrum [11], as well
as other systematics such as mass resolution.
Since the initial conditions are Gaussian, the bispectrum is generated entirely by nonlinear gravitational evolution. We thus measure the effect of a long-wavelength density perturbation on the evolution of small-scale structures. The wiggles visible in each panel of
figure 2 are due to the BAOs. The BAOs in the right panel are strongly damped because the
box size (120 h−1 Mpc) approaches the BAO scale, and the window function smears the BAO
feature [12]. Further, BAO amplitudes are larger at higher redshifts as they are less damped
by non-linear evolution [13]. The broad-band shape of the normalized integrated bispectrum
evolves on small scales due to non-linear evolution, leading to an effective steepening of its
slope. We now turn to the theoretical modeling of the results shown in figure 2.

4

Theoretical modeling

We use two different approaches to model the integrated bispectrum. In the first approach,
we model the bispectrum and compute the integral to obtain the integrated bispectrum. In
the second approach, we model the response of the small-scale power spectrum to a long
wavelength perturbation directly using the “separate universe” picture. For clarity, we will
show the comparison between model prediction and simulations only for the L = 300 h−1 Mpc
subvolumes (Ncut = 8). The agreement with simulations is independent of subvolume size as
long as the subvolume size is large enough for δ̄ to be in the linear regime, and the window
function is taken into account.
4.1

Bispectrum modeling

We compute the integrated bispectrum by using a model for the bispectrum in eq. (2.8)
and perform the eight-dimensional integral. Because of the high dimensionality, we use the
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Monte Carlo integration routine in GNU Scientific Library to evaluate the angular-averaged
integrated bispectrum. In the following, we consider two different models for the matter
bispectrum.
4.1.1

Standard perturbation theory

The standard perturbation theory (SPT) [1] gives the tree-level matter bispectrum as
BSPT (k1 , k2 , k3 ) = 2[Pl (k1 )Pl (k2 )F2 (k1 , k2 ) + 2 perm],

(4.1)

where Pl (k) is the linear matter power spectrum, and
5 1 k1 · k2
F2 (k1 , k2 ) = +
7 2 k1 k2



k1 k2
+
k2 k1



2
+
7



k1 · k2
k1 k2

2

.

(4.2)

In order to normalize the integrated bispectrum, we need an expression for the mean subvolume power spectrum hPL i. For this we use the linear power spectrum convolved with the
window function,
Z
d3 q
1
Pl (|k − q|)|WL (q)|2 ,
(4.3)
hPL,l (k)i =
VL
(2π)3
while the variance of the mean density fluctuation in the subvolumes is given by eq. (2.13).
Both quantities are calculated through Monte Carlo integration.
We compare the normalized integrated bispectrum measured from the simulations with
the SPT prediction in figure 3 (red lines). The SPT prediction is independent of redshift. This
is because the linear power spectra at various redshifts are only different by the wavenumberindependent linear growth factor, D 2 (z). Therefore, the linear growth factor cancels out
in the normalized integrated bispectrum. The SPT predictions agree with the simulations
relatively well at z ≥ 1 and k . 0.2 h Mpc−1 , whereas they fail at lower redshifts as well as on
smaller scales, where non-linearities become too strong to be described by SPT. Especially,
the BAO amplitudes at k & 0.2 h Mpc−1 are affected: while the SPT predictions are redshiftindependent, the simulations show smaller BAO amplitudes at lower redshifts.
The eight-dimensional integral in eq. (2.8) simplifies greatly if we focus on the squeezedlimit bispectrum. In appendix A, we show
d2 Ωk̂
BSPT (k − q1 , −k + q1 + q3 , −q3 )
4π




q1,3 2
68 1 d ln k3 Pl (k)
,
−
Pl (k)Pl (q3 ) + O
=
21 3
d ln k
k
Z

(4.4)

for k ≫ q1 , q3 . This result has the same form as given in eq. (2.11). We can then apply
eq. (2.12) and perform all the integrals analytically in the limit of kL → ∞ to obtain
iBSPT (k)

=

kL→∞

=

1
VL2


Z

d2 Ωk̂
4π

Z

d3 q1
(2π)3

Z

d3 q3
BSPT (k − q1 , −k + q1 + q3 , −q3 )
(2π)3
×WL (q1 )WL (−q1 − q3 )WL (q3 )


68 1 d ln k3 Pl (k)
−
Pl (k)σL2 .
21 3
d ln k
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(4.5)

Figure 3: The SPT and the F2eff (k1 , k2 ) predictions for the normalized integrated bispectrum
at different redshifts. The red and blue lines are computed by the direct integration of the
eight-dimensional integral (eq. (2.8)) with the standard F2 (k1 , k2 ) kernel and the linear power
spectrum, and F2eff (k1 , k2 ) and the non-linear power spectrum, respectively. The green lines
show the squeezed-limit approximation (eq. (4.5)) to the SPT results. The N -body simulation
results are shown by the black data points with the error bars showing the standard deviation
on the mean measured from 160 simulations.
Comparing this result with eq. (2.15), we find that the linear response of the power spectrum
in SPT is given by
68 1 d ln k3 Pl (k)
d ln Pl (k)
−
.
(4.6)
=
21 3
d ln k
dδ̄
SPT
The green lines in figure 3 show the squeezed-limit approximation given in eq. (4.5).
While they are different from the full integration (red lines) at k . 0.2 h Mpc−1 , for which
the squeezed-limit approximation fails and the direct integration is required, they agree
well—with the fractional difference being less than 1.5% (1% for L = 600 h−1 Mpc)—at
k & 0.2 h Mpc−1 , corresponding to a value of 1/(kL) . 0.02. Thus, the squeezed-limit is
reached already with good precision for kL & 50.
Eq. (4.5) does not contain any window function effect apart from that in the variance
σL2 . While this is a good approximation for the slowly-varying part of the integrated bispectrum, it does not capture the smearing of the BAO features due to the window function.
We incorporate this effect by replacing d ln Pl (k)/d ln k with appropriately convolved forms,
conv[dPl (k)/d ln k] / conv[Pl (k)], in eq. (4.5). This form is motivated by the separate universe
approach discussed in section 4.2, and provides an accurate result as shown in figure 3.

–9–

4.1.2

Bispectrum fitting formula

The SPT predictions fail on smaller scales as well as at lower redshifts where non-linearity
becomes too strong to be described by SPT. An empirical fitting formula for non-linear evolution of the matter bispectrum was proposed in [14] and further improved in [15]. In short,
the form is the same as the tree-level matter bispectrum, but F2 (k1 , k2 ) is replaced by an
effective kernel, F2eff (k1 , k2 ), which contains nine fitting parameters, {a1 , · · · a9 }, to account
for non-linearity (see eqs. 2.6 and 2.12 in [15] for details). Therefore, we use F2eff (k1 , k2 ) and
compute the integrated bispectrum by performing the eight-dimensional integral numerically
with Monte Carlo integration. We use the same values of the best-fit parameters provided
in table 2 of [15], which were calibrated by fitting to simulation results between z = 0 and
z = 1.5. In contrast to the SPT formalism that uses the linear power spectrum in eq. (4.1),
the fitting formula uses the non-linear power spectrum, for which we use the mean power
spectrum measured from the 160 simulation boxes. For the normalization of the integrated
bispectrum, we convolve the non-linear power spectrum with the subvolume window function
as in eq. (4.3). Note that the F2eff fitting formula is not specifically designed for the squeezed
configuration, but instead was calibrated to a wide range of triangle configurations of the
matter bispectrum.
The blue lines in figure 3 show the normalized integrated bispectrum computed with
eff
F2 , which clearly depends on redshift. At z & 1, the F2eff modeling and the simulations
are in good agreement at k . 0.2 h Mpc−1 . At k > 0.2 h Mpc−1 , although the F2eff
modeling predicts larger broad-band power of the normalized integrated bispectrum, the
BAO amplitudes still agree well with the simulations. This is most obvious for the two BAO
peaks at 0.25 h Mpc−1 ≤ k ≤ 0.35 h Mpc−1 . On the other hand, at z = 0, the F2eff modeling
predicts much larger normalized integrated bispectrum on small scales than measured in
the simulations, so that the fitting formula does not perform much better than tree-level
perturbation theory at z = 0.
4.2

Separate universe approach

In the second approach, we compute the effects of a long-wavelength density fluctuation on
the small-scale power spectrum by treating each over- and under dense region as a separate
universe with a different background density. This approach thus neglects the finite size of
the subvolumes and is valid for wavenumbers which satisfy kL ≫ 1 (specifically, kL & 50 for
percent-level accuracy).
The power spectrum in a separate universe with an infinite-wavelength density perturbation, δ̄, with respect to the global flat ΛCDM cosmology can be expanded as in eq. (2.14).
Through eq. (2.15), the normalized integrated bispectrum is equal to the linear response of
the non-linear matter power spectrum at wavenumber k to δ̄:
iB(k)
d ln P (k)
=
.
2
P (k)σL
dδ̄

(4.7)

This is not exactly true if the subvolumes for which iB(k) is measured are not spherical. For
example, since the cubic window function is anisotropic, the integrated bispectrum might
pick up contributions from the tidal field. However, we have verified that the anisotropy of
the cubic window function has a negligible effect, by computing the dipole and quadrupole of
the integrated bispectrum through eq. (2.8). The ratios to the monopole are less than 10−5
on the scales of interest.
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A universe with an infinite-wavelength density perturbation with respect to a flat fiducial
cosmology is equivalent to a universe with non-zero curvature (e.g., [16]). This alters the scale
factor-time relation, Hubble rate, and linear growth, and thus affects the power spectrum.
Recent papers [17–20] have studied this topic. We briefly summarize the result here. We
write the fractional mass density perturbation with respect to the fiducial flat universe as
δ̄(t) =

ρ̄˜(t)
D(t)
−1=
δ̄0 ,
ρ̄(t)
D(t0 )

(4.8)

where ρ̄(t) is the background matter density in the fiducial flat cosmology, D(t) is the linear
growth factor in the same cosmology, ρ̄˜ is the background matter density in a slightly curved
universe, t0 is a reference time, and δ̄0 is the density perturbation at t0 . In the following, t0
will stand for the present epoch and we choose a(t0 ) = 1. Quantities in the modified (curved)
cosmology are denoted with a tilde, such as ã(t) for the modified scale factor-time relation.
Note that the time coordinates are the same in both cosmologies in the sense that they
are the proper time for comoving observers in the absence of perturbations. For a fiducial
flat ΛCDM cosmology, the modified curved cosmology to linear order in δ̄ is described by
modified cosmological parameters (also see [20, 21])
H̃0 = H0 (1 + δH )
Ω̃m = Ωm (1 − 2δH )


2
Ω̃K = − Ωm + f0 δ̄0
3
Ω̃Λ = ΩΛ (1 − 2δH ) ,

where
δH ≡




1
1
− Ωm − f0 δ̄0 ,
2
3

(4.9)

(4.10)

and f0 = f (t0 ) is the logarithmic growth rate evaluated at t0 . The scale factor-time relation
in the modified cosmology is given by


1
ã(t) = a(t) 1 − δ̄(t) .
(4.11)
3
Hence, observables calculated with respect to comoving coordinates in the modified cosmology
ã(t) have to be transformed according to a coordinate rescaling of


1
′
(4.12)
x → x = x 1 − δ̄(t) .
3
For the power spectrum, this corresponds to (see appendix A of [22])


1 d ln k3 P (k, t)
P (k, t) → P (k, t) 1 −
δ̄(t) .
3
d ln k

(4.13)

Let us denote the power spectrum in the modified cosmology described by eq. (4.9) as
P̃ (k̃, t). This power spectrum refers to the modified mean density, which is given by the
fiducial mean density multiplied by 1 + δ̄(t). We then have for the power spectrum with
respect to the fiducial mean density


P (k̃, t) = 1 + 2δ̄(t) P̃ (k̃, t) .
(4.14)
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Converting k̃ to k with eq. (4.13) and using the scale factor instead of time, the power
spectrum in the presence of δ̄ is given by
 





1 d ln k3 P (k, a)
1
1+ 2−
δ̄(a) .
(4.15)
P (k, a|δ̄) = P̃ k, a 1 − δ̄(a)
3
3
d ln k
Note that this expression is only valid to linear order in δ̄.
Both P (k) and δ̄ are measured in a finite volume, described by the window function WL .
In order to take this into account, eq. (4.15) is convolved by the window function. Note that
we take the convolution after applying the derivative d ln k3 P (k)/d ln k, rather than taking
the derivative of the convolved power spectrum. This is because the window function is fixed
in terms of observed coordinates (in the fiducial cosmology), i.e., it is not subject to the
rescaling of eq. (4.12). Taking the slope of the convolved power spectrum would correspond
to a window function defined in the “local” curved cosmology.
4.2.1

Linear power spectrum

For the linear power spectrum, Pl , we have
P̃l






1
k, a 1 − δ̄(a)
=
3


 !2
D̃ a 1 − 13 δ̄(a)
Pl (k, a) .
D(a)

The linear growth factor is changed following (see appendix D in [16])
 



1
13
D̃ a 1 − δ̄(a)
= D(a) 1 + δ̄(a) ,
3
21

(4.16)

(4.17)

where D(a) is the growth factor in the fiducial cosmology. The prefactor 13/21 is only strictly
valid for an Einstein-de Sitter cosmology; however, the cosmology dependence is very mild.
The fractional difference of d ln D(a)/dδ̄ between ΛCDM cosmology and Einstein-de Sitter
universe at z = 0 is at the 0.1% level.
Putting everything together, eq. (4.15) yields for the linear response function of the
linear power spectrum
68 1 d ln k3 Pl (k, a)
d ln Pl (k, a)
=
−
.
(4.18)
21 3
d ln k
dδ̄(a)
This result (which again is only exact for Einstein-de Sitter) matches the expression derived
from the F2 kernel given in eq. (4.6).
4.2.2

SPT 1-loop power spectrum

Expanding matter density fluctuations to third order, one obtains the so-called “SPT 1-loop
power spectrum” given by P (k, a) = Pl (k, a) + P22 (k, a) + 2P13 (k, a), where [1]
Z
d3 q
Pl (q, a)Pl (|k − q|, a) [F2 (q, k − q)]2 ,
(4.19)
P22 (k, a) = 2
(2π)3
Z ∞
2πk2
dq
2P13 (k, a) =
Pl (k, a)
Pl (q, a)
252
(2π)3
0
"

#
k+q
k2
q4
3
q2
2
2 3
2
2
.
× 100 2 − 158 + 12 2 − 42 4 + 5 3 (q − k ) (2k + 7q ) ln
k
q
k
k q
|k − q|
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Both P22 and P13 are proportional to D 4 (a). Modifying the growth factor as described in
section 4.2.1, we obtain the linear response function of the SPT 1-loop power spectrum as
68 1 d ln k3 P (k, a) 26 P22 (k, a) + 2P13 (k, a)
d ln P (k, a)
−
+
.
=
21 3
d ln k
21
P (k, a)
dδ̄(a)

(4.20)

Note that this can easily be generalized to n loops in perturbation theory by using that
d ln P(n−loop) (k, a)/d ln D(a) = 2n + 2. We include the window function effect by computing
conv[dP (k)/dδ̄]/conv[P (k)].
Figure 4 compares the linear theory and the SPT 1-loop predictions with the N -body
simulation results. The SPT 1-loop prediction captures the damping of BAOs due to nonlinear evolution, and agrees well with the simulation results at z = 1, 2, and 3. This is
expected from the excellent performance of the 1-loop matter power spectrum at high redshifts as demonstrated by [23]. The agreement degrades rapidly at z = 0, also as expected.
Note that comparing z = 2 and 3, the 1-loop prediction seems to agree better with the measurements at z = 2. However, as mentioned in section 3, transients and other systematics
might have an impact of up to 5% on the measurements at z = 3, which is larger than the
difference shown in the top left panel of figure 4.
4.2.3

halofit and Coyote emulator

We now apply the separate universe approach to simulation-calibrated fitting formulae for the
non-linear matter power spectrum, specifically the halofit prescription [24] and the Coyote
emulator [25]. These prescriptions yield P̃ (k, a) for a given set of cosmological parameters, so
that eq. (4.15) can be immediately applied. However, the Coyote emulator does not provide
predictions for curved cosmologies, and we hence adopt a simpler approach here.
In case of the linear power spectrum, the effect of the modified cosmology enters only
through the modified growth factor given in eq. (4.17). Correspondingly, we can approximate
the effect on the non-linear power spectrum by a change in the value of the power spectrum
normalization σ8 at redshift zero,


13
(4.21)
σ8 → 1 + δ̄0 σ8 ,
21
where we have used the Einstein-de Sitter prediction. Therefore, the non-linear power spectrum response becomes
1 d ln k3 Pnl (k, a)
d ln Pnl (k, a)
13 d ln Pnl (k, a)
+2−
.
=
21
d ln σ8
3
d ln k
dδ̄(a)

(4.22)

The results of applying eq. (4.22) to halofit (red) and the Coyote emulator (green) are
shown in figure 5. In terms of broad-band power, the halofit prediction provides a good
match. However, the predicted BAO amplitude are larger than the measurement, especially
at low redshift at k & 0.3 h Mpc−1 . Also, while the BAO phases of halofit follow the
SPT prediction, there are some differences with respect to the measurement of the N -body
simulations due to the non-linear evolution. The Coyote emulator performs to better than
∼ 2% over the entire range of scales and redshifts. It slightly underpredicts the small-scale
power at k > 0.3 h Mpc−1 for z ≥ 1. For redshifts z ≥ 2 and on the scales considered, the 1loop predictions are of comparable accuracy to the Coyote emulator, while the latter provides
a better fit at lower redshifts. Finally, note also our previous caveat regarding transients at
the end of section 4.2.2.
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Figure 4: Normalized integrated bispectrum from the N -body simulations (points with
error bars) and the linear response functions, d ln P (k, a)/dδ̄(a), computed from the separate
universe approach combined with perturbation theory. The dashed lines show the linear
theory results (eq. (4.18)), while the solid lines show the SPT 1-loop results (eq. (4.20)).
The agreement between the 1-loop predictions and the simulation results is very good at
z ≥ 1. Note that the difference between the normalized integrated bispectrum and the linear
response function at k . 0.2 h Mpc−1 is due to the squeezed limit not being reached yet (see
the text below eq. (4.6)).

4.2.4

Halo model

In the halo model (see [26] for a review), all matter is assumed to be contained within
halos with a certain distribution of mass given by the mass function, and a certain density
profile. Along with the clustering properties of the halos, these quantities then determine the
statistics of the matter density field on all scales including the non-linear regime. N -point
functions can be conveniently decomposed into 1- through N -halo pieces. In the following,
we will follow the most common halo model approach and assume a linear local bias of the
halos.
Adopting the notation of [27], the halo model power spectrum, PHM (k), is given by
PHM (k) = P 2h (k) + P 1h (k)

2
P 2h (k) = I11 (k) Pl (k)
P 1h (k) = I20 (k, k) ,
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(4.23)

Figure 5: Same as figure 4, but for the linear response functions computed from halofit
(red), the Coyote emulator (green), and the halo model (blue).
where
n
Im
(k1 , · · · km )

≡

Z

d ln M n(ln M )



M
ρ̄

m

bn (M ) u(M |k1 ) · · · u(M |km ) ,

(4.24)

and n(ln M ) is the mass function (comoving number density per interval in log mass), M is
the halo mass, bn (M ) is the n-th order local bias parameter, and u(M |k) is the dimensionless
Fourier transform of the halo density profile, for which we use the NFW profile [28]. We
normalize u so that u(M |k → 0) = 1. The notation given in eq. (4.24) assumes b0 ≡ 1.
u(M |k) depends on M through the scale radius rs , which in turn is given through the massconcentration relation. All functions of M in eq. (4.24) are also functions of z although we
have not shown this for clarity. In the following, we adopt the Sheth-Tormen mass function
[29] with the corresponding peak-background split bias, and the mass-concentration relation
of [30]. The exact choice of the latter has negligible impact on the mildly non-linear scales
considered in this paper.
We now derive how the power spectrum given in eq. (4.23) responds to an infinitely
long-wavelength density perturbation δ̄, as was done for the halofit and Coyote emulator
approaches. For this, we consider the 1-halo and 2-halo terms separately. The key physical
assumption we make is that halo profiles in physical coordinates are unchanged by the longwavelength density perturbation. That is, halos at a given mass M in the presence of δ̄
have the same scale radius rs and scale density ρ(rs ) as in the fiducial cosmology. This
assumption, which is related to the stable clustering hypothesis, can be tested independently
with simulations, but this goes beyond the scope of this paper. Given this assumption, the
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density perturbation δ̄ then mainly affects the linear power spectrum, which determines the
halo-halo clustering (2-halo term), and the abundance of halos at a given mass.
We begin with the 2-halo term. The response of the linear power spectrum is given by
eq. (4.18). The expression for the 2-halo term in eq. (4.23) is simply the convolution (in real
space) of the halo correlation function in the linear bias model with the halo density profiles.
By assumption, the density profiles do not change, hence I11 only changes through the bias
b1 (M ) and the mass function n(ln M ). The bias bN (M ) quantifies the N -th order response
of the mass function n(ln M ) to an infinite-wavelength density perturbation [31, 32]:
bN (M ) =

∂ N n(ln M )
1
n(ln M )
∂ δ̄N

0

,

(4.25)

We then have
∂n(ln M )
∂ δ̄
∂b1 (M )
∂ δ̄

0
0

= b1 (M )n(ln M ) ,
= − [b1 (M )]2 + b2 (M ) .

(4.26)

Thus,




M
d ln M n(ln M )
[b1 (M )]2 − [b1 (M )]2 + b2 (M ) u(M |k)
ρ̄
 
Z
M
b2 (M )u(M |k)
=
d ln M n(ln M )
ρ̄

∂ 1
I (k) =
∂ δ̄ 1

Z

= I12 (k) .

(4.27)

In the large-scale limit, k → 0, this vanishes by way of the halo model consistency relation

 
Z
M
1, N = 1 ,
bN (M ) =
(4.28)
d ln M n(ln M )
0, N ≥ 1 .
ρ̄
For finite k however, eq. (4.27) does not vanish. Thus, the linear response function of the
two-halo term becomes


68 1 d ln k3 Pl (k)
dP 2h (k)
=
−
P 2h (k) + 2I12 (k)I11 (k)Pl (k) .
(4.29)
21 3
d ln k
0
dδ̄
Note that we recover the tree-level result given in eq. (4.18) in the large-scale limit. Strictly
speaking, this expression is not consistent, since the term I12 implies a non-zero b2 while in
eq. (4.23) we have assumed a pure linear bias. Of course, if we allowed for b2 in eq. (4.23), we
would obtain a contribution from b3 in eq. (4.29), and so on. This reflects the fact that the
halo model itself cannot be made entirely self-consistent. Note that in eq. (4.29) the slope is
taken from the linear, not 2-halo power spectrum. This is a consequence of our assumption
that halo profiles do not change due to δ̄; in other words, having d ln k3 P 2h /d ln k would
imply that the profiles do change (in the sense that they are fixed in comoving, rather than
physical coordinates).
We now turn to the one-halo term. Given our assumption about density profiles, this
term is much simpler. The only effect is the change in the mass function, which through
eq. (4.25) (for N = 1) yields
∂ 0
I (k, k) = I21 (k, k) .
(4.30)
∂ δ̄ 2
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We thus obtain
dP 1h (k)
dδ̄

0

= I21 (k, k) .

(4.31)

Putting everything together, we obtain



d ln PHM (k)
68 1 d ln k3 Pl (k)
−1
2h
2
1
1
= [PHM (k)]
−
P (k) + 2I1 (k)I1 (k)Pl (k) + I2 (k, k) .
21 3
d ln k
0
dδ̄
(4.32)
The prediction of eq. (4.32) is shown as the blue lines in figure 5. The amplitude and
broad-band shape agree with the simulations well. The main discrepancy in the halo model
prediction is the insufficient damping of the BAO wiggles.
An alternative approach to derive the halo model prediction for iB(k) is to use higher N point functions [19, 20], which are decomposed into 1−, . . . , N −halo terms. We now compare
eq. (4.32) with the results of [20], which were derived from the halo model four-point function
in the collapsed limit. Note that the squeezed limit is assumed in both approaches. Their
eq. (27) is



d ln PHM (k)
68 1 d ln k3 P 2h (k)
−1
2h
1
−
P (k) + I2 (k, k) .
(4.33)
= [PHM (k)]
21 3
d ln k
0
dδ̄
There are two differences to eq. (4.32): the term ∝ I12 is absent, and the slope is taken from
from P 2h rather than Pl . The I12 term is absent in eq. (4.33) as by assumption b2 was taken
to be zero in the four-point function of [20]; as discussed above, its inclusion is somewhat
ambiguous given the lack of self-consistency of the halo model approach. The different power
spectrum slopes are due to the different sources of this term in the two derivations. In
our case, the assumption of unchanged halo profiles dictates the form of eq. (4.32). In the
derivation of eq. (4.33), the slope originates from the integral over the F2 kernel in the 3halo term, which proceeds as described in appendix A but involves P 2h instead of Pl . Note
however that the numerical difference between eq. (4.33) and eq. (4.32) is only at the percent
level.
4.3

Dependence on cosmological parameters

Both the matter power spectrum and (integrated) bispectrum depend on the cosmological
parameters such as Ωm , σ8 , ns . However, the normalized integrated bispectrum is much less
sensitive to cosmology as the leading cosmology dependence is taken out by the normalizing
denominator.
Eq. (4.20) is useful for understanding the dependence of the response function of the
power spectrum (and thus the normalized integrated bispectrum) on cosmological parameters. The second term depends on the local spectral index of the matter power spectrum,
d ln k3 P (k)/d ln k, which depends on the initial power spectrum tilt, ns , and the matter and
radiation densities which change the redshift of matter-radiation equality as well as the BAO
scale. It also depends on the shape of BAO wiggles, and increasing the amplitude of the
matter power spectrum (σ8 ) leads to a stronger damping of the BAO feature. Increasing σ8
further increases the last term, which is proportional to σ82 . Figure 6 shows the linear response
functions, d ln P (k, a)/dδ̄(a) computed from the SPT 1-loop power spectrum (eq. (4.20)) at
z = 2 when varying cosmological parameters by ±5%. The effects on the response functions
are at the percent level or less, illustrating the weak cosmology dependence of this observable.
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Figure 6: The linear response functions computed from the SPT 1-loop power spectrum with
various cosmological parameters at z = 2. The fiducial cosmology (Ωm = 0.27, σ8 = 0.7913,
and ns = 0.95) is shown in green solid lines. The red dotted and green dashed lines represent
the cosmologies with ±5% of the fiducial parameters, Ωm (left), σ8 (middle), and ns (right).
On the scales considered, the shift in the BAO scale when varying Ωm leads to the relatively
largest effect. We expect that the sensitivity to changes in σ8 will be higher on smaller, more
nonlinear scales.

5

Conclusions

In this paper, we have proposed a novel method to measure the squeezed-limit bispectrum.
By correlating the mean density fluctuation and the position-dependent power spectrum,
we obtain a measurement of a certain moment of the bispectrum (integrated bispectrum)
without having to actually measure three-point correlations in the data. The integrated
bispectrum is dominated by the squeezed-limit bispectrum, which is much easier to model
than the full bispectrum for all configurations. This is evidenced by figures 4–5, where we
show model predictions accurate to a few percent using existing techniques and without
tuning any parameters.
A further, key advantage of this new observable is that both the mean density fluctuation and the power spectrum are significantly easier to measure in actual surveys than the
bispectrum in terms of survey selection functions. In particular, the procedures developed
for power spectrum estimation can be directly applied to the measurement of the positiondependent power spectrum. Additionally, the position-dependent power spectrum depends
on only one wavenumber (at fixed size of the subvolume) rather than the three wavenumbers
of the bispectrum. Consequently, the covariance matrix also becomes easier to model.
We have measured the position-dependent power spectrum in 160 collisionless N -body
simulations with Gaussian initial conditions, and have used two different approaches —
bispectrum modeling and the separate universe approach — to model the measurements. All
of the approaches work well on large scales, k . 0.2 h Mpc−1 , and at high redshift. On small
scales, where non-linearities become important, the separate universe approach (section 4.2)
applied through the Coyote emulator prescription performs best at redshifts z < 2, while
the SPT 1-loop predictions perform equally well at z ≥ 2. Both show agreement to within a
few percent up to k = 0.4 h Mpc−1 . Accurate predictions for the position-dependent power
spectrum on these and even smaller scales can be obtained by applying the separate universe
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approach to dedicated small-box N -body simulations of curved cosmologies [20]. We shall
study this in an upcoming paper.
The normalized integrated bispectrum is relatively insensitive to changes in cosmological
parameters (section 4.3), and we do not expect that it will allow for competitive cosmology
constraints. On the other hand, this property can also be an advantage: since this observable
can be predicted accurately without requiring a precise knowledge of the cosmology, it can
serve as a useful systematics test for example in weak lensing surveys. As an example, consider
eq. (2.12) applied to shear measurements. A constant multiplicative bias 1 + m in the shear
estimation contributes a factor (1 + m)3 on the left hand side of the equation, and a factor
(1 + m)4 on the right hand side. Thus, by comparing the measured normalized integrated
bispectrum with the (essentially cosmology-independent) expectation, one can constrain the
multiplicative shear bias.
The position-dependent power spectrum can also naturally be applied to the case of
spectroscopic galaxy surveys, in which case the non-linear bias of the observed tracers also
contributes to the bispectrum and position-dependent power spectrum. Thus, when applied
to halos or galaxies, this observable can serve as an independent probe of the bias parameters
and break degeneracies between bias and growth which are present when only considering
the halo or galaxy power spectrum. We shall apply this new method to halos in N -body
simulations, as well as to data from galaxy surveys in future papers. Finally, this approach
can also be immediately applied to the projected matter density distribution as measured
through weak lensing. In this case, the complexities of bias are absent and the modeling we
have presented in this paper should be sufficient to describe the measurements.
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A

Tree-level matter bispectrum in the squeezed configurations

In this appendix, we derive the squeezed-limit result eq. (4.4). The tree-level perturbation
theory gives the matter bispectrum (with our notation)
B(k − q1 , −k + q1 + q3 , −q3 ) = 2[F2 (k − q1 , −k + q1 + q3 )P (|k − q1 |)P (| − k + q1 + q3 |)
+F2 (k − q1 , −q3 )P (|k − q1 |)P (q3 )
+F2 (−k + q1 + q3 , −q3 )P (| − k + q1 + q3 |)P (q3 )] , (A.1)
where F2 (k1 , k2 ) is
5 1 k1 · k2
F2 (k1 , k2 ) = +
7 2 k1 k2



k1 k2
+
k2 k1



2
+
7



k1 · k2
k1 k2

2

.

(A.2)

In the squeezed configurations, where k ≫ q1 , q3 , we Taylor expand the power spectra and
F2 ’s. In the calculation, we keep terms to first order, e.g., keeping 1 and q/k (ignoring (q/k)n
for n ≥ 2) or keeping q/k and (q/k)2 (ignoring (q/k)n for n ≥ 3), and then combine them to
see the leading order effect of the final result.
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First, the amplitudes of the vectors can be calculated as


k · q1
k2 + q12 − 2k · q1 ≈ k 1 −
k2


k · (q1 + q3 )
.
| − k + q1 + q3 | ≈ k 1 −
k2
|k − q1 | =

q

(A.3)

Therefore, the power spectra are





k · q1
k · q1 d ln P (k)
k · q1 dP (k)
P (|k − q1 |) ≈ P k −
= P (k) 1 −
≈ P (k) −
k
k
dk
k2
d ln k


k · (q1 + q3 ) d ln P (k)
.
(A.4)
P (| − k + q1 + q3 |) ≈ P (k) 1 −
k2
d ln k
The cosines between the vectors forming the squeezed triangle are



(k − q1 ) · (−k + q1 + q3 )
1
k · q1
k · (q1 + q3 )
≈ [−k2 + k · (2q1 + q3 )] 2 1 +
1
+
≈ −1
|k − q1 || − k + q1 + q3 |
k
k2
k2


1
(k · q1 )(k · q3 )
(k − q1 ) · (−q3 )
≈
+ q1 · q3
−k · q3 −
|k − q1 || − q3 |
kq3
k2


(−k + q1 + q3 ) · −q3
1
(k · q3 )[(k · (q1 + q3 )]
≈
− q3 · (q1 + q3 ) , (A.5)
k · q3 +
| − k + q1 + q3 || − q3 |
kq3
k2
the terms k1 /k2 + k2 /k1 are
| − k + q1 + q3 |
|k − q1 |
+
≈2
| − k + q1 + q3 |
|k − q1 |


|k − q1 |
| − q3 |
k
k · q1
+
≈
1−
| − q3 |
|k − q1 |
q3
k2


| − k + q1 + q3 |
| − q3 |
k
k · (q1 + q3 )
+
≈
1−
,
| − q3 |
| − k + q1 + q3 |
q3
k2

(A.6)

and thus the F2 ’s become
F2 (k − q1 , −k + q1 + q3 ) ≈ 0
5
1
F2 (k − q1 , −q3 ) ≈ +
[−7k2 (k · q3 ) + 7k2 (q1 · q3 ) + 4(k · q3 )2 ]
7 14(kq3 )2
1
5
[7k2 (k · q3 ) − 7k2 [q3 · (q1 + q3 )] + 4(k · q3 )2 ] .
F2 (−k + q1 + q3 , −q3 ) ≈ +
7 14(kq3 )2
(A.7)
Finally, we combine all terms, keep the leading order terms, and obtain
"
#




k · q3 2 d ln P (k)
13 8 k · q3 2
B(k − q1 , −k + q1 + q3 , −q3 ) =
P (k)P (q3 )
−
+
7
7
kq3
kq3
d ln k
q 
1,3
+O
,
(A.8)
k
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where q1,3 refers to q1 and q3 . Spherically averaging (k̂ · q̂3 )2 over k yields 1/3, and thus
Z

d2 Ωk̂
B(k − q1 , −k + q1 + q3 , −q3 ) =
4π




 q 2
47 1 d ln P (k)
1,3
−
P (k)P (q3 ) + O
21 3 d ln k
k



3
q1,3 2
68 1 d ln k P (k)
=
.
−
P (k)P (q3 ) + O
21 3 d ln k
k
(A.9)

Note that the O(q1,3 /k) terms cancel in the angular average. The same relation has been
derived in [18–20, 33].
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