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ABSTRACT

We give a formulation of the radiative transfer equationlfpman « photons which allows us to include the two-photon correxio
for the 3s-1s and 3d-1s decay channels during cosmologidabfen recombination. We use this equation to computedirections

to the Sobolev escape probability for Lymarphotons during hydrogen recombination, which then allowousalculate the changes
in the free electron fraction and CMB temperature and proddion power spectra. We show that tHeeetive escape probability
changes bywP/P ~ +11% atz ~ 1400 in comparison with the one obtained using the Sobolpvoagmation. This speeds up of
hydrogen recombination b&Ng/Ne ~ —1.6% atz ~ 1190, implying|AC,/C| ~ 1% — 3% atl > 1500 with shifts in the positions of
the maxima and minima in the CMB power spectra. These céorectvill be important for the analysis of future CMB data.

The total correction is the result of the superposition eé¢hindependent processes, related taiifif-dependent aspects of the
problem, (ii) corrections due to quantum mechanical dewiatin theshape of the emission and absorption profiles in the vicinity
of the Lymana line from the normal Lorentzian, and (iii)taermodynamic correction factor, which occurs to be very important. All
these corrections are neglected in the Sobolev-approximdiut they are important in the context of future CMB olvagions. All
three can be naturally obtained in the two-photon formatabf the Lymana absorption process. However, the corrections (i) and
(iii) can also be deduced in the normal+11" photon language, without necessarily going to the twotph picture. Therefore only
(i) is really related to the quantum mechanical aspecteftivo-photon process. We show here that (i) and (iii) leatthédargest
separate contributions to the result, however they pritaincel each other close ro~ 1100. Atz ~ 1100 the modification due to
the shape of the line profile contributes abai./Ne ~ —0.4%, while the sum of the other two contributions gives,/Ne ~ —0.9%.

Key words. radiative transfer — cosmic microwave background — earlivéfse — cosmology: theory — atomic processes — cosmo-
logical parameters

1. Introduction baryonic acoustic oscillation (elg. Eisensiein 2005} itrucial

After the seminal works df Zeidovich eflal, (1968) dnd P bIto understand the physics of cosmological recombinatioa at

(1968 logical binat dthe | igh level of accuracy. Ignoring percent-level correction the
{ ) on cosmological recombination, and the improvesieny i a4ion history at last scattering ( 1100) may therefore
in the theoretical modeling of this epoch introduced lateg(

- . . glso result in significant biases to the cosmological patarae
%@@&%@%OOL leading to the V;'d%¥duced using large catalogs of galaxies e
use t?] an a{f recom mtﬁ '0(;‘ (t:°.| | S; (IS_e_ag?_r_e_t_diL_l;LQQ )’IIZD_O_$;LI:I1'JL$iLZD_d6), as for example recently demonstrated fo
over the past few years the detailed physics of CoSmologXal 4.6 gpacylative additions to the cosmological recomizinat

combination has again been reconsidered by several indepen ¢4 rio (de Bernardis et I, 2009) related to the podsilfi

groups (e.gl _Dubrovich & Grachey_2005; Chluba & Sunya ination (Peebles et al. 200D
2006b; | Kholupenko & Ivanchik| 2006; Rubifio-Martin e afd’elayed recombination 0).

i . . - . * Among all the additional physical mechanisms during cos-
2006 Switzer & Hirata 2006, Wong & Scott 2 07). Itis CleaFnoIogmal recombination that have been addressed so far, th
that understa})ndmg the cosmological ionization historythat roblems connected with thediative transfer of H1 Lymana
, O}f“’ 0.1% (eag.ts_elwdSun a_eV&Cf?ftlLeﬁb_Di_Z D—‘—th Fe_ndtl t hotons, includingrartial frequency redistribution and atomic

6, Tor a more detailed overview of t rent previousty  recoil due to multiple resonance scatterimbectron scattering,
neglected physical processes that are important at thés ¢dv

. : . . and corrections due two-photon processes during Hi recombi-
accuracy) will be very important for accurate theoretioakfic- nation ¢ ~ 800— 1600), h%ve stiﬁ not been sol\?ed at full depth.

g(r)]gs c];Itat:riezg'fi)grrp:nhghclraﬁﬁﬁjvcetuBaatli%agsm(:ng (C@% temﬁeritg "Sere we will focus on th(_e in_clusion of two-photon correcsda
Seljak et all 2003) in the context of thesRck Surveydd, which he 3s-1s and 3d-1s emission and absorption process.
: : The potential importance of two-photon transitions from
will be launched later this year. . : X . :
highly excited levels in hydrogen and helium was first painte

Also for a precise calibration of thacoustic horizon at re- out by D h & Gracl 5). They predicted 8% de-
combination and the possibility to constrain dark energngis crease in the free electron fractioreat 1200. However, in their
Send offprint requests to: J. Chluba, computations of thefiective two-photon decay rates for the
e-mail: jchluba@cita.utoronto.ca andnd-levels they only included the first non-resonant term (i.e

1 www.rssd.esa.ipPlanck due to the dipole matrix element connectimgynd — np) into
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the infinite sum over intermediate states. Also in their apph Given the delicate complexity of the two-photon transfer
they neglected any possible transfer or reabsorption ofgoiso problem it is very important tondependently cross-validate the

in the vicinity of the Lymana resonance, but simply assumedesults obtained by fferent groups. In this paper wdter an-
thatall the photons accounted for by the inferrdtketive two- other approach to this problem in which we take into account
photon decay rate can directly escape. the two-photon nature of the 3s-1s and 3d-1s decay channels,

Using rate cofficients for the vacuum two-photon de.WithOUt intrOdUCing any criterion dIStInnghlng betWéﬁﬂre,_
cays of the 3s and 3d-levels in hydrogen, as computB#o-photon decays and 't 1' resonant contributions. We give
by [Cresser et al[ (1986), Wong & Sc¢ott (2007) concluded thaformulation of modified rate equations for théerent hydro-
Dubrovich & Grachev((2005) overestimated the impact of twd€en levels and the photon transfer equation, which we then us
photon transitions on the ionization history by about oropf  t0 compute the féective Hi Lymana photon escape probability
magnitude. However, the calculatior{ of Cresser ki al. (1886 including these corrections. _ . _
incomplete, since in their attempt to separate the 1 photon Although it is clear that in particular the atomic recoil
contributions to the two-photon formfdldrom the 'pure’ two- €effect speeds up _hydrogen recombination up at the percent-
photon decay terms, without clear justification they neigiethe level (Grachev & Dubrovich 2008; Chluba & Sunyaev 2008b)
first non-resonant terni_(Chluba & Sunydev 2008c). Physica®nd also partial frequency redistribution will lead to soatk
it seems very diicult to separate the ‘pure’ two-photon decay ditional modification3, here like in Hirata[(2008) we will ne-
rate from the "1+ 1’ resonant contributions (see discussions ifilect the frequency redistribution of photons due to resoea
Chluba & Sunyaél 2008E; Hirata 2008; Karshenboim & Ivancdicattering and work in theo line scattering approximation. As
[2008), e.g. because of non-classical interfererfiects. In a €xplained in several previous works (Chluba & Sunyaev 2008b
complete analysis these contributions should be takenaioto Switzer & Hiraté 2008; Rubifio-Martin etlal. 2008; Hiratads)
count. In additior, Wong & Scott (2007) also neglected rtika for conditions in our Universe (practically no collisiortb)s isa
transfer aspects of the problem. m_uch_ better_des_crlptlon_ than the .ass_umptlomvﬁplete redis-

Slightly later this problem was reinvestigated in more meténbuhon, which is used in the derivation of the Sobolev escape

(Chluba & Sunyaey 2008c¢), showing that due to two-photon d robability. We als_o t_ake _intq account stimulated 35'153"“}(.1
cays during hydrogen recombination a decrease of more tr[%%two'lohomf‘ emission, finding this process to be sub-dantin
~ 0.3 0.5% in the free electron fraction at~ 1150 can still HOWever, until now we do notinclude théfect connected with

be expected. This estimate was obtained by taking into atcoff@Man scattering in this paper. .
departures of the fulhs-1s anchd-1s two-photon line profiles Instead of solving the obtained coupled system of equations

from the Lorentzian shape in the very distaugtically thin part simultaneously, we assume th.at the correctior)s will belssal
of the red wing of the Lyma line. In these regions it can pethat each of them can be considered geréurbation of the nor-

assumed thal released photons can directly escape, and herlB&' '1 +El1: ph%ton reSllﬂt-_ Therefforrle Vt\;e can rlllsgf pre-ccl)mpluted
lead to a successful settling of the electron in the grouatst SOUtiona for the populations of the derent hydrogen levels

No radiative transfer formulation is needed to estimatefisic- &S & function of time to obtain the time-dependent photorsemi
tion of transitions, however as mentioned in their work the- ¢ SiOn rate for the dierent decay channels. This approach allows
rections coming from regions with significant radiativensger US 0 solve the H Lyman « radiative transfer equatiosemi-

can still be important. According to their computationg, two-  2naytically also including the 3s-1s and 3d-1s two-photon cor-

photon decays from s-states seem to slow hydrogen recombiifgtions: Using the obtained solution for the spectraloditsin

tion down, while those from d-states speed it up. In addition @t diférent redshifts one can then compute éffective Lyman

was shown that the slight net acceleration of hydrogen recofh©ape probability as a function of ime. This value can be di-
bination seems to be dominated by the 3s and 3d contributiéittly compared to the normal Sobolev escape probabilifglvh

(Chluba & Sunyaey 2008c). then also allows to deduce the expected modification in the co

Another investigation of the two-photon asiects of the rmg:%%%%&%?'é;ggﬂahlsmry and CMB temperature and polar
combination problem was recently performec_ by H rOO Here we show that theffective escape probability changes
He gl:]aye Tn‘grm;llatlon oLthe photon tr_ansfgr p_robIherTC} SIM@a. 1, \p/p - 1119 atz ~ 1400 in comparison with the value de-
ously includingall two-photon corrections during hydrogen re-." . P -

combination related tas-1s,nd-1s, c-1s transitions arighman rived in the Sobolev approximation (see Figl 17). As we expla

scattering processes, also taking into account stimulated prié1 detail, this total correction is the result of the supaipion
cesses in the ambient CMB blackbody radiation field. In otoler f three independent processes, related trtg-dependent as-

solve this complicated problem two approaches were uséleln pects of the problem, (ii) corrections due to deviationstie t
first the two-photon continuum was discretized and turnéal i shape of the emission and absorption profiles in the vicinity of

. . e Nthe Lymana line from the normal Lorentzian, and (iii)taermo-
an dfective multilevel-atom with virtual states related to _tfne € dynamic correction factor. All these corrections are neglected in
ergy ofthe photons. In the second approach the correctiens wy, cosmological recombination problem, but for the arialgs

analytically modeled asfkective modifications of the Lyman future CMB data they should be taken into account
a and Lymang decay rates. In addition, in both approaches a '

distinction be_tween regions with "% 1’ .pholton contriputions 3 As already mentioned in_Chiuba & Sunyaév (2G08b), our ctrren
and those with pure two-photon contributions was introducgersion of the code already contains the corrections duiméodiftu-
to avoid thedouble-counting problem (see Sec. I1.C 6f Hirata sion on thermal atoms, atomic recoil and electron scatetim good
(2008)) for the decay rates. As pointed out this distincigomot agreement with Grachev & Dubrovich (2008) we found that abae
unique, but the results were shown to be independent of thre choil is most important, but partial frequency redistrilontionly leads

sen parameters (Hirdta 2008), in total yieldige/Ne ~ +1.3% to an additional small modification. in_Chluba & Sunyagv @pave
atz ~ 900 andANe/Ne ~ —1.3% atz ~ 1300. will present the results of these computations, also tattiegd-1s and

3s-1d two-photon corrections into account.
4 We used the output of the latest version of our multilevelecod

2 This expression was first derived by Goppert-Mayer (1931) (Rubifio-Martin et al. 2006; Chluba et/al. 2007).
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In the "1 + 1’ photon picture thepurely time-dependent very far away from the Lymaun line center, so that this correc-
correction was already discussed earlier (Chluba & Sunyatsn usually can be neglected. However, for the cosmoldgésa
[2008b), showing that changes in the state of the medium (ecgmbination problem even details at distances-af0® — 10*
number densities and Hubble expansion rate) cannot be Beppler width do matter (Chluba & Sunyagv 2008b), so that
glected in the computation of the Lymanescape probability. such an inconsistency in the formulation of the transfebfem
This is because only a very small fraction (0% — 10°%) of has to be resolved. As we will show here the associated correc
all interactions with the Lyman resonance lead to@mplete tion is very important, leading to a significant speed-up af H
redistribution of photons over the whole line profile. As a conserecombination.
guence only the region inside the Doppler core reachesdulle We also demonstrate that including all three modifications
librium with the photon occupation number at the line ceatet to the escape probability, the number density of free edestr
can be considered usirgyiasi-stationary conditions. However, is expected to change b§Ne/Ne ~ —1.3% (see Fig[18).
outside the Doppler core time-dependent aspects of thdgerobclose to the maximum of the Thomson visibility function
have to be taken into account (Chluba & Sunyaev 2008b).  (Sunyaev & Zeldovidh 1970) a ~ 1100, which matters most

The second correction is related gpantum mechanical in connection with the CMB power spectra. The 3s-1s and 3d-
modifications in theshape of the line profiles describing thes-  1s two-photon corrections (related to the shape of the psofil
1s andnd-1s two-photon decay channels. As we explain herand the thermodynamic factor alone) yiéltlle/Ne ~ —2.4% at
this is the only correction that can only be obtained when us—~ 1110. A large part{ 1.1% atz = 1100) of this correction
ing the two-photon picture. As already discussed earligg. (eis canceled by the contributions from the time-dependgreets

v 2008c), this leads to deviations of theeczorrof the problem (see Fif._18 for details). Our results seeneto b
sponding profiles from the normal Lorentzian. One consecgienather similar to those of Hirata (2008) for the contribagdrom
of this is that, depending on the considered processe (for high level two-photon decays alofle
nd-1s transitions) ofewer (for ns-1s transitions) photons will  We also compute the final changes in the CMB temperature
directly reach the very distant red wingp( < —1000 Doppler and polarization power spectra when simultaneously inofyd
width), where they can immediately escape. This correatiasi all processes under discussion here (see[Eily. 19). Theceorre
already estimated earlier (Chluba & Sunyaev 2008c), b her tions in the E-mode power spectrum are particularly impvess
will now be possible to refine these computations, also @xterreaching a peak to peak amplitude-of2% — 3% atl > 1500,
ing to regions closer to the line center, where radiativesfer and significant shifts in the positions of the maxima in theEEM
effects are important. Similarly, modifications in the blue gvinpower spectra. Taking these corrections into account wilhip-
emission can be taken into account using the approach peeseportant for the future analysis of CMB data.
here. Most importantly, because of the correct inclusioerof The paper is structured as follows: in Sddt. 2 we give the
ergy conservation, the two-photon profiles will not exten@t-  equation for the modified Lymam transfer problem. There we
bitrarily high frequencies. This will avoid the low redstsElf-  infer the equations by generalizing the normal+11’ photon
feedback that was recently seen in a time-dependent formulatiemnsfer equation in order to account for the mentioned pro-
of the Lymana escape problem (Chluba & Sunyaev 2008b), angksses. In the Appendix A we give a more rigorous derivation
which here can be modeled more consistently. using the two-photon formulae, also generalizing the rgteae

The last and also most important correction discussedsn thions for the diferent hydrogen levels. We then give the solution
paper is related to &equency-dependent asymmetry between of the transfer equation in SeEf. 2.2 and show how to use it to
the line emission and absorption process, that is normally rcompute the #ective Lymana escape probability (Sedi. 2.3).
glected in the derivation of the Sobolev escape probab#isy We explain the main physical fiérences and expectations for
pointed out earlier (Chluba & Sunyaev 2008b), within the-nothe corrections in comparison with the 411’ photon formu-
mal "1+ 1’ photon formulation for the line emission and absorpation in Sect[B. Then we include 'step by step’ théatient
tion process especially in the damping wings of the Lymadine  correction terms and explain the changes in the resultshior t
a blackbody spectrum i®ot exactly conserved in full thermody- spectral distortion around the Lymarline (Sect[#%) and the ef-
namic equilibrium. This leads to the requirement of an addil fective escape probability (SeEl. 5). In Sédt. 6 we then thee
factor, f,, inside the absorption céiecient, which in the "1+ 1’ results for the ionization history and the CMB temperature a
photon picture can be deduced using the detailed balanee ppolarization power spectra. We conclude in Sect. 7.
ciple (see AppendixB). However, within the two-photon ferm
lation this correctiomaturally appears in connection with the
tVIVO-FJQOt(t)r? aESOFPtiOH process, Wh?jr?honetﬂhmpndis tabﬂ!:l fr2. Two-Photon corrections to the Lyman o emission
close to the Lymanr resonance and the other is drawn from ;
the ambient CMB blackbody photon field at frequency follow- and absorption process
ing from energy conservatiﬁ¥(see Secf. 2711 and in particulaiThe aim of this Section is to write down the line-emission and
Sect[33R). absorption terms describing the evolution of the photordfiel

We will henceforth refer tof, as thethermodynamic cor- in the vicinity of the Lymane resonance including the 3s-1s
rection factor. It results in asuppression of the line absorption and 3d-1s two-photon corrections. Here we will try to matva
probability in the red, and aenhancement in the blue wing of the form of this equation in terms of the additional physisd
the Lymana resonance. This asymmetry becoragmonentially ~ pects of the problem that should be incorporated. We reter th
strong at large distances from the resonance. In most &stsep interested reader to Appendid A in which we provide the ac-
ical applications one is not interested in the photon digtion tual derivation of this equation using a two-photon forntiola.

There the centralingredient is that the photon distribugicound
5 For the 1s-3d two-photon absorption this will fe= vs, — v, where ~ the Balmera line is given by the CMB blackbody. This fact
va1 IS the corresponding 1s-3d transition frequency ardenotes the

frequency of the photon that is absorbed in the vicinity ef tymana 6 Note that this is only part of the total correction which was-p
resonance. sented if Hiratd (2008).
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makes it possible to rewrite the two-photon transfer egueadis the photon distribution in the vicinity of the second photbat
effective equation for one photon, as presented here. is involved in the Lymarr absorption process (Selct. 3]13.2). This

In this Section we also give the solution of the modifieés due to the fact that the photon which enables the 2p-electr
transfer equation (Sed¢t_2.2) and explain how one can use itt¢ reach the 3s, 3d, or continuum is drawn from the ambient ra-
compute the #ective escape probability for the Lymanpho- diation field, which in the cosmological recombination gesh
tons (Sec{ Z13). is given by the CMB blackbody.

2.1. Modified equation describing the emission and death of ~ 2.1.2. Including the corrections due to the profiles of the
Lyman a photons different decay channels

Within the semi-classical formulation of the Lymantransfer As a next step we want to take thefdrences between the line
equation every relevant physical process is envisionedsas-a profiles of the diferent absorption and emission channels into
gle step process involving one photon of the photon fields Thiccount. One can see that in Hd. (3) thenedislistinction made
leads to the introduction of photafeath andscattering proba- between the dierent routes the electron took before or after en-
bilities thatonly depend on redshift (e.g. see Chluba & Sunyadering the 1s«< 2p transition. However, as mentioned in the
[2008b). Also in the single photon picture the line profiles fantroduction, the line-emission profiles depend on how tket
the diferent Lymane emission and absorption channels underlectron reached the 2p-state via channels other than thaivy
the assumption ofomplete redistribution are all identical. For « transition.
example, it will not make dierence if the electron reaches the In order to distinguish between thefldirent possibilities
2p-state and then goes to the 3s, 3d or continuum. In all thi@eg. 1s< 2p « 3s/3d/c), one should allow for profiles;(v),
cases the absorption profile will be given by the usual Voigthat depend on the chanrieAlso the partial rate at which elec-
profile. As explained earlief (Chluba & Suny&ev 2008b), ie thtrons enter the 2p-state will depend ioieading to the replace-
normal ’.1+ 1’ photon Ianguage the Lymanline-emission and mentR;p N R'z; with REp =3 Fézg where the sum runs over all
absorption terms can be cast into the form possible "1+ 1’ photon channels via which the number of Lyman
AN [ a photons can befkected. Furthermore, the probability with
1 dN, - ) > [Dé?n R, — p(ljy hvo1 Bro Nis Nv]- (1) Which electrons are absorbed will become channel-depénden
c dt iy 4rhvp P e thatptljy — pl with ptljy =Y Pl
Here gy (v) is the usual Voigt-profile (see Appendid D for def-  Here itis important tha;; andp); both will only depend on

inition), with normanzaﬂonf"" 90)_ 4y dQ = 1, whereAvp is  time but not on frequency. This is because microscopictlly i

! 0 4nAvp ’ . . .

the Doppler-width of the Lyman line. Furthermorepyl, is the ass_umed that the ab_sorptlon process leads to a QompletarlFedl
L manfxpemission robabiylit in the ;} 1’ bhoton ?cetnl;rﬁ as bution over the profile;(v). W|th this comment it is also clegr
Y P 1 y 1 P pICEUIE, that the factorf, should be independent of the channel, since

given by Eq.[[AY), angy” = 1 - pem the corresponding deathgtherwise detailed balance for each process cannot bevachie

probability. chp describes the rate at which fresh electrons are \wjith this in mind it is clear that the more general form of

added to the 2p-state, and is defined by Eq. (A.9b). Eq. 3) should read
. . . 1 dN, _ ¢i(V) 1y i+ i
2.1.1. Introducing the thermodynamic correction factor C dt 4 A Avo [pem Rzp Py hv21B12 Nis f, Nv]- (4)

As mentioned in the introduction, in this form Ef] (1) does _

exactly conserve a blackbody spectrum in the case of full thein AppendiXA we argue that bolﬁz’; and p‘d can be given using
modynamic equilibrium. Knowing the '+ 1’ photon line emis-  the normal "1+ 1’ photon values for the éfierent rates. We also
sion term and using the detailed balance principle one ctairob specify how to compute the profilesi(v), including stimulated

thethermodynamic correction factorfi two-photon emission (Sedt] C). However, in what followssit i
2 only important that non of these depends on the solutionef th
f,(2) = Va1 vzl /KT, ) prob!em for the_ photon field. _Thls is beca_use we assume that th

V2 readjustments in the populations of théelient level or number

rq_ensity of free electrons is small and hence can be negléated
lowest order. Numerically one can include the correctioth®
correction iteratively, but we leave this for a future paper

It is important to mention that because for two-photon tran-
1 dN, @ wO) 1y o » sitionsns/d — 1s fr_omn > 3 _also photons_ con_net_:ted with
< q = [pem R3p — Py hv21 BioaNis f, Ny]. (38) the other Lyman series are emitted, EHd. (4) in principle can b
¢ used to describe the simultaneous evolution of all Lyman se-

In the standard "% 1’ photon formulationf, has no direct phys- "€S photons. Similarly, one can account for the two-phatom
ical interpretation. It is simply a consequence of thermmadyic  "€ctions due to transitions from the continuum-c 1s, simul-
requirements on the form of the equations. However, as siowrj@n€ously including the Lyman continuum and all other con-
AppendixA the same factdi, naturally appearsinatwo—photont'”uua- However, in this case one can no longer clearly dis-

formulation of the problem. It is actually related to the gaaf (inguish between the flerent Lyman series. Also the equa-
tion will simultaneously describe the process of hyeedback

7 For formal consistency we included the factors iy (v2;) due to  (Chluba & Sunyaev 2007), in addition accounting for its éxac
stimulated emission in the ambient CMB blackbody field indeéini- time-dependence. To avoid these complications, below e wi
tion of pey, although during recombinatiamy (vz1) < 1. first only take into account the two-photon corrections fog t

8 We added a short derivation fdy in Appendix(B. 3s-1s and 3d-1s channel, but leave the others unchangéus In t

which is necessary to avoid this problem. This factor was i

troduced in_Chluba & Sunyaey (2008b) already. Insertingtit i
Eq. () we then have

Ly-a B 4 AVD
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case itis possible to directly compare the results with §m@én over the absorption profile

a problem. In Sec{]7 we briefly discuss the expectéedat of .

this approximation, but leave a detailed analysis for agopa- ) pandv. 2) N, dvdQ = Pand> 2 £ N, dvdQ
per. 47t Avp 47 Avp

_ nPl = *
2.2. Solution of the transfer equation = Nozs Pavs + f Cand?,2) 1(2) AN, . ©)

For a given ionization history, the solution of EQ] (4) in #% where we have set:

_ _ _ “od V> 2 = ¢2,{v,2)/Avp and introduced the
panding Unverse can be readily found, using the proceedaire of gl asg, = f‘Pst(V’ 2) dv. If we now insert the solu-

scribed in Chluba & Sunyaev (2008b). If we introduce tifee o, @) info this expression we can write
tive absorption optical depth as

1y Cor Nig AﬁiﬁZ"YZ) = [Nem(2) — Nlel
Y ~ s

1-"p (10a)

z
al ’ Zl? =
Tabd". Z, 2) fz P P=1- f eipdv) LD F, dv. (10b)

P .
$andv:2) = 1,(2) Z —1dy ¢i(»2 = (2 dapdv.2)  (5b) HereP will later be interpreted as the main part of thigeetive
i Py escape probability (see Se¢fs. 2.3.2[@nd 5).
Similar to Ngp{2) one can also define

. ly _ 1y _h B ; ;
with py” = 1 - pe, o = 72 ~2 and the dimensionless fre-

quencyx = v/(1 + 2), and define thefective emission profile Nor(2) = PandV, 2) NE™ dy 0 L dem(v, 2) Ner(2) dv A0
i+ 4 Avp 41 Avp
Pem(v,2) = Z @p ¢i(v,2) (6) = Nem@ems (12)
i P

so that with the transfer equatidd (7) it follows
then Eq.[(#) takes the simple form

dN 1 dN,
1 dNV 1y em d_ty = E f F dvdQ
c dat L =py or Nis@andv, 2) {N;" = N, } (7a) Ly Ly
y 1y — pl —
= py hv21B12 Nis{Nem@em — Ny @
em: ZLgl % R;p % ¢em(V, Z) - ¢em(V, Z) ( ) d S 15{ emrem lel abs
Y C2 gZp REleS ¢ab5(V, Z) -oen ¢abs(V, Z) ’ _[Nem - NV21][1 - P]}
1 |
whereNen is only redshift dependent. = Py’ hv21B12 Ny {Per [Nem— N3, 1} (12a)
The solution of this equation in the expanding Universe can
be directly given (see Chluba & Sunyaev 2008b) with
Per = P + AP 12b
ANS2) = [Nen(@) — NEL] X F(3,2). (8a) = PeAP (120)
. Nem Agem — Nfgl A‘P;bs
Here the functior-, represents the frequency dependent part of APing = o (12¢c)
the solution for the spectral distortion, which is defined by Nem — Ny,
z g whereAgem = gem—1 andAy}, = ¢7, —~1. As we explain below,
F(r.29 = f 0%(z.2) 0,€ ™72 dzZ (8b) with these definitions thefiective escape probabiliter, can
% e now be directly compared with the value in the normak’1’
Nem(Z) X fenl.2) _ Ny photon formulation and the Sobolev escape probability.
®a(z, Zl) - ¢abs(V ,Z) (8C)
M) - R, 2.3.1. Range of integrati he profi
~ v ~ .3.1. Range of integration over the profiles
1 Ren(z) x 22223 — ) d 9 P
- abs\” 1

. T (8d) In the above derivation we have not specified the range of inte
s Nem(2) — Ny, gration. Since the 3s and 3d two-photon profile include bia¢h t
ol Balmera and Lymana photons, by carrying out the integrals
whereAN, = N, - N;’, v = X[1 + Z] and atz > z the CMB  over the frequency interval (&), one would count 2 per tran-
spectrum is assumed to be given by a pure blackbody spectrsjfibn. In order to avoid this problem, we can simply restiiie
NB'. FurthermoreNem(2) = Nem(2)/[1 + 2%, X1 = v21/[1 + 2], range of integration te > v31/2, but leave all the other defini-
X, = va1/[1+Z], ande' = é% with To = 2.725K. Note tions unal'gered. Sincesy/2 is far away f_rpm the Lyman res- .
that KP' does not explicitly depend on redshift. Also we hayanance th|_s dqes not lead to any _S|gn|f|cant problgm regardin
X ol xpl : the normalization of the normal Voigt-functfdrin addition, for
used thatf, (Z)Nx' = N,, . the quasi-stationary approximation the contribution ®\hlue
of the escape probability from this region are completelgline
gible. Therefore this restriction does not lead to any hiethe

2:3. Number of absorbed photons and the effective Lyman « result, but does simplify the numerical integration sigpaifitly.

escape probability

, . . L2 .
With the solution[[B) one can directly compute the number of® vs1/2 corresponds tep ~ —1.7 x lO“[ﬁ] Doppler width, so
absorbed photons. For this we define the meaN,0of |, /hy  that the absolute error in the normalizationggfis ~ 1.6 x 10°8.
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2.3.2. Relating the corrections in the spectral distortion to the 102 : 10-shell Hydrogen Atom

corrections in the effective escape probability

all channels
continuum
——————— s-state

We now want to understand howfidirences irfF, and% relate 10 et

to corrections in theféective escape probability. For this we first = other channels
want to emphasize that in the normat’l’ photon picture, under
the assumption of quasi-stationarity and in the no linetsgag
approximation, following the derivation of the previousgen

T
|

=
(=}
T

Death Probability in Different Channels

one would find[(Chluba & Sunyaev 2008b) ol ]
dN)c’j 1y pl ; . E
| =Pd hv21B12 Nis Pg [Nem — Ny, ] (13) ook o }
Ly F - 3
[ Ese ]
with Pg = £ andrq = ptljyrs. 107

|

. NG . .

It is clear that% At represents thefiective change in the o
total number density of photons involved in the Lymaavolu- 10'200/ o — o e Lo
tion over a short time intervalt, and hence is directly related z
to the change in the total number of electrons that settlaen t
ground state via the Lymam channel. By comparin@q with tion channels. We used a 10-shell hydrogen atom. The thick

Per, as defined by EqL{I2b), one can therefore deduce the [&r. . . A orl.
quired dfective correction to the Sobolev escape probability, thé T'pdelllqr:j?)f']?)? ws the total death probabilipy (for definition see

is normally used in the formulation of the recombinationtpro

lem. Following the arguments/of Chluba & Sunydev (200813 thi

correction should be given by contributes slightly more~ 2% versus~ 7%). However, less

Fig. 1. The death probabilities for flerent Lymana absorp-

b than~ 0.5% of photons are directly absorbed to the continuum.
APs = Pg' Ter Ps (14) Assuming that the final modification in the ionization higtor
1~ PeinPer ' is ANe/Ne ~ 1% wheronly including the two-photon aspects for

the 3d-1s channel, then the above numbers suggest thdte (i) t
wherePs = 122 js the standard Sobolev escape probabilitpdditional correction is expected to be similantte/Ne ~ 0.1%

T

with the usual Sobolev optical deptt, when also taking the_ two-photon c_haracter qf the 1s-3s,dls-4

and 1s-5d channels into account; (ii) neglecting the twotgih

character for the transition to the continuum should leadrto
3. Main sources of corrections to the Lyman a uncertainty ofANe/Ne < 0.1%. These simple conclusions seem

S - ; to be in good agreement with the computatiorls of Hifata (2008
pectral distortion ) e X

This also justifies the fact that here as a first step we only con
Using the solution{8) one can already identify the main sesir sider the two-photon corrections to the 3s-1s and 3d-1seian
for the corrections to the photon distribution in companigsoth However, we plan to take the other two-photon correctiotts in
the quasi-stationary approximation. These can be splintgp i accountin a future paper.
those acting as a time and frequency depenetaissivity, which
is characterized bp?, and those justfiecting theabsorption . . . )
optical depth, ans Below we explain how the two-photon as-3'2' Effective Lyman a emission and absorption profile
pect of the problem enters here, and whidleets are expected. As we have seen in the previous section, the main channel
In Sect[# anf{l5 we discuss the corrections to the Lymapec- for Lyman o absorption is due to the 1s-3d two-photon tran-
tral distortion and theféective escape probability in comparisorition. This implies that the fiective absorption profileg?,
with the standard "% 1’ photon formulation in more detail. will be very close to the one following from the 3d-1s chan-
nel alone. In Figl R we give the spectral dependenceftdrmint
line profiles in the vicinity of the Lymam resonance at red-
shift z = 1300. For comparison we also show the \Voigt profile,
¢v (see AppendikD). One can clearly see the asymmetry of the
Before looking at the solution of the transfer equation inrenotwo-photon profiles around the Lymanline center and the de-
detail it is important to understand, which channels onayer viations from the Lorentzian shape in the distant dampingpai
contribute most to the absorption of Lymamphotons. In Figl 1l In the right panel we also show th&ective emission profile,
we present the partial death probabilities foifefient channels, ¢em, for the 3 shell atom, as defined by Kq (6). In the computa-
as defined in the Appendix]A. At all considered redshifts mot®ns we only included the 3s and 3d two-photon profiles, but a
than~ 90% of the absorbed Lymam photons disappear from sumed that in the continuum channel ¢&s2p < c) photons are
the photon distribution in 1s-3d two-photons transitiancbn- emitted according to the normal Voigt profile. As one can kee t
trast to this, only about 2% of all transitions end in the 8des effective emission profile indeed is very close to the 3d-1s two-
This is because the ratio of the 2p-3s and 2p-3d transitt@s ia  photon profile, including stimulated emission. Onlyvat v3;
aboutyssAss2p/ 93dAss2p ~ 1/50. One can also see that in generaine can see the small Lorentzian contribution from the oenti
the 1snd channels are more important than thengszhannels, uum channel. Close thg; one can also see the small admixture
and that the contributions of 1s-3s and 1s-4d two-photon-chaf the 3s-1s two-photon profile. As can be deduced from the lef
nels are comparable, where at high redshifts the 1s-4d ef@nmanel in Fig[2, at ~ v; the stimulated 3s-1s two-photon pro-

3.1. Relative importance of the different Lyman a absorption
channels
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Fig. 2. Different line profiles in the vicinity of the Lymadm resonance at redshift= 1300. The left panel shows the 3s and 3d
emission profiles in comparison with the normal Voigt profile the right panel we show thefective emission profile for a 3
shell hydrogen atom, as defined by Hd. (6), in comparison thigh3d emission profile and the Voigt profile. The curves lathel
'induced’ include the ffect of stimulated two-photon emission due to enhancementaexied with the second photon released at
low frequencies. This process is only important close tovs; and eventually leads to a sub-dominant correctioiMd/Ne < 0.1%

in the ionization history. On the other hand, the overalhas\etry in the &ective emission profile (red wing stronger that blue wing)

has important implications for the hydrogen recombinagiozblem (see Chluba & Sunyaev 2008c).

file is about~ 40 times larger than the 3d-1s two-photon profilehe quasi-stationary case depends on the initial frequehttye
With appropriate renormalization one can also obtain tats f considered photon, since close to the line center photamsltr
tor using the approximatiofi{Q.3). Althougﬂi;* ~ R§g+/50, a much shorter distance before getting absorbed than irettye v

- ~ distant wings, implying that time-dependent correctiomsanly
due to this factor at ~ vz, the 3s channel adds abcdisg, or important for photons that are emitted outside the Dopydee ¢

~ 44% o the dective emission profile. (for more details see Chluba & Sunyaev 2008b).
In Fig.[3 we illustrate theseffects onry,s for emission red-
3.3. Time and frequency dependence of the absorption shift z = 1100. We show the optical depth as a function of the
optical depth initial frequency for diferentAz. In the upper panel we show the

results for the case under discussion here (solid line) cBor-
arison we show the values of the optical depth using the abrm
‘:%Jasi-stationary optical depth (dashed lines) for whicéh loas

In the definition ofF (v, 2), Eqg. [8b), the functior®® accounts
for the frequency and time dependence of the emission psoc
For ® = 1 the shape of the solution for the spectral distortio

depends only on the absorption optical depths as defined by 0 Vo dy
Eq. [52). In this case one can directly write T4 (nZZ)~ Td(Z)fV/ ¢V(V)A—VD, (16)
Fo(v,2) = 1— g T2, (15)

with 74(2) = péy 7s, Wherers is the normal Sobolev optical

Separating this part of the solution turns out the be verjulisedepthy’ = v#Z andz = z- Az o .
for numerical purposes. However, as we will see in §ectZ3.4. For very smallAz/zone expects no significantftérence be-
Fo doesnot describe the main behavior of the spectral distortidMeen the full numerical result far,,s and this approximation.

when including the thermodynamic correction factar However, looking at the caseéz/z = 10°°,10™* and 10° one
can see that even then there is a smdlledénce in the distant

. . red and blue wings of the line. This is not due to time-depanhde
3.3.1. Pure time-dependent correction to Taps corrections but due to the fact that, as usual, in Eg. (16) eve n
lected the factov,;/v which appears in the definition afps
eading totaps/ Ty ~ v21/v 2 1 on the red, andapy/7g < 1 0n
the blue side of the resonance.
For the caseaz/z = 0.01 and 01 we start to see the cor-
rections due to the time-dependence. Here most interésfiorg

— 01 : s
tortion from the quasi-stationary case. Here the most itapor 2%/2 = 0.1 in both wingszaps < 747, is because the photons

aspects are that, depending on the emission redshift, the t¢/¢"® relea}sed ats 1400, so thatq(2) dbecrer?ses while t;le pEO-_
absorption optical depth until the time of observation @myis NS travell(Chluba & Sunyaiev 2008b). This means that the in-

effectively lower (forzem > 1400), or greater (for.m < 1400) tegral over diterent redshiftsa(v, 2 Z) ~ [ ra(D¢v (V)7 can-
than in the quasi-stationary case. In addition the devidtiom not reach the value fmgs(z). Note that comparing with the value

If we neglect the two-photon corrections to the 3s and 3d pr
files (¢ = ¢v) and setf, = 1 then we can look at the
pure time-dependent correction tQu,s As explained earlier

(Chluba & Sunyaey 2008b), the dependenciepNis, andH

on redshift lead to deviations of the solution for the spaatis-
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3-shell Hyd A =1100 . . .
el yclogen o= 10 7¥(2) < 7¥(2) at the absorption redshift = z-Az < zone finds

74(v, 2 Z) 2 734 (2) following a similar argument. Usually this is
the comparison which is made when talking about the escape
probability at redshifiz, so that the role oz andZ is simply
interchanged.

The diference due to the time-dependence is not yet very
visible for Az/z = 0.01 (the changes should bkr/7| ~ |Az/2),
but one can see it in the regiond xp < X3 ~ 500. There
it is clear that the emitted photons will reach the Dopplereco
over a period that is shorter than the choagfz. For the case
Az/z = 0.1 this region is 0< xp < X3 ~ 4800. Depending on
how far the photon initially was emitted from the Doppler €or
the time it will travel before reachingp ~ O will grow with
increasingxp. This implies that at the redshiff < z < 1400 of
Doppler core crossingq(z.) < 7q¢(2), leading to the slope seen
in the regions & Xp < X5.
Note that in the final result the time-dependent correction
=500 5 000" 10000 to TapsiS NOt SO important, only leading to modifications in the
%o escape probability b)AP/P| ~ 1% — 3%. The time-dependence
3-shell Hydrogen Atorg = 1100 of ®! is much more relevant (see Sédt. 5 for more details).

5 T

,,,,,,, quasi-stationary
pure time-dependent

T
abs
[N
=)
LAAL AR AL B B L L B B AL SR SR B L

vl ol vl ol ol 3ol cowd cod ool ol ol ol 1o

,,,,,,, quasi-stationary
time-dependent &

3.3.2. Effect of Thermodynamic correction factor on 7aps

If we now include thethermodynamic correction factorf,, as
given by Eg. [(2), in the computation afys then it is clear
that for photons appearing at a given time on tbe side of

the Lymana resonance, the total absorption optical depth over
a fixed redshift interval will bdower than in the standard ap-
proach, independent of the emission redshift. Simeg/kT, ~

-1 -1/2
40[£Z] " one hashly — var] /KT, ~ 2 [£Z] . Due to the

exponential dependence §f on the distance to the line center

- . 1/2 .
this implies that aty < —10° [ﬁ) / photons even directly

escape, without any further reabsorption. This is in stank-c
trast to the standard approximatiofy & 1) for which even at
distances- —10* some small fraction of photons (comparable to
L L s o 102 atz ~ 1100) still d.isappears. We iIIustraFe this behavior in

X the central panel of Fidll 3, where at large distances on ttie re
3-shell Hydrogen Atorg = 1100 side of the resonance the valuergfsis many orders of magni-
16 I A tude smaller than in the quasi-stationary approximaticwe
fffffff quasi-stationary ‘ will see below (e.g. Sedi. 8.1), the thermodynamic factadse
T fime-dependent & to the largest correction discussed in this paper, and inifac
is thisred wing suppression of the absorption cross section that
contributes most.

As mentioned in Secf_2.1.1, physically this behavior re-
flects the fact that the photon which enables the 2p-eled¢tron
reach the 3s and 3d is drawn from the ambient CMB radia-
tion field. For photons on the red side of the Lymaneso-
nance ¢ < vz1) a photon withy’ > vs; is necessary for a 1s
electron to reach the third shell. Since duringrddcombination
the Balmera line already is in the Wien tail of the CMB, this
means the that relative to the Balmetine center the amount
of photons atV > vs; is exponentially smaller, depending on
how large the detuning is. Denoting the frequency of the sec-
ond photon (absorbed close to the Balmeresonance) with
v = v31 — v, by taking the ratio of the photon occupation num-
190000 5000 o “5000° 10000 bersn’/ny(va2) = Npi(var — v)/Npi(va2) = el=2l/kTy we again

) can confirm the exponential behavior Hf Note that the same

Fig.3. Modifications in the absorption optical deptfactor will appear even when thinking about two-photon sfan
tandX0,2,Z — AZ) for z = 1100. Herexp = [v - vai]/Avp, UONS towards higher levels with > 3 or the continuum. It is

whereAvp is the Doppler width of the Lyman resonance. In a result of thermody_namic requirements, which should be-ind
each plot we show a sequence (lower to upper set of Curves)oggdent ?f thiﬁorg’{ﬁgr&d piigcgss, as long as the secorahphot
Az/z = 10°5,104,1073,1072 and 01. For detailed explanation ' drawn fromtne ackbody.

see Secf]3.
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On the other hand, for photons that are released obltiee with the case for the thermodynamic factor (central paria$) i
side of the Lymana line the the total absorption optical depttclear that the correction tasdue to the shape of the absorption
is larger than in the standard approximation (see Elg. 3 centratofile is not as important.
panel for illustration). Due to the exponential dependenfcg One should also mention that setti®j = 1 andf, = 1 we
on frequency for, = ¢y this even leads to abitrarily large  opyain the solutiorF$ as given by EqI{I5). With the comments

absorption optical depth in the very distant blue wing. Agaimade above, one therefore expects a strong drop in the vilue o
this behavior can be understood when thinking about thergecg-¢ for v — vay, since thereraps — 0. Numerically we indeed
’ abs .

photon as drawn from the CMB blackbody. However, now the . ;
are exponentially more photons available than at the Balmeﬁﬁé')d this behavior (see Sgt.4).

line center.
This very strong increase in the absorption optica.4. Time and frequency dependence of the effective
depth implies that photons are basically reabsorbgdsi- emissivity

instantaneously, so that the usual quasi-stationary approxima- o o
tion for the computation ofa,s should be possible, like inside If we look at the definition 0B, Eq. [8¢), and rewrite it like
the Doppler core. In this case one therefore has

1

Vs (014 0%z 72) = o'+ e? 19a
zd @ [ owt) B @2)= ¢ [o'+o (192)
L i O Ren(@) - R
N PPN« 0(z7)= ——=2 (19b)
W@ [t AD) T
with 74(2) = py vs, wherets is the normal Sobolev optical 0%(z7) = = Nem(z)~pl [(pfm(v,’ 2 - 1], (19¢)
depth, andrs = v1=. This approximation forraps Will also be Nem(@ ~ N5, [ #and”

1+z N . X
very accurate close to the line center, but is very crude én th

red wing. Note that forf, = 1 and¢}, = ¢v, qu)s recovers Wwe can clearly see that there are also three sources for the co
the approximation for the normal absorption optical depttihe  rections to the fective emissivity. The first is due to tiperely
quasi-stationary approximation, EQ.116). time-dependent correction @2 = ©'), the second due to thker-
Forzs — oo, v > v»; and assuming that,, .= ¢y one has modynamic correction factor (02 = 1/f,), and the last due to
the quantum mechanical asymmetryf[ between the emission and
Tglgise(y, z,2) ~ 14(2) fv(z)i' (18) absorption profile®? = ©%). Below we now shortly discuss the
T XD expected consequences of each of these.

With this equation it is possible to estimate the positiorttos

blue side of the Lymamr resonance at whichaps ~ 1. Above 3 4 1. pyre time-dependent correction to ©2

that pointFg — 1, however this does not represent the main

behavior ofF, for the given assumptions, since also the factétor @ = @' we are looking at the pure time-dependent cor-
1/f, in ®becomes important, so thif instead actually scalesrection to the emission céiicient. This correction was already
like 1/f, at largexp (see Seci. 3.4.2). discussed in detail earlier (Chluba & Sunyiaev 2008b). Fasigu
stationary conditions one would ha® = 1. However, in the
cosmological recombination proble®t # 1 most of the time.
This fact leads to significant changes in the shape of the-spec
It is clear that also thehape of the absorption profile has antral distortion at diferent redshifts, where at frequencigss< 0
effect on the frequency dependence of the the absorption %y ©' # 1is able to &ect the distortion (Chluba & Sunyaev
tical depth. As we explained in Seff. 8.2 thigeetive absorp- )-

tion profile, ¢}, is very close the two-photon emission pro-

file of the 3d-level (see Fid.]2). For simplicity assumingtth . . R,
¢ = baao1s itis clear that av > vg; no photons can be ab_as.4.2. Effect of Thermodynamic correction factor in ®
_sorli[)e?(m thte Lytntﬂa?htransnmr;, since thle\r/@?d?ls =f'cl). Tfhlscflqsh' If we only include the correction due to the thermodynamés fa
in stark contrast to the case of a normal Voigt profile, forathi a_ g ;o L2
in principle some photons can be absorbed at arbitraril‘syelartor f, then we have®® = 1/1,.. Since fory ARG
princip phot . hasf, # 1, so that due td, one expects similarfiect on the
frequencies. Considering photons that reach the frequer@y  ghane of the distortion like from!. However, sincef, > 1 at
val vo; < v < vgy, the fact that ther@sq 15 < ¢v (see Fig[R)

AR - 1o : ) large detuning blue-ward of the line center, it turns out this
implies that the contribution to the total absorption olitepth -, ection can be very large. As mentioned in SECE. 3.3, from
coming from this region ismaller than in the standard '+ 1’

; o e Eq. , one naively expec 1, but when including the
photon formulation. Similarly, at < v,; the contribution to the q. U5) y expect — 9

total absorption optical depth becomesger than in the stan factor /1, in ©%instead we find-, ~ 1/1, atlargexo.
dard case, because thefg .1c > dv. To show this, itis illustrative to look at the solution fB(v, 2)

In Fig. 3, lower panel, we illustrate thesgeets onraps for in this case, assuming that the quasi-stati(_)nary apprdbdmg
the 3 shell hydrogen atom. However, here we used the full \2/2 = 1 andAv/y < 1 betwe_en the emission and ab_sorptlon
sorption profile ¢, , which atv > v, has a small contribution dsTft of the E’hgt?ns)(;s pqss;tile;lntrodfucmg Ehe nenhzndzns
from the Voigt profile that is used to model the continuum chai (") = Jo #apd) ', and using ~ 7a(2) £,(2) [’ —x], where
nel (1s- 2p « c). Therefore the optical depths does not vanish
atv > v31. The additional dierences in the values of the optical 1° More clearly here one should refer to the mixture of quantuea m
depth seen in Fid]3 confirm the above statements. Comparahgnical processes important for the emission and absarptbfile.

3.3.3. Effect of line absorption profile on taps
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X' =x(v'), one has 4.1.1. Behavior very close to the line center

“ cor(Z) Nug(Z) In Fig.[d as an exampl how the L. tral distorti

gs _ r s Y ~Tand,Z.2) g. ple we show the Lymaspectral distortion
Fi(n2) _£ H(Z)1+2) Pad Z) € dz (20a) atz = 1100 in the close vicinity of the line center. We com-
1 — era blvs—dl pare the results with the normal quasi-stationary solusae

~ 174(2) f " dy/ e bl = ) (20b) [Chluba & Sunyaey 2008b, for details)
0 v\Z

qs _ 1 _ o Td Al
Sincertq f,[xys — x] — o for xp > 1, there one haB(v,2) — Fng)=1-eme™, (22)
1/1,(2). In addition one expects(v,2) ~ 1/f,(2) for xp < 1. As

we will show below, for the correction due to thethermodyitamwIth X = fO v () dv. We show the result obtained for.the
factor the scaling (v, 2) ~ 1/1,(2) indeed is correct atp > 1 pure time-dependent correction tgns (dashed curve), which

N M ; Y was already discussed earlier (Chluba & Sunyaev 2008b). At
andxp ~ 1. However, akp — —co one finds (v, ) ~ 1 instead. Xp < 4 the distortion is practically identical with the result in

the quasi-stationary case, whilexa > 4 the time-dependent
3.4.3. Correction due to the quantum-mechanical asymmetry  corrections toraps Start to be important. One can see that there
between emission and absorption profile F, = 1-e s > F® which as explained in Se¢t._3.B.1 is re-
lated to the fact that including the time-dependent colwacht
this redshift the value of 45 is slightly larger than in the quasi-
stationary approximation, leadindort, (> 70
If we also include the correction due to t!he shape of the ab-
sorption profile in the computation of,s(dashed-dotted curve),
Riz,— Ri2,+ t_hen we see that ab <0 again the sol_ution is practically iden-
AP(v) = Pps— Pem = Z [_p _ _p} #(v).  (21) ficalwith the solution in the quasi-stationary case. Aithh one
P Rzp does expect some corrections to the exact valueygfat dif-
) ] ] . . ferent frequencies below the line cefffersinceraps > 1 the
Since in full thermodynamic equilibriunR)* = (R;) N2p)*%,  effect on the shape &, ~ 1— e "= will be exponentially small.
it is clear that R'é;/Rgp)eq = (R;;/Rgn)eq, so thatA¢ = 0. On However, looking atp > 4 we can see the, < F3, imply-
the other hand it is known (e.g. see Chiuba &t al. 2007) thatifig thatr;, < or. Since blue-ward of the resonangg < ¢y

the cosmological recombination probl(ﬂgg anng; should al- (see right panel of Fid.12) it is already expected that theeur

ways be very close to their equilibrium values, so that one ex ’¢s below the one for the pure time-dependent correctien (i

. ; e t i -
pectsA¢/¢ < 1. Only at low redshiftsZ < 800) this condition Taps S Tabsl' But it even turns out that the correction due to the
may not be fulfilled. However, as we will see below in the cor2NaPe 01, overcor?pensa;tses the pure time-dependéiece
text of CMB power spectrum computations this aspect of thighich alone leads to,, . > 7 . This shows that at the consid-

problem never becomes significant (see $8ct. 4). ered redshift the correction due to the profile is slightlyreno
important than due to time-dependence.

. ) ) If we now only include the time-dependent correction and
4. Changes in the Lyman  « spectral distortion the dfect of the thermodynamic correction factor (in botfs

In this Section we show the detailed dependence of the iegultdnd ©°) then we obtain the dotted line. As expected from
Lymana spectral distortion on the fierent corrections that areEd: (20), very close to the Doppler cored| < 4) one has
taken into account. As explained above there are three gjpes »(2 ~ 1/.(2). We also found this scaling at other redshifts
corrections that are considered here: (i) the time-deperate- (Marginally visible in FigLb), as long as the optical depthoss
rection, (ii) the thermodynamic correction factipr and (jii) the the Doppler core is much larger that unity, implying that the
dependence on the detailed shape of thiective line emission duasi-stationary approximation is valid. However, outsttis
and absorption profile. We start our discussion by first ondy j Fégion the distortion diers Slgqrg'ﬂcant'y from the previous cases.
cluding these corrections in the computationrgfs but setting !N pgrncular one find$, > F,”atxp < —4, which is the result
@' = 1 and®? = 0 (Sect[ZL). In Sedt 4.2 we then also alloff ©7 = 1/f,. If we include the thermodynamic correction factor
for @ # 1, but still set®? = 0. Finally, we also include the ONly in the computation ofaps i.e. settingd® = 1, then we find
correction due t®¢ # 0 (Sect[ZB), but this aspect of the probF» ~ 1 instead. o

lem turns out to be not very important. It should be possible t 't@lS0 turns outthaf, < 1/f, atxp < 4. This is in contrast

deduce all the other combinations from these cases. to the resulF (v, 2), as given by EqL{20), for which we assume
quasi-stationary conditions. This implies that in the rachging

wing deviations from the quasi-stationary assumption bezxo
4.1. Corrections related to tapsfor ® = 1 and ¢ = 0 important.

If we in addition include the correction due to the shape of
the absorption profile, then we can see thatzak 4 the curve
basically coincides with the one from the previous casesThi
again is expected since the tiny corrections to the valuevefya
@rge optical will not lead to visible changesHy. In addition,
at xp > 4 one can see that thefidirence to the previous case

Since in general the admixture thefdrent transition channels
to the emission and absorption profilenst identical one does
expecty;, . # ¢em. FoOr this we can also look at theflirence

betweeny;, .andgem, which will be given by

As a first case we study théfect of diferent corrections to the
absorption optical depth. For this we €t = 1 and®? = 0,
meaning that in the emission dieient®® we ignore the pure
time-dependent correction and the one related to the sHalpe o
profile. However, depending on the considered case we dw all
for these corrections in the computationrgfs In addition, we
also discuss thefkect of the thermodynamic correction factor, 11 The ypper indices will henceforth indicate which correctisas
f,. but here we include it in bothaps and®® at the same time. included. 't' will stand for the time-dependent correctiofi for the
As explained Secf.3:4.2, if one would only inclufjéor taps0r  thermodynamic factor, ang’ for the profile correction. When all cor-
®2 separately, the corresponding spectral distortion isiphifg  rections are included simultaneously we will use 'a’.

not very meaningful. Therefore we omit this case here. 12 Since in the red wing, . > ¢v (cf. Fig.[) one expects), > oo,
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Fig. 4. Difference in the Lymar spectral distortion with respect to the quasi-stationatytson in the no redistribution approx-
imation, F9(v, ) as given by Eq.[{22), at = 1100 close to the line center. For all computations showiénléft panel we set
@' = 1 and®? = 0, while in the right we only se®? = 0. The cases labeled withare computed usin®? = 1/f,. (left panel)
and®? = @'/f, (right panel), while for the others we sét = 1. In addition the quoted correction factors were includethie
computation ofrapdv, Z, Z). We assumed a 3 shell hydrogen atom.

are about the same as for thetdience between the first two  The second important observation is that in the frequency
cases, owing to the fact that the corrections are small andeherangev,; < v < v31 on the blue side of the resonance the cor-
additive. rection due to the shape of the absorption profile is much more
important than both the pure time-dependent correctiongo
and the correction due to theg fl. factor in®2. And finally, in
4.1.2. Behaviorat intermediate and large distances from the  the red wing the correction to the spectral distortion is dom
line center nated by the Af,, scaling of®@?, however, the correction is very

. . . . small, in particular in comparison with the one coming fr@n
We now look at the corrections in a slightly wider range alaburtgee Secf412)
ut '

the line center. In Fid.]5 we show the same cases as above

now also varying the redshift. As before one can see tigsdreli

ences due to the shape of the absorption profile are ne@ligilal2. Corrections related to both ta,s and ®' but for @ = 0

at xp < 0. Furthermore, on the blue side of the resonance the

correction due to the shape of the absorption profile is awayve now want to understand théect of changes in the ioniza-

negative, as also seen in the previous paragraph. tion history and deaEh probabilit_y on th&ective emission rat_e.
Taking the diferences between the curves @t = 1 (first We therefore allow® #1 .bUt still set®” = 0. We t_hen agan

two lines) and those fo®? = 1/f, (last two lines) one can also discuss dierent combinations of corrections, like in the previ-

see that az = 1200 these are practically the same. However fGHS Section. As we will see the corrections duétor 1 domi-

2= 1000 ancz = 800 higher order terms already start to beco te at large distances on the red side of the resonance, tiail
important. For example, ab = 100 the diference of the curves shape of the profile is most important for the spectral diigtor

for@ = 1is~ 2% 10-3 while it is about 8« 10-4 for those with ©N the blue side of the resonance (see [Hig. 6). In the vicofity
2 =1/f,. ’ the resonance basicaiyl the correction factors are important.

If we consider the distortion in an even wider range of fre-
quencies (Fid.16), then we can make several important obserg.2.1. Behavior very close to the line center
tion. First, as expected from the discussion related to[Ed).ia
the limit xp — co for ® = 1/f,, one findsF, ~ 1/f,, regardless In Fig.[4 we show the Lyman spectral distortion at = 1100
if the normal \Voigt profile was used or théfective absorption in the very close vicinity of the line center, now also indhgl
profile, as given by Eq[{Bb). However, for, . = ¢y the limit @' # 1. If we first look at the curves fof, = 1 (dashed and
F, ~ 1/f, is reached closer to the line center than for the eflashed-dotted), then we can see that very close to the res®na
fective absorption profile. This is expected, since for trehall (X0l < 4) the solution is notféected by the inclusion @' # 1.
atom the &ective absorption profile only has a small admixturBue to the huge optical depth across the Doppler core (corre-
of the Voigt profile (due to the description of routes conimet Sponding taAz/z ~ 10°°) there practically any time-dependent
to the continuum). I, .= ¢zq then the limitF, ~ 1/f, would variation of the ective emission cdécient is erased. However,
never be reached, simply becauserat vs; the contribution moving towards the wings time-dependent aspects become im-
to rapswould be zero. Reducing the admixture of the pure Voigrortant and in particular now alsd, # F, atxp < 0.
profile therefore moves the transitionkp ~ 1/ f, towards larger Also one can see that at the considered redshift tfierdince
frequencies. in comparison to the cage! = 1 (see Fig[}) is very small at
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Fig. 5. Difference in the Lyman spectral distortion with respect to the quasi-stationaltytgon in the no redistribution approxi-
mation,F9(y, 2), as given by Eq[{22), at several redshift close to the levger. For the all computations shown in the left column
we set®' = 1 and®? = 0, while in the right we only se®? = 0. The cases labeled withare computed usin@® = 1/f, (left
column) and®? = @'/ f, (right column), while for the others we sgt= 1. In addition the quoted correction factors were included

for Tapdv, Zs, Z). We assumed a 3 shell hydrogen atom.
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quoted correction factors were included fgg{v, z;, 7). We assumed a 3 shell hydrogen atom.
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10 shell Hydrogen atom
I ' I ' I I

Xp < —4. There clearly the correction due to the thermodynamic ¢
factor f, (dotted and solid lines) is dominant. Howeverat> 4

the time-dependent changes in tlkeetive emission cdicient

lead to a correction that is similarly important as the one tu

f,. One can also see that all the corrections add roughly Iypear | 2[
Note that atxp < 4 the curves are notlected when accounting

for the corrections to the shape of the line profile.

--------- 3s channel
—— 3d channel
----- other channels

T
L

1

negative branch

T
L

T
1

4.2.2. Behavior at intermediate and large distances from the 10°*
line center

negative branch

‘/

A2

T

Looking at the right column of Fidl]5 we can see thakats 0

the correction due to the inclusion &f dominates at high red- 16

shifts, while az ~ 1000 the correction due ®' is already com-

parable, and clearly dominates at low redshifts. In addl;tat

Xp = 0 one can see that at high redshift all the corrections practi

cally add linearly, while foz = 1000 andz = 800 the correction 10°F

due to the inclusion o®' practically disappears when including : :

the correct shape of thefective absorption profile. Also when L S A

including the thermodynamic correction factor the largeess 400 600 800 1000 = 1200 ~ 1400 1600 1800

of photons seen for the case = 1 andgaps = ¢y practically

vanishes. This implies that theelf-feedback effect at low red- Fig.7. Source of the asymmetry between the absorption and

shifts that was reported elsewhere (Chluba & Sunyaevl2607)eimission profiles. We presentz) = Féz’;/Rgp - Féz’;/R;p for a

expected to disappear. As explained there, this unphyasgaict given level as a function of redshift. For all curves we udesl t

of the solution in the "% 1’ photon pictures is due to the fact thaksolution for the 10 shell hydrogen atom.

the Voigt profile in principle extends up to arbitrarily l@rdre-

qguencies, so that photon emittedzat 1400 in the very distant

blue damping wing will still be able to reach the line center aigible in the context of the CMB anisotropies. We confirmed

low redshift, strongly enhancing the photon occupationbem this statement numerically.

However, when including the thermodynamic correctiondact ~ One should also mention that although at low redshifts the

due to the exponential enhancement of the absorption dptieapected dterence between emission and absorption profile in-

depth at large distances blue-ward of the resonance, sueh pireases, there the value of thffeetive escape probability is

tons disappear much before this. Similarly, when includimg dominated by the contribution from the Doppler core, wheze d

shape of the féective emission profile such excess of photonils of the profiles will not matter very much. In additiorroec-

will never be produced in the first place, so that from thiseeg tions to the escape probability will not propagate very minth

the residual correction due @ = 1 is much smaller. the ionization history, so that here we do not discuss thistpo
Looking at the spectral distortion in a very large range efny further.

frequencies around the line center (Fiy. 6) it is clear thatla

redshift the shape of the distortion is dominated by thesmtion

due to®! # 1 for xp < 0. Both the thermodynamic factor and thés. Changes in the effective escape probability

shape of the absorption and emission profile only lead tolsm

additional modifications there. The largest correctionus tb

the fact that the 3d two-photon emission profile is largentharirst we consider the normal Lymantransfer equatiofi{1), but
the \Voigt profile atv — vz1/2, explaining the small addition of jncluding the thermodynamic correction factéy; in order to
photons in comparison to the cagg, = ¢v seen close to the correct for the small imbalance in the emission and absmmpti
lowest frequencies shown in the figures. On the other hand pabcess in the line wings coming from the normat’1’ photon
frequencies above the line center clearly the correctiantdu formulation (see Sedf._2.1.1). In this case onehas = ¢y (v)

the shape of the line profile is most important. In the lineteen and henceem = ¢*,.. = ¢v(v), so that from[(8b) one can find
all sources of correction contribute to changes of the Lyman

spectral distortion with respect to the quasi-stationatytson. Ef f
v =

negative brancl

| 1 P

T

g.ll. Effect of the thermodynamic correction factor

%
abs

Z

0'(z2) 9,72 g7 (23a)
Zs
4.3. Corrections related to Taps and ®'! including ®¢ # 0 ~ ~pl
1 Nen@) =Ny etz 2)

We also ran cases f@? # 0. However, the correction was al- 0'(z7) = e S () (23b)
ways extremely small. Therefore we decided to omit the eorre 7(Z) Nem(2) - NE, v (@)
sponding plots foF,. As mentioned in Sedf. 3.2, this is expected . .

since the deviations (R'z';/Rip and R'z';/REp from their equilib- with ransas given by Eql{3a) but far,, () — év().

. . . . If here one drops the factors due fpin the definition of
rium values is always very small in the relevant redshifg@rso g 54 alsoraps ONe obtains the purely time-dependent case,

thatR5; /RS, ~ R; /Ry, and hence, ~ gem. In Fig.[1 we ex- F!, that has been addressed earlier (Chluba & Suftyaev P008b).
plicitly show this fact. As an example, for the 3d-channedean However, here the ter®' naturally is given by the line center
seethatat ~ 1100 one haRiﬁ’/R;p—Ri‘;’*/R;p ~10°-10". values ofNem(z) — N2, which in the previous work had to be
Therefore one would expect corrections to tlfieetive escape enforced for consistency with the standard approximat{eas
probability at the level ok 10* — 10-3%, which is clearly neg- comments in Sect. 3.4.1 of Chluba & Sunyaev 2008b).
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Fig.8. The functionsF| = f, F! at redshiftz = 1000. In the left panel we show thefldirence oAA = 7 — F{°, while in the right
we directly showA = F,. The cases labeled withare computed usin@? = @'/ f,,, the others witl®2 = @'. In addition the quoted
correction factors were included in the computatiomrgf(v, z;, Z). For comparison in the right panel we also directly show the
normal quasi-stationary solutide’® (double dash dotted line) arief*** (dotted line) that includes the correction due to the profile
¢ips# dv (see Secf. 5.2.2). We assumed a 3 shell hydrogen atom.

To understand the role df, in the final correction tdPe;, 5.1.1. Behavior of?vf and the expected corrections to Peg
Eqg. (I12Zb), we first look at the termP;,q, Eq. [I2¢). It is clear . )
that for gem = ¢, = v one hasAPinq = 0, since in this case InFig.[d, as an example we shoW at redshiftz = 1000 (dotted
Agem=Ag:, = 0. As we will show below (SedE5.2.1)Ping # 0 Ilnc_es). For comparison we alsc_> show the pure tlme—depembent
when taking into account thefect of stimulated emission in the!ution (dashed curves) for which) EaFﬁ- Note that we include
blackbody radiation field, however, the contribution to final  the correction terms in bothypsand©?.

correction turns out to be negligible. If we focus on the behavior at100 < xp < -4, then we
If we now look at the definition oP, Eq. [ZOb), then for the can see that although in the considered cades F! > F}®
considered case we can rewrite it as (compare with Fig[5, right column, cage= 1000), for 7
. . one hasf! > 7,° > . This change in the sequence is only
P = f<Pv(V) [1-F,]dv (24)  due to the factorf, < 1 in the definition of#f, which appears
_ _ due togaps = f,¢7, . in the escape integral, EG.{10b). Instead
where we introduced the function of an additionalnegative contribution to the escape probabil-
9er = 1,(2) FL- (25) ity (AP" < AP' < 0), as it would follow from the dferences

) ] ] seen inF,, when including the thermodynamic correction factor
This representation allows to directly reveal the expedt@i@ér- ¢ one therefore expectspositive contribution from the con-
ences in comparison with the standard quasi-stationasy éas  sigered spectral region. Thifect becomes even more appar-
which one hasgen = ¢ = ¢v andf, = 1) ent when looking at the very distant red wing, where clearly

F95 = F9S_ ] _ e grox, (26) Ft> 78 > ?‘j,_ owing to the exponential cufivintroduced
by f,. The behavior shows that in the very distant red wing the
If instead of 7 we insert this into Eq[{24), we directly obtainexcess Lymar photons no longer supports the flow of electrons
Pq = 3=2=. Therefore we can write the correction with respedoward higher levels and the continuum. These photons anly u
to the quasi-stationary solution as dergo line scattering events, with tiny shifts in the fregeiedue
to the Doppler motion of the atom, but do not die anymore, and
AP =Pl — Py = - f¢v(V) [F - 73 dv. (27) therefore have féectively already escaped. As we will demon-
strate below (Seci._5.1.4 ahd 5]1.5) in fact the main cdoect
This expression shows that for the correction to tieative es- due tof, is coming from the change in the absorption cross sec-
cape probability it in fact is not important hoi behaves, but tion in the red_wmg_ of the line profile. Th_e real modificatiafs
how 7 looks. Sincef, is a very strong function of frequencythe spectral distortion due t are not so important.
this makes a big dlierence in the conclusions, as we explain be- If we now look at the behavior in the range<d xp < 100
low. Furthermore, any fierence to the value of,° will lead we can see that the sequeriee > F! > F}*° does not change
to a contribution toAPL with opposite sign. Also, it is possible when considering! > 7! > 7.%° but# becomes more sim-

vV

to compute thepartial contributionsto the total correction in the ilar to #!. From the behavior at100 < xp < -4 and the

escape probability by only integratiztgPL as defined by Eq{27) strength of the changes seen there one might have expeated th
over a given range of frequencies. at4 < xp < 100 alsoF! > 7—‘Vf since|Af,/f,| in fact is sim-
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2o SheliHydrogenatom are negligible, but become notable both at very low and very
o ] high redshifts[(Chluba & Sunyaev 2008b). However, there the
4 changes have ndfect on the free electron fraction.

When now including the thermodynamic correction factor in
the computation of the absorption optical depth and ffexéve
emission rate?, but setting®' = 1 (dashed line), one can see
that the correction to the escape probability becomesipesit
all redshifts, with a maximum oAP/P ~ 11% atz ~ 1350. As
O we will see in Sec{_5.114 and 5.1..5 bulk of this total corimtt

R— is coming from changes in the absorption process on theded si
] of the resonance, where in this cdse~ F® ~ 1 (cf. Fig.[ and
[6, left column).
= When also including the variation @ # 1 over time (solid
/ P ’ : line) the result changes significantly, shifting the maximaf

10

no-scattering //
approximation

B N S -

T T

4k Lya self-feedback

7 the correctiol/AP/P ~ 10% toz ~ 1450, but still leading to

Relative Change in the Escape Probability in %

time-dependent & ©, (CS09) | AP/P > 0 everywhere. However, especially the low redshift part
””” ume-dependent & £ () 1 is strongly modified, reducing the total correction by adaet 2
pendent & © & f (II) N A
,,,,, infered time-dependém‘ YO atz ~ 1100. We also show the infered correction du®talone,
‘ which was obtained by taking theftérence between the curves

1800 Japeled (1) and (Il). The result shows that the final cortti

close to the maximum of the Thomson visibility function has i
Fig. 9. Relative diference in thefective escape probability with portant contributions from both, # 1 and the time-dependence
respect to the Sobolev escape probabilitjeet of the thermo- of the problem.
dynamic correction factor.
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5.1.3. Effect at large distances blue-ward of the line center

ilar in both regions. However, at & xp < 100 the spectral and the Lyman « self feedback
distortion F, is very steep, so that small change§ /f, can-
not afect the shape of so much in comparison tBf. Only
when going to much larger distances on the blue side of t
resonance, wheré again behaves exponentially, one can s

t o a8 t f -
] > F > F,” although therd} > F) (compare with FigB, o of Lymane at low redshifts, which was already realized

right column, case = 1000). In comparison to the pure timey, e an artifact of the standard 4 1’ photon formulation
dependent correction from the rangg 4p < 100 one therefore (Chluba & SunyaéV 2008b). This is due to the fact that when
expects a slightly Sm?‘”ef (negative) correction to thalml_ue taking f, into account, exponentially fewer photons remain in
of P, while the contributions from very large distances in thg,q 0 distribution at large distances on the blue sideen
blue wing should be significantly .Ia_rge.)r than in the pure HiMe o onance (cf. Fif] 6 wheFe, ~ 1/, at largexo). As explained
dependent case. However, herg It Is important to mention tf Sect[B every photon emitted &Vi > 1 will be re-absorbed
these very distant wing contributions will always be vernom i instantaneously. This is due to the exponentialigela
since the Voigt profile drops like 1/x; (see Secf. 5.1.3). amount of CMB photons red-ward of the the Balmeine, than
Finally, Iookltng atfthe cgsntral_ regiom < xp fs 4Wecansee ¢josa tg the line center, so that line absorption is mdiectve.
that there nowf’, ~ 7, ~ #,". Thisis becausg, ~ 1/, inthat o main process for the death here is the-.&p — 3d, where
regions (see Se¢L4.1.1), so it~ 1 with very high accuracy. |5y step is considered to lead to a complete redisiiut

This implies that although the Lymarspectral distortionsin the ¢ ih4t the absorbed Lvmarphoton (1s— 2p) will most likel
caseF; andF,” look rather diferent the correction factdy does o annear close to the I%]e%g)nter. Nc()te thaﬁ% this Sect'msti));
not lead to any real correction in the escape probabilinfio- o e ot included the two-photon corrections to the shapteeof

side the Dopp!er core. There eyerything i.S well describatiini absorption profile, but already now the two-photon charaafte
the quasi-stationary assumption, for which the whole Depplthe process leads to this conclusion.

core reaches thermodynamic equilibrium with the ambieditra *,oyer one has to mention that basically all the photons
g}'?hneﬂerl]%’tgﬁt dnsot\:‘.’balts.gr']n;lg?mg the small additional wiin present at these large distances contribute to the esdageah
P IStribufion over. This is becaus&, ~ 1 while 7,** < 1, so thatF] — 7,° ~ 1
(see Seck.5.71.1 and Fig. 8). Therefore in this case the vetand

The thermodynamic factor clearly strongly changes theieha
f the correction to thefBective escape probability. The purely
e-dependent correction is no longer dominant, and itigear
fiar the thermodynamic factor removes #alf feedback prob-

5.1.2. Correction to the escape probability blue wing contribution to the value @fPLW behaves like

In Fig.[@ we show the result for thefective escape probability AP o

and the &ect of f,. For comparison we also show the result for bw o _ dv ~ a7 28
. . . . ¢y dv e (28)

the pure time-dependent correction (dotted line) which alas Pq Vow 2"

ready discussed elsewhere (Chluba & Sunyaev 2008b). At low
redshifts we indicate the rise in the amplitude of the cdroe¢ at z ~ 1100 implying an additionak 0.1% correction from

which was attributed to the late self feedback of Lynaapho- ng > 10% showing that the absolute contribution becomes
tons for this case. For the other cases we also point towheds negligible far beyond that point. In numerical computasiave
difference which arises due to the no scattering approximati¢imerefore typically integrated the profile upstg ~ 1.5x 10%, in-

It is due to the dierences inPy and Ps itself which close to troducing a very small error for cases with+ 1 and practically
the maximum of the Thomson visibility function at~ 1100 no error when also including the correct shape of the enrissio
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tant red wing around its maximum. Note that these photons hav
already been emitted at~ 1400.

1= _____. ime- RN . .
7777777 :;Q:_jzg::jjﬁ; L“Ijje'ﬁ;c'iiz 1 _ However, where does the main correction to the escape prob-
10 -~ tme.dependerse fredwing /-~ '\ E ability come from at these redshifts? Looking at IFiy. 8, we ca
* time-dependent, blue wing 4 \ b . f - re
9 o time-dependent, redwing \ = see that at O0s xp < 100 the functionf, is very similar to

F!, which results in the pure time-dependent correction. Also
slightly larger distances (109 xp < 10°) one still hasF ~ 7.
Therefore, one does not expect very dramatic changes imthe ¢
tribution to the &ective escape from this part of the Lyman
distortion in comparison to the purely time-dependent case

On the other hand, in the red wing one fings < 71, and
at very large distances one even Has < 7. Physically this
reflects the fact that due tfy the re-absorption process in the
distant red wing is exponentially suppressed, so that thiece
tons can escape more directly, than in the normat ' pho-
ton formulation. This is now related to the exponentiallyedlier
amount of CMB photons blue-ward of the Balmeline, so that
the main absorption channel s 2p — 3d becomes practically
inactive atxp < —10°. It therefore is the modifications in the
red wing absorption process from which one expects thedarge
effect in connection with, at high redshifts, before the appear-
ance of the self feedback problem.

Numerically we studied this statement by simply assuming
that atxp < 0 the solution is given by the quasi-stationary result
(implying 7f = #,*° ~ 1), while at 0< xp we used the real so-
lution for F, in the considered case. In this way it is possible to
separate the 'blue wing’ contribution to the total correuwtin the
effective escape probability, and similarly one can obtairréte
wing’ contribution. In Fig[ID we show the comparison of thes
computations for the cas@ = 1 and®? = 0 (upper panel; only
the corrections ta are included an®? = 1/f,), and®"' # 1
and®? = 0 (lower panel®? = ®'/f,)). For comparison we also
show the results obtained for the purely time-dependemecer
tion in the considered cases (cf. Chluba & Sunyaev 2008b).

In the first case (upper panel), one can clearly see that the
blue wing contribution fron¥ is very close to the purely time-

8% S time-dependent & ©, & f, blue wing dependent result (dotted curve), which itself in fact hasige
Fos ~- time-dependent& ©, &, red wing nificant contribution from the red wing in the first place (dia
101 » v Umedependent&O, bluewing - monds). This shows that for this case tiEeet of f, is not im-
L o time-dependent & O‘. red wing B . . .
Y S O S S S A AP portant atxp > 0. One can see that indeed the main correction
800 800 1000 1200 1400 1600 1800

z

due to the &ect of f, arises from the red wing, and that this
correction is significantly larger than the time-dependsage

Fig.10. Relative diference in the fective escape probability alone.

with respect to the Sobolev escape probabilifieet of the ther- If we look at the comparison in the full time-dependent
modynamic correction factor in the blue and red wing of thease (lower panel), one can see that when including the cor-
resonance. For the upper panel we®et 1 and®? = 0. The rection factorf,, at high redshifts the blue wing contribution
lower panel was computed also includi@f+ 1. (dashed curve) is about 50% of the total result presented in
Chluba & Sunyaev| (2008b). At high redshifts the blue-wing
contribution in the pure time-dependent case (stars) igedist
coincides with the one that includés implying again that the
%lue wing contribution is notféected much by the thermody-
namic correction factor. However, one can see that at low red
shifts f, is very important for avoiding the self feedback prob-
lem, as explained in Sedf. 5.]1.3. Note that in contrast to the
curve quotedAP* (only blue)’ in Fig. 8 of_ Chluba & Sunyakv
Returning to the correction at higher redshifts(800-900), it (2008b), here the blue wing contribution takes into accthet
was already shown earlier, that there the Lymeself feedback time-dependent correction arand®! simultaneously.
is not important/(Chluba & Sunyaev 2008b). From Fib. 9, it is Looking at the red wing contributions for this case one can
clear that both considered cases for tifiee of f, imply that see that forf, = 1 (diamonds) now the contribution is non zero.
at a given redshift fectively fewer photons support the flow ofThis was also already seen earlier (Chluba & Sunyaev 2008b)
electrons towards higher levels and the continuum thaneén tand is due to the fact th&! # 1. However, the contribution
quasi-stationary case, albeit the fact the more photonprare from the red wing is much larger when includirig # 1, and
duced. The latter statement can also be confirmed by lookingraparticular it is only positive due to the fact thaf < 1 at all
Fig.[d and the amplitude of the Lymandistortion in the dis- frequencies, so thatP > 0. The conclusion clearly is that the

profile, since then naturally very few photons appear atelar
distances blue-ward of the resonance (e.g. se€Fig. 8,lswl)d

5.1.4. Contributions from the blue and red wing
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SlncehkA% ~ 103 [%] < 1 one can show
Y

AP -1
— W ~16x10 %74
Pq

1+z

1100 (30)

At redshiftz ~ 1100 one hasy ~ 6.8x10% so that only from the
f
red wing correction one expeciég;—w ~ 11%, while at redshift

z ~ 1350 one finds‘f—i‘” ~ 16%. Looking at the upper panel in
Fig.[10 shows that this is the right order of magnitude, altfto
the final correction is about3 times smaller than given by this
simple estimate.

5.1.6. Dependence on the distance to the line center

Finally we want to look at the dependence of the correction on
the distance to the line center. For this we computed thdtsesu
including the deviation for the quasi-stationary case invanmy
range around the line center. The results of these compogati
are shown in Fid11. Clearly a large fraction of the totakeor
tion is coming from large distances (30 |xp| < 100- 1000)
from the line center, while the contributions from withineth
Doppler core |kp| < 4) are very small. The latter result again
reflects the fact that there neithgrdeviates very strongly from
unity, nor does any time-dependeriteet become important.
The Doppler core can be considered quasi-stationary (faemo

explanation see_Chluba & Sunyaev 2008b) and in full equilib-

rium with the line center value.

5.2. Dependence on the shape of the absorption profile

As a next step we want to understand how the two-photon cor-
rections to the shape of théective line profile &ect the escape
probability. For this we ran computations only including flact
thate}, . # ¢v, but for the moment we shall neglect the correc-
tion due tof, and also assumg . = ¢eminside®@?. As explained

in Sect[4.B the latter correction for our purpose is neglegdur-

ing cosmological recombination, but the inclusionfpf# 1 is

still expected to be very important, as we will discuss int3&e8

for the combined #ect.

Fig. 11. Relative diference in the féective escape probability 5 5 1 correction due to AP,

with respect to the Sobolev escape probabilifieet of the ther-

modynamic correction factor at ftiérent distances to the lineLooking at Eq. [12c), it is clear that the contributidf®i,g to
center. For the upper panel we @t = 1 and®? = 0. The Pes is purely due to induced®ects, since in vacuum one would

lower panel was computed also includi@f+ 1.

dominant correction due to the inclusion §fis coming from

the red wing of the Lyman resonance.

5.1.5. Simple estimate for the red wing correction

find Agem = Ag}, = 0, and hence\Ping = 0. In Fig.[12 we
present the deviation in the normalization of the emissiod a
absorption profile from unity, which have been computedgisin
Eqg. (6) andI(5b). First one can see that at basically all iédst
interest in the recombination problefen ~ Ay, implying
thatAPing ~ Agem. SiNCeA@em < 6x 1072 at all shown redshifts,
comparingAPjng with Py implies that the associated correction
APg should never exceed the level afl@. In a more detailed
computation we find a maximal correction 8Ps/Ps ~ 0.06%

We can also perform another rough estimate for the expect@d ~ 1300. In addition, this correction is practically canceled

correction, assuming that in the red wifig ~ f, as suggested p
by Fig.[8. This will overestimate the result, since with theli-

y another contributiomyPing norm = —Ag}, , Which appears as a
result of stimulated emission on the overall normalizabbthe

sion of f, alone one already obtaiff§ > f,. In comparison with effective absorption profile (see SeGE.512.2). We therefore ca

the quasi-stationary casg (° ~ 1) we then have

hAvp

APf Veore a —4 1-—e*y o

ot sy [ Th-tovar <2 [ 15— g0 29)
Pd 0 TJ-co x4

neglect this term in the following.
We would like to mention that the main contribution to

wem # 1 is coming from the regiom ~ v3;. This can be seen

in Fig.[2, where only there theffective two-photon emission
profile differs significantly from the vacuum profilgg .. At
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Fig. 12. Deviation of the normalization of the fiérent line- Fig.13. Relative diference in the féective escape probability

profiles from unity. The fect of stimulated emission in the am-with respect to the Sobolev escape probabiliffeet of the line

bient CMB blackbody radiation field was included. profile. For the curves labeled with ’"CS09’ (Chluba & Sunyaev
2008b) we used the standard Voigt profile, while for the ather
we included the two-photon corrections for the 3s and 3d chan

this large distance from the line center the overall profileay nels.

dropped by a factor of & — 10 relative to the line center (the

value there isv 1/+/r ~ 0.56). From Fig[2 one can see that L sas pas . i

thereg?, — Pimvac ~ 10712 over a regiomxp ~ 103, so thatone and withF,™(v) = 1 e™= resulting from Eq [(T5) one finds

expectsAP;,g ~ 107° atz ~ 1300, which is in good agreement

. . s Yas * *
with the full numerical result. p"e’gs = f ¢;bse—fﬁﬁs dv = L‘ el gyt ~ Py (34)
5.2.2. Expression for Pes and its connection to F,,. Here we have introduced the variabfg(v) = fOV @ipdv and

Xaeo = Xa(®0). This expression shows that in the quasi-stationary
case the shape of the profile does not matter. The resulttlill s
be extremely close [[d Py. This also implies that the shape of
the profile is only entering as correction to correction, ¢@m-
bination of time-dependence and profile. Therefore the gban
due to the exact shape of the profile are expected to be smaller
to _ * * t.¢ . .
P = f[sﬁv — Papd dv + f‘pabs[l -F"ldv.  (31) thanthe corrections due fp and the time-dependence alone. As
we will see below they still are not negligible, in particubehen
The first integral is given by taking all corrections into account simultaneously (S8&).
For the correction to thefective escape probability we can
therefore finally write

In order to understand the corrections in tHeeetive escape
probability and its relation to the fiierences in the spectral dis-
tortion we again look at the definition d?, Eq. [10b), with
f, = 1 and rewrite it as

Apind,norm = f[(pv - ‘Pstvac] dv + f[‘p;bsvac — (p;bg dy
to _ pto ~ * t¢ [Xs|
= _A‘Fz;bs (32) APd - Perf —Py~ - f‘pabs[Fv -F S]dV~ (35)

Note thatf[cpv—cp*b Jdv = 0 even though the partial contribu-Now it is clear thatt for the contributions of thettotal cottien it
. . R . 5 R ¢,
tions from the red and blue wing are non zero. As mentioned f/mportant howF” deviates fronF}**. For F,’ < F/'* one

Sect[5.Z1 AP norm cancels with the correction due &P,,q, Will have apositive contribution and fofF,* > F** anegative.
so that we finally have In addition due to the appearancef.in the outer integral, the

red wing contributiond?, > ¢v) will be slightly overweighted,
while the blue wing ¢, . < ¢v) will be underweighted.

We would like to mention thaE®“*(v) behaves very similar
) _ ) to F{%v). In particular at frequencies, < 4 it also becomes
This expression now allows to compute the correction to the ery close to unity, so that thee®%(v) ~ Fv). The main
1 ~ v .

cape probability. di . . : S
4 ' ._difference appears in the blue wing of the line, whef&®(»)
In order to find out how the shape of the profile enters |ntéa d .
t I theftl betweepy, d¢y. Both
the problem, it is illustrative to look at the result ﬂéif; when as- epends strongy on theiterences betweapy,,, andgy . Bo

. . ; " . : . aspects can be seen in the right panel of Hig. 8.
suming quasi-stationary conditions, but including theection P ghtp Big
due to the profile. In this case one h%%f = 14(2 fvw i 13 Thereis atiny dierence due to the fact thel, > xe.

P ~ f @ipsll = Fyf1dy (33)
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4 : : 8 ‘Sh?"‘HXdrf’g?”‘at?m‘ This shows that there is a cancelation of corrections fram th
e [ time-dependert (CS09) 1 red and the blue wing, since it is clear that already the nadul
< 35 time-dependert & ¢, ful range B tion of these partial contributions due to the presencg;pfin
= I time-dependent & ¢, blue wing 4 . aos, .
EXE _ time-dependent & o, red wing ] the outer integral of EqL(33) should have sonfie&, even if it
5 gm:zgznggz: f:;ewvivning S i is of higher order in the correction. To understand the tssué
S 25 pencem ’ ) . therefore look at the dfierential contribution from the red and
o 1 blue wing separately. For Fif. 114 we ran computations includ
S 2 N ing the corrections to the quasi-stationary result eitimethe red
Ew I ] or blue side of the resonance. We compare the total and ppartia
o no-scattering i corrections in both the pure time-dependent case and wken al
- approximation — . g . .
= 1§( / - including the shape of the absorption profile.
() ) B
(2]
S 0.5 o * ] . .
g F o i - p——s Corrections in the case of ®' = 1
o] = '*?:\"f\eooeeeeeﬁaoeeeeeeo_tz’foooooooooooo$556000°° _ . . ) )
% L T A When only including the profile correctionstg,s (Uupper panel,
< 05 AN / . 0' = 1ande’ = 0), we can see that théfect of¢;, _is not lead-
- 1» \~ 1 ing to any important correction from the red wing. Looking at
il | Fig.[3 and® (left column), it is clear that in thef&” ~ F®® ~ 1.
s M Ll Ll [ s i as _ po.as ¢ _ zo0s
1300 800 1000 1200 1400 1600 1800 Since alsd, o F,™ (see Secf.5.212) one hE.é F . O
z and hence with Eq[(35) one expects a partial contribution of
. 3 shell Hydrogen atom APB"’ ~ 0, confirming the above behavior. The small positive
of et B bump seen a ~ 1400 is mainly due to the fact that we started
S FEERN E our computation of the spectral distortion at some parictiine
= 4l noscatering FENURAY b in the past % = 2000), so that in the considered case the nu-
£ gp  eodmaen /L*/ . 1 merical solution for the spectral distortion, as computsihag
S of ;"7’ RN ] Eq. (8D), drops towards zero below some distagcg —10% in-
T 1k ST T stead of staying close to unity. Therefore we h&yé — F>% ~
. e OB-8=4--4
8 of e, e - ~1 and henca&P)(xp < -10% ~ [ ¢, dxp ~ fewx 1073 from
Eu -1 W e Vi - that region, explaining this small excess with resped@toWe
o 2¢ %o, A;:fé}' b also checked this statement numerically by increagiras ex-
e °r N et b pected finding that the bump became smaller. When also includ
o Ar S T 7 ing the time-dependence of the emissionfiioent @' £ 1) this
s °r 7 small inconsistency of our computation is no longer impaita
G ¢ . SN 7 since the spectral distortion by itself drops very fast tahzero
o -7+ o time-dependent & 9, (CS09) — H H
E -8; I time-dependent & ©, & @, full range _| (Cf FIgB and:_B’ rlght COlUmn). ) .
S N time-dependent & ©, & ¢, blue wing | Again looking at the upper panel in Fig.]14 we can also
© cro - time-dependent & © & g,red wing | see that the largest contribution to the total correctiaoising
ﬁ: : ::rm”:j;‘jz:jzgzg f’e'zewvlvn'gg ] from the blue wing, and that theftérence to the time-dependent
'1§J T T R B R B case is rather small, witth"’ being slightly smaller. This can
00 800 1000 12200 1400 1600 1800 1o nderstood when writi 0 = T‘g’kfss + AT with

Fig. 14. Relative diference in the féective escape probability A ~
with respect to the Sobolev escape probability: corrediomto T
the shape of the absorption profile in the blue and red wingeof t
resonance. For the upper panel we®et 1 and®? = 0. The
lower panel was computed also includi®j # 1. In all cases
we usedf, = 1. Those curves labeled with were computed
including the 3s and 3d two-photon corrections.

Aty(Z) V. Z) A
_ f Ate(Z) v (V. 2) Y + f Ate(Z) Aip (V' Z) V.
v v (36)
with the abbreviations 1 Z = %(1+ 2), Aty(Z) = 14(Z) — 74(2),
andAg; (V'.Z) = ¢, {V.Z) — ¢v(v',2). This approximation
shows that one hasr™® ~ ["Ary(2) ov(v.2)dv' = AT, since

the profile correction with respect mﬁg‘s is already of higher
order. For®? = 1 one therefore expects

5.2.3. Total corrections and the blue and red wing
contributions

In Fig.[T3 we show the results for the total correction to tfiee
tive escape probability when including the modificationgha
shape of the absorption profile. We used the expressioi BY. (3
to compute the dierent curves. Again for comparison we also
give the results for the time-dependent corrections ondyoAe
can see the mainfect of the profile is the removal of the self
feedback at low redshift. Other than that in the consideasgs
the modifications in comparison with the time-dependeniltes
are rather small (less than 10% of AP/P for the cases with
@' = 1 and less thar 1% of AP/P for those with®! # 1).

2P~ [ g e - 1y

~ f ov eI [€ — 1]dv = AP, (37)

confirming the result seen in Fig.]14 in lowest order.
The remaining dference is mainly due to the second order

term in Eq. BB — A7! = [“Arg(Z) Agl (V. Z) dv, which
we neglected in Eq[(37). The fact(pgbse*zfss plays a minor
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role, since the functioe ™™ - 1 is varying much faster. We =~ 14 SshellHydrogenatom
confirmed these statements numerically, finding that foctime o 13- e oo N
sidered case the modulation of the blue wing correction due tg | tme dependere 8.6, & . 1
¢:pin the outer integral can be neglected. > 12r time-dependet & f & g ", ]
= [ e time-dependent & ©, & f & @ . b
8 e ]
Corrections in the case of @' # 1 & 10 7
. . . L 9 =
To understand the result in the case when also including th§ | 1
change in the fective emission cdcient®' # 1, we again & 8 ) ]
look at the red and blue wing contribution separately. Since & 71 -
the red wingF?% ~ 1 and because we already saw in Seci. 4.5 oL ]
that there the solution for the spectral distortionis daated by 2 [ B
the correction due t®' # 1 only (cf. Fig[® an@ right column), g L ]
we expect that the partial contribution form the red wind w8 g 4" noscattering 7]
Very Close tO E 3 approximation E
€ 2
APy, ~ f Prnsll — Fi1dy, (38) L
e - T R B B
800 800 1000 1200 1400 1600 1800

whereF! is the spectral distortion for the purely time-dependent

case. Therefore to lowest order again one will ha®, ~ _ _ _ N
AP, butin next order this correction will in addition be slight Fig.15. Relative diference in the féective escape probability
larger in amplitude due to the fact that fag < 0 one has With respect to the Sobolev escape probability: combirfEete
¢%p 2 ¢v. We can see that this indeed is true comparing the digf.th_e thermodynamic correction factor and the shape ofitiee |
monds with the dash-dotted curve in the lower panel of[Efy. 14rofile.

For the blue wing one can argue in a very similar way as
above. We know that fo®' = 1 the correction to the escape

i - - ¢.as
probability is basically given by the time-dependent colin INt0 @ccount when computing thefirence, = f,F7 - F,™
in the value ofraps but only to higher order due t;, . # dv. Also one can conclude that the shape of the profile plays the ke

If now including ® # 1 the lowest order correction will still be "€ in removing the low redshift self-feedback problemeTh
given by the purely time-dependent case. The additional-mdﬂtter statement can be confirmed when looking at the shape of
ulation of the resulting spectral distortion By, . < ¢y will in the Lymane distortion at intermediate to high frequencies blue-
addition lead to a small decrease in the total amplitude ef ti/ard of the resonance (cf. Fidi. 5 and 6 right column), which is

contribution to the correction. Again this can be seen in[Egy C'€&rly dominated by the profile rather than .
when comparing the stars with the short-dashed curve. Qnly a Therefore in lowest order one expects the total correction t

low redshifts the shape of the profile determines the angaituP€ the superposition of the time-dependent correction hed t
of the correction, removing the self-feedback problemsTiai ©N€ from the thermodynamic correction factor, where on ée r
because unlike in the case & photons are emitted only in g Side of the resonance each of them is modulated by the shape

limited range of frequencies. This avoids that photons tvaie  ©f the profile in the outer integral of E. (39) in addition, ileh
released at ~ 1400 andxp > 10" will redshift into the Lyman ©ON the blue side the contribution is slightly suppressedtiae
o line atz < 1000, as seen in the normal1’ formulation of profile corrections ta\,. Here it is important that becaude

the problem((Chluba & Sunyaev 2008b). strongly changes the symmetry of the problem (the main cerre

Furthermore, it is clear that the sum of both the red and bifi@" iS coming from the red wing as shown in Séctl5.1), it is
wing contribution should again be very close to the pureheti /€@ that the mainféect of¢;,; # ¢v will be an enhancement of
dependent case, since the modulation of the contributioms f € final correction.

the red (enhancement) and blue wing (suppression) in lowvest I Fig.[L3 we present the results from our numerical calcula-
der will cancel, due to the symmetry around the line center. tion for different cases. Indeed we find that when including the

shape of the profile the corresponding correction is shgint
creased as explained above.

z

*
abs

5.3. Combined effect of f, and ¢}, # ¢v

With the derivations in the previous Sections it is now gini&i 5.3.1. Dependence on the included number of shells
forward to understand the results for the combinfidat of all

corrections. Following the same line of thoughts we obtain 0T the purely time-dependent correction it has been shbain t

in particular at low redshifts the result depends stronglyttee
a . a6 total number of shells that were included in the computation
APy =~ f¢abs[vav ~ 7% dv. (39)  Since there the correction was very strongly dominated by th
self-feedback of Lymam photons, here we do expect this de-
where inF2 we include all the corrections simultaneously. pendence on the number of shells to be more mild.

As in the previous Section it is now clear that on the red side In Fig.[18 we show the results of our computations for 3, 5
of the resonance the profile will enter the computation nyainand 10 shells. The changes between the 3 and 5 shell casés is st
dueto its presence in the outer integral. Feandxp < Oitonly rather significant, but the flerence between the 5 and 10 shell
leads to a very small correction (cf. Fid. 5 ddd 6 right collimncase is already very minor. This show that in our descriptien
However, on the blue side of the resonance the profile cdorecttotal correction is already converged when including shells
again can be neglected in the outer integral, but shouldkamta into the computation.
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Fig. 16. Total relative dfference in thefective escape probabil-
ity with respect to the Sobolev escape probability: depande

on the total number of shells. Note that the curves for thecl sh
and 10 shell cases practically coincide.

Fig. 18. Changes in the free electron fraction: separate contribu-
tions due to the time-dependent correction, the thermadyma
factor and the shape of the profile.

10shell Hydrogenatom tion computed with the modified version ok&ast. One can

] clearly see that the dominant correction is due to the thermo

] dynamic factor, resulting imP/P ~ +10% atz ~ 1280 and

1 ANg/Ne ~ —=1.9% atz ~ 1120. The next largest correction is

] due to the time-dependent aspects of the problem, leading to

] AP/P ~ —-5.6% atz ~ 1120 andAP/P ~ +5.9% atz ~ 1490.

1 The associated correction in the free electron fractiorahaax-

1 imum of ANg/Ne ~ +1.2% atz ~ 1020. The smallest correc-

1 tion is due to the exact shape of thffegtive line profile, re-

sulting iInAP/P ~ +2.0% atz ~ 1200 andANe/Ne ~ —0.4% at

Zz ~ 1080. The total correction thenAf/P ~ +11% atz ~ 1420

, andANg/Ne ~ —1.6% atz ~ 1190. This is an important speed

R up of hydrogen recombination, althoughzat~ 1100 a large

3 v 1 part of the correction due t6, alone is canceled by the time-

: . ; 1 dependent correction. At the maximum of the Thomson visibil

F 1 ity function z ~ 1100 we findANe/Ne ~ —1.3%, where about

H A ANg/Ne ~ —0.4% is coming from the shape of the profile alone.

H ” ; i For completeness we also show the correction that is due to
Dy T L the two-photon formulation alone, i.e. where we subtratied

800 1000 1200 1400 1600 1800  time-dependent contribution from the total correctiome#ds to

z ANe/Ne ~ —2.4% atz ~ 1110.

Fig. 17. Relative diference in the fective escape probability !N Fig.[I9 we finally show the changes in the CMB tem-
with respect to the Sobolev escape probability: separate cferature and polarization power spectra coming from thed tot

tributions due to the time-dependent correction, the tioelyn COrrectionANe/Ne as given by the solid line in Fig.18. In partic-
namic factor and the shape of the profile. ular the changes in the EE power spectrum are impressivie, wit

peak to peak amplitude 2% — 3% atl > 1500. One can also
see that the modifications in ti@&'s correspond more to a shift
in the positions of the peaks rather than changes in the atiesol
amplitude. This is connected to the fact that the corredtion
the free electron fraction leads to a small shift in the maxim

In this Section we now give the expected correction to thizen of the Thomson visibility, but does noffect the Silk damping
tion history when including the processes discussed impegier. 'ength (Silk[1968) as much. It will be very important to take
For this we modified the Rrast code (Seager etdl. 1999), sdhese changes into account in the analysis of future CMB data
that we can load the pre-computed change in the Sobolevescap
probability studied here.

In Fig.[17 we present the final curves faP/P as obtained
for the diferent processes discussed in this paper. In[Eih. I8 this paper we gave a formulation of the Lymantransfer
we show the corresponding correction in the free electrao-fr equation which allows us to include the two-photon cormi

12

11+ time-dependent & no-scattering correction
——————— thermodynamic factor
—.—.—.— profile correction

% all corrections

no-scattering
approximation

Relative Change in the Escape Probability in %
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6. Effect on the ionization history and the CMB
power spectra

7. Discussion and conclusions
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these diferences, and therefore directly probe our understanding
of the recombination problem. Also if something non-stadda
happens (e.g. due to early energy release by decaying or anni

0.6k ", ;
0.4F hilating dark matter), this will fiect the exact shape of the cos-
02 mological recombination radiatioh (Chluba & Sunyaev 2()08a

Therefore, by observing the recombinational radiation one
principle can directly uncover potential unknowns in theroo-
logical recombination problem, a task that may not be cotegle
otherwise.
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7.2. Corrections to the escape probability
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7 cape probability, showing that the largest contributioodming
7 from the thermodynamic factdy (see FiglIl7). The next largest
! ! ! ! correction is due to the time-dependent aspects of the recom
0 500 1000 1500 2000 2500 3000 pination problem, where in the formulation given here thé se
feedback problem (Chluba & Sunyégev 2008b) appearing at low
Fig.19. Changes in the CMB temperature and polarizatiodshifts when using the ' 1’ photon picture disappears (cf.
power spectra. We includedtect of the time-dependent correcFig. [I7). Furthermore the time-dependent correction @iyti
tion, the thermodynamic correction factor and the profile@o  cancels the correction for the thermodynamic factor at led r
tion, simultaneously. We used the result for the 10 shelrbyd shift (z < 1300- 1400), leaving a significanly smaller change in
gen atom. the escape probability at~ 1100. As we explained here, these
two corrections can be also obtained in the normal11lphoton
. icture, but for the thermodynamic correction factor a reitin-
for th? 3s-1s and 3d-1s channels. We then solv_ed th_|s t""’m{fﬁpretation can only be given within the two-photon piet(see
equation and p_resented the results f(_)r the Lymaalistortion at Sect[ZTH). Here the crucial ingredient is that the spetin
Q|fferent redshifts (Sedil 4). From this we computed tfiece . the vicinity of the second, low frequency photghis given by
tive Lymana escape probability and de”"??‘ the correspondqge CMB blackbody photon field, which then allows us to write
corrections to the Sobolev escape probability (S&ct. S)useel 0 2 jiative transfer equation for the Lymaiphoton as equa-
these r?su'ts to compute the corrections in the free_eie&tm- tion for one photon only. A very similar formulation should b
tion during hydrogen recombination and the assomatedgﬁfsanappncable in the case of expanding envelopes of planesy n
in the CMB power spectra (SeCt. 6). Below we now shortly sumijae anq stars, where the photon field in the vicinity ofiill be
marize the results of each of these Sections and also givera Sﬁiven by a weakly diluted blackbody spectrum. However, when

18- - &

* We have discussed the corrections to tffective Lymana es-

discussion for future work and improvements. the photon distribution in the vicinity dfoth photons involved
in the absorption process are far from their equilibriunuesl
7.1. The resulting Lyman a spectral distortion the derived formulation does not work.

. . . We also showed that the correction coming from the exact
In Sect[4 we dlsc_usse_d the influence of th@eaient processes shape of the line profile in the vicinity of the Lymanreso-
on the Lyman d|st(_)rt|0n at dffe_rent redshifts. Including all nance leads to the smallest separate correction undeisdieau
the corrections considered here simultaneously one cai@® oo “o1y this part of the correction is really related tawu
that atxp < 0 the shape of the dls_tortlon_ |S_ma|nly determ'“e m mechanical modification of the transfer problem. Shi# t
by the time-dependence of thifective emission rate (cf. Figl 5 final contribution related to this modification is signifi¢at the

and[®, right column). In the close vicinity of the resonaate - -
' . ; X X required level of accuracy (cf. Fig117).
sources of corrections under discussion here are impdidant q y( )

the exact shape of the Lymanspectral distortion at dierence
redshifts (cf. Fig[h). In particular inside the Doppler €dhe 7.3. Implications for the ionization history and the CMB
spectral distortion will be very close the value at the lieater power spectra and critical remarks

multiplied by 1/f,. On the blue wing the distortion is mainly
determined by the shape of the line profile. The results for the changes in the free electron fractiorGivie

With the method given here we can in principle also conpower spectra are shown in Fig.]18 19, respectively. The
pute the Lymany distortion, as it would be observable todaymain efect onNe due to the processes discussed here is a net
Since all the processes discussed hdliecathe exact shape ofspeed up of hydrogen recombination hjNe/Ne ~ —1.3% at
this distortion, one could in principle probe our underdiag Z ~ 1100. AboutANe/Ne ~ —0.4% of this correction is coming
of the recombination dynamics by observing it. As mentiondtPom the shape of the line profile alone, while the rest is due t
earlier [Chluba & Sunyatv 2008b), similarly one expectsi-addhe thermodynamic factor and the time-dependent aspetie of
tional changes in the detailed shape of the Lymadistortion recombination problem. Here we would like to emphasis again
due to partial frequency redistribution and electron scatt). that the latter two corrections can actually also be obthin¢he
All these processes therefore not onfiieat the dynamics of cos- standard "} 1’ photon picture, when introducing the thermody-
mological hydrogen recombination, but in principle shdelve namic correction factor using the detailed balance priecip
observable traces in cosmological recombination specfeugn We would also like to mention that our results for the
see Sunyaev & Chluba 2007, and references therein) unéiytodchanges in the free electron fraction seem to be ratheraimil
Measuring the exact shape of the Lymartistortion and the to those of Hiraia (2008) for the contributions from highdev
other recombinational lines would in principle allow uséveal two-photon decays alone. However, we obtained these with a
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completely independent method. For the future it will beyvemwe will focus on formulating the problem for the 3s 1s and
important to perform a more detailed comparison once arel3d — 1s two-photon channels, not altering all other channels.
vant additions are identified. This is a reasonable first approximation, since as we show her

Regarding the CMB power spectra, in particular the assodiis already clear from the '+ 1’ photon picture that the main
ated changes in the EE power spectrum are impressive, ngachiiontribution to the death of photons is coming from the 3cheha
peak to peak amplitude 2% — 3% atl > 1500 (see Fid.19). It nel (see Fig[1l). We only also add the 3s channel, since it is
will be important to take these corrections into accounttf@ conceptually very similar.
analysis of future CMB data.

However, it is also clear that several steps still have to
taken: (i) one still has to study more processes; and (ii)rase
to device a sfliciently fast method to simultaneously incorpoin this section we would like to derive the rate equation theat
rate all the corrections discussed in the literature sonfarthe scribes the evolution of the populatioss, in the 3s level, but
computations of the CMB power spectra, in order to be ready fwhere we take the two-photon aspect of the 3s-1s transitton i
real parameter estimations using the CMB data. account. In the normal '+ 1’ photon picture this transition is

Regarding the first point, for example, the correction due tescribed by the sequence-3s2p — 1s and its inverse process
Raman processes (as explained_ in_Hirata (2008) mostly duelto— 2p — 3s. For the 3s rate equation it is therefore clear that
2s-1s Raman scattering) leads to an additional delay ofmbo the two-photon correction due to the 3s-1s channel shdtddta
nation at low redshifts with a maximum aiNe/Ne ~ +0.94% at  part of the 3s— 2p and 2p— 3s rate. Once this part is known
z ~ 920. We did not include this process here, but it certainly @ne can in principle replace it in the rate equations usingpeem
very important for accurate predictions of the CMB powercspecomplete two-photon description.
tra and should be cross-validated in the future. Itis clear dne Here we just give the formulation of this problem, also be-
should also include theffect of higher level two-photon decayscause it allows to understand the most important aspectseof t
(e.g. from the 4d-level), since they are expected to spedd/up two-photon picture. However, to compute the correctionheo
drogen recombination in addition, likelyfacting the result ob- escape probability we directly use the (pre-computed)ti&wiu
tained here by another 10%-20% (i.e.ANe/Ne ~ 0.1-0.3%). for the populations given in the standard approach, and only
And finally, the dfects of partial frequency redistribution, linesolve for the presumably small correction in the evolutibthe
recoil and electron scattering should be studied. Here iitigga photon field around the Lymadm resonance. Solving the com-
ular the dfect of line recoil will be important, leading to a sys-plete set of modified rate equations simultaneously will e t
tematic drift of photons towards lower frequencies whichiag final goal, for which one will need the results of the derigati
accelerates hydrogen recombination dj./Ne ~ -1.2% at presented here. We leave this problem for a future work.

z ~ 900 [Grachev & Dubrovich 2008; Chluba & Sunyaev 2009).

Regarding the second point, fairly recenily Fendt ét
(2008) proposed a new approach calledd®, which uses
multi-dimensional polynomial regression to accuratefyresent |n order to isolate the contribution from the 3s-1s two-imot
the dependence of the free electron fraction on redshiftl@d channel we start by writing down the 3s rate equation in the ’1

cosmological parameters. Instead of running the full (3l@v 1’ photon picture, including all possible ways for electsdn
combination code, one trainad’ with a set of models, so that and out of the 3s-level

the interpolation between them will be very fast afterwaiidss
approach should allow to propagate all the correctionsaridh- dNss _ dNss o

MU : . : - + R3, — RggNas. (A1)
ization history that are included in the full recombinatimode dt dt lasop

to the CMB power spectra, without using any fudging like in )

Recrast (Seager et al. 1999; Wong eflal. 2008). In the future, waere we have directly separated the part due to the Baimer
plan to provide an updated training set for® including the transition

corrections discussed here. This should also make it efsier dNae

other groups to cross-validate our results and will allowtas Ot
focus the &ort on the physics rather than on approximating it. 3s2p

%‘1. The 3s-1s two-photon channel

a,&.l.l. Isolating the different "1 + 1’ photon routes

= R2p33— RSsZp N3s

= Npp A\’%sZp% Npi(V32) — Nas Ags2p[1 + Npi(va2)]
p
Appendix A: Different channels for the emission (A.2)

and death Off Lyman q.photon involving a which below we want to discuss in more detail. H&keandg;

sequence of two transitions denote the population and statistical weight of levely (v) is
If we restrict ourselves to the main channels that can lealeto e CMB blackbody occupation number, aAgl andy;; are the
ns — 1s two-photon decay and absorption; (i — 1s two-

photon decay and absorption; (iii}e 1s two-photon recombi- Rss = Rasc+ Z I Az Npi(Vizs) (A.3)
nation and photoionization. >3 Ys
The problem is now to compute the emission and absorp- R’ = NeNpReas + Z N; Aizs[1 + Npi(via)]. (A.4)

tion profiles connected with these processes and descire th
relative contributions or probabilities at a given freqogrThis

in principle can be done for all possible routes. HoweverehewhereNe andN, are the free electron and proton number den-
sities, andR; and Rc are the recombination and photoioniza-
14 httpy/cosmos.astro.uiuc.egico/ tion rates to the level. Note that, since at frequencies below

i>3s
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the Lymana line the spectral distortions during recombinatioMow one can write

are small (e.g. cf._ Chluba & Sunyaev 2006a), above we simplydN ANac 11
replacech(v) — ny(v) everywhere. 3s = p2p3SR§p - 52p15N35A352p+ =3 (A.10a)
Now we are interested in refining the term connected with dt ls2p dt laszpas

the Balmera channel. Since any two-photon or multi-photoRyhere

process only leads to tiny corrections in the total decagsrat 11
is possible to use the one photon rates to compute the relativ dl?’s
contributions of diferent transition sequences. Itis clear thatthe  dt [3s2pis
term NgsAgszp = NasAasszp[1 + Npi(v32)] describes the total flow (A.10Db)

of electrons in the direction of the 2p-state. Once the Bect 11,4 first two terms in E ; ;
. . - q[(AT0a) describe the partial flow of
reached there it can go back to the 3s level with the protgbili g|ecrons towards the 3s-state, but where it is certain ttt

92 .
= pzpslesg—lp Aop1sn(v21) — P2p1sNas Agerp
S

Aas2p Z npi(vao) electron did not pass through the Lymaitine before. The last
Pop3s = e T (A.5) termis the fractional contribution of the 3s 2p « 1s-channel
A§p13+ Rip in the 3s rate equation, but described in the11photon picture.

This is the term which in the end we will want to replace with

HereAS ) = Azpad1 + npi(v21)] is the stimulated Lymam emis- two-photon formulae.

sion rate in the ambient CMB blackbody field, &Ryl is the total If we now identify
rate at which elgactr_ons can leave the 2p-level, but exclythie A A
Lymana line. Itis given by AZ = CSezpt Bt (A.11)
Oi A2pls+ Rip
Rep = Repet ;})7'%2') Mpi(vi20)- A6) then we can finally rewrite E{A.IDb) as
1+1
:llj)rirl]iltl)?rly’ the electron can take the route 2p1s with the prob- d(’;‘t% 332p13= ZngN lsg_jz N(v21) Npi(v32)

AZpls _ ply (A 7) - A5115N3S[1 + npl(VZI)][l + an(VSZ)]- (A.lZ)

P2p1s= em» . .

A2p13+ Rip Note that in vacuum one would ha#ézlss Asszp as it should
be, since the electron will only have one way to leave the 2p-
: e — state. However, within an intense CMB background field, also
2p — c) with probability pap1s = 1 - papis Note that here we " i o nnels will become active (e.9.8s2p & c), SO

have neglected the deviations from a blackbody in the stted| . .
Lymana emission rate, which in any case is tiny. We just Wantetaat part of the 3s- 2p flow will go through them. This reduces

. : . ; 2y
to maintain the structure of the equations. the dfective decay ratéyg,
Then it is clear that the termgsAgszpcan be interpreted as

. . _ A.1.2. Replacing the 3s-1s channel in the "1 + 1’ photon
Nas Agszp = Nas AsszpX [P2p1s+ P2pid (A-8) formulation with the two-photon expression

because the total flow of electrons should split up into tlebse- W tt | th td %}_ ith th
trons that go to the 1s-level (probabilifyspid and those that ' o NOW Wantto repiace e part dueg=|;q,,, Wth I€ more
don’t (probability pzp19). proper two-photon terms. For this we have to st the question
From the physical point of view it is now clear that tpar- how the 3s-1s two-photon term actually looks like. If one-con
tial flow connected WitfpzplstsAészp should be interpreted assSiders an electron that is initially in the 3s-state, thea can use
3s-1s two-photon emission in the .1'-photon picture, which the vacuum 3s-1s two-photon decay profile in order to defige t
we will later replace with the more proper two-photon foraril €MISSION profile needed to describe the injection of Lyman

The rest pop1dNas Ay, describes the contributions of all ihePhotons for the escape problem. Simple formulae for the nec-

other possible channels, e.g. also including the Batnsratter- essary vacuum two-photon decay profiles can be found in the
. > . ; 5 literature (Chluba & Sunyakv 2008c). We shall normalizes¢he
ing transition 3s— 2p — 3s. We will continue to describe all

2;
these in the ' 1’ photon picture. profiles like [~ f;;‘:i dvdQ = 1, wherep? (v) already includes

In order to understand the term connected with the total flatve motion of the atoms in the same way as for the normal
of electrons from the 2p-level towards the 3s-state, givgn horentzian lines, usually leading to the Voigt-profilesy(esee
N2p Assng—z: npi(v32), we have to think about an electron that iMihalas 1978). For convenience we chose the Lym&woppler-
added to the 2p-state. It will take the route 2p3s with prob- Width, Avp, in the normalization. _
ability papss as given by Eq.[{A). If we consider all possible With this the_ net change of the number denslty pf electrons
routes into the 2p-state, and write the corresponding tatalas in the 3s level via the 3s-1s two-photon channel is given by

or any of the other channels (2p ns (n > 2), 2p — nd or

1+1

+.t 92 H H
R2p = Rgp + leg—l’: Axp1sn(v21), then one has the identity ANge 2 s - ]
Oas ) 2 at s s1dV1s | @5(0)IN() n(va1 —v) dv
N2p Aesng—z Npi(vs2) = Papas[Rap + leg—l Azp1sn(v21)] , 5
p s ~oa) A N f G2 )L+ N[ + n(vay - )] dv
where , (A.132)
~ Y
RS, = NeNoRezp+ » Ni Agp[L +npi(vigp)l.  (A.9b) Aosalisn(v21) hov52)

i>2p — AL Nag[ 1+ i (va1)][L + Npi(va)],  (A.13b)
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WhereAgngis the dfective 3s-1s two-photon decay rate, which Neglecting the deviations from the blackbody spectrum in
in vacuum i3 Agzls ~ Agsop but within an ambient black- the emission term and comparing with Hg. (4) we can identify
body radiation field should take the value given by Eg. (A.11) 1+ np(v) 1+ ny(var—v)

2

Furthermorey?, = ¢3/(+)/Avp denotes the 3s-1s two-photon ~ #3s-15(¥) = 205001 Npi(v21) 1+ Npi(va2) (A152)
decay profile, andlz; is the 3s-1s transition frequency. o

For the approximation Eq[_(A.IBb) three comments should Nil 2y, 1+ Npi(var—v) b
be made: first we have assumed that the main contributions to ~ 2¢50) 1+ Npi(va2) (A.15b)
the integrals over the two-photon line profiles are comimgrfr i
the poles close te ~ v,1 andv ~ v3,. Second, we have used the 1y AZpls (A.15¢)
fact that the CMB spectral distortion around the Balmdine em = At R )
are tiny. Also the stimulated term in the vicinty of the Lyman P P
a resonance is completely negligable, so that we just can use Rgg* = AgsopNas. (A.15d)

1+n(v21) = 1+np(v21) instead, without changing anything. And_ ) _
finally, we assumed that only for the 1s-3s two-photon absorphiS result shows that thefective profile of the process as ex-
tion rate the deviations of the CMB spectrum from a blackboddgcted is given by the two-photon profile for the 3s-1s chknne
The result Eq{AI3b) is identical with the term given by thd"d Balmera resonance. Also the emission probability is ex-
"1 + 1’ photon picture, EqITAI?). This is not surprising, sinc@Ctl,y t_he Lymana emission probability mcludmg the induced
with the above approximations we have simply turned from trf-émssmn for the central frequency of the Lymatine. And the
two-photon to the " 1’ photon picture. In order to include the'aSt term simply represents the number density of 3s-elestr
effect of two-photon transitions in to the rate equation of the 312t reach the 2p-state per second in the I photon picture,

41 i where again the stimulated emission due to CMB photons close
level, we should therefore replaggz—slgszplswnh the fullintegral {5 the Balmem frequency was included.

given by Eq.[[A13k). Note thatgzs.15(v) is no longer normalized to unity. In vac-
2y
uum one would findf0°o "Sjjj—Ali(DV)dde = 2, while within the

A.1.3. Term in the Lyman a radiative transfer equation

2y
CMB blackbody field [~ %=1 gy do » 2. However the rel-

4r Ay,
In order to use the integrd[(A.113a) in the computations ef thative correction to the overall normalization of the profilee

ionization history, we also have to give the solution of tHdBC to stimulated emission is of the order ef 10° — 1078 (see
spectral distortion in the vicinity of the Lymanresonance. We Sect[5.211). Also one should mention that due to the symme-
therefore have to explicitly write the 3s-1s two-photongsiun try of the profile around’ = v31/2, by restricting the range of
and absorption terms for the evolution of the photon field anategration tovs;/2 < v < v3; one can avoid counting both the
solve the corresponding transfer equation. In particummwant Lymana and Balmew photons. We will use this fact to simplify

to bring the transfer equation into the form EQg. (4). the numerical integration (see Séci. 2.3.1).
From Eq.[AI3R) it directly follows If we now look at the absorption term in E@._(Al14), using
the definitions[(A.Ib) we can directly write
16N 2 ZA:Z]_S 2y 1 aNV 2 ¢3&—>1S(V) 2y
-2 o sk _ z = Sl N -
C Ot lasis ar N33<,03S(V)[1 +n(M][L + n(vs1 - v)] C Ot lasisabs A7 Avp Aasls 1sN(v) Npi(va1 — v)
2 1+npi(v21) 1+ npi(vs2) A16
- 47: Nispar () NV) N(var —v).  (A.14) XT3 o) 1+ M0z —)" (A.16)

) Here we have already assumed that the important part for our
Here the factor of 2 is due to the fact that per electron two-phgroblem is the regiow > vs1/2. This implies thatrs; — v <
tons are involved, and the factor of 4onverts to per steradian, ., /2, so that the deviations from the CMB blackbody can be
PaVin_&t?]_in mind thgtt';]het mediutm is iiOttrop_iC-t Furt?ermozg;%t neglected leading ta(v) np(vs1 — v) instead ofn(v) n(va; — ).
orm it is assumed that every two-photon interaction in . . y Gop Avpts
channel leads to aomplete redistribution of the photons over Since according to EqL{A.5) anﬂElAﬁsls = P2p3sge (a0
the whole two-photon profile. This also means that we have raitd because [ ny(v)]/npi(v) = €K7, we finally find
distinguished two-photon emission and absorption from-two

2
photon scattering events. However, this should be a very goo} ON | _ faso1s(v) AopisPapss S e 1+ i) n(v)Nis
approximation, since the scattering event involves twotph®  C Ot Issisabs 47 Avp  Qas/O2p 1+np(v)
This means that the total energy of the incoming photonshill (A.173)
split up such that in most cases the scattered photons wid ha vevay/2
energy ~ vz1 andy’ ~ v3o. Note that this does notimply that we 2 Pas1s(v) %Az 16203 em%ﬂn(v)Nl (A.17b)
are using a complete redistribution approximation for than dnhvp Gis o s

« resonance scattering itself, since only abeut0* — 103 of
all interactions will lead to the 3s- and 3d-state via twa{om

interactions|(Chluba & Sunyaev 2008b).

Note thatQSS/QZp = J1s/92p-
With the Einstein relations it is then easy to show that

2
% Agp1sn(v) = hvay Blz% N,, so that we directly verify the

2
15 Here the approximate sign is due to the fact that the ratéiciemt thermodynamic correction fack8rf, = 2 e'l*-21/kTy and find
in the two-photon formulation should contain some small10° —
107°%) quantum mechanical correction to the one photon rate. Wilis ¢ From Eq. [AI7h) bycomparing with Ed.](4) we can see that with
not lead to any significant correction in the escape prothabil the choice of coicients and variables we more rigorously infer=
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lS3S_
Py = P2p3s

the form of the Eq.[(¥) for the 3s-1s two-photon channel.

A.2. The 3d-1s two-photon channel
After going through the argument for the 3s-1s channel iasy/e

to do the same for the 3d-1s channel. For the rate equatidogana

to Eq. (A1), [A3), and{AI0) one has
dNzg  dNag

—_— = — R, - R; N A.18
dt dt 3d2p+ 8d 3d'73d ( 3)
Rsq = Radc + Z == Aiaq i (visa) (A.18D)
i>3d Yad
RSy = NeNpRega+ Y NiAas[1+Mpi(visd)]  (A.18¢)
i>3d
where the Balmetr channel is defined by
dNzq _ dNgq [+
— = RS - Nzg AS ot —— A.18d
at laczp P2p3dRop — P2p1sNad Agqpp o 3d2pls( )
ASde% Npi(v32)
P2p3d = + (A.18¢e)
A2pls+ R2p
dNSd 1+1
— N 4 (v1) Noy (v
it 3d2p15 dls 1sg (v21) Npi(v32)
ZaoNselL + npi(v20][L + npi(vs2)].  (A.18f)

As before one should now replace Hq. (A]18f) with

dNsq |7 2y Yad
dt lzas élsg Nas f Ean(IN() N(var = v) dv
- Mg f 0L+ nOIL +n(vas — )] dv
(A.19a)
2 _ PadzpPops A1oh)
o Azpls-'_ Rép

if one is interested in the 3d-1s two-photon correction e&30-
rate equation. Note that here the ratio of the statisticajkis is
not unity like in the case of the 3s-1s channel.

The terms for the transfer equation can also be cast into
form (@) where the important c@iicients are given by

1+ny(v) 1+ ng(vai—v)
_ 942y pl p
P3do15(v) = 2¢54(v) 15020 1+ () (A.20a)
1+ np|(V31 - V)
~ 2 _ A.20b
9540 1+ npi(vs2) ( )
R3S = AjgopNad (A.20c)
P5>2Y= Pzpac (A.20d)

A.3. The other channels

derive the corresponding partial rates in a similar way ase

For the other channels in and out of the 2p-state we can als[(p(l] hv1 B12 Nis

3s and 3d state. However, since the main correction is eggect

2 hiv-vp1]
210 KTy

Ltnpi(v21) _ V3 Mpilva)) 2

v=v21] /KT
T () = % vzl /KTy for hy > KT,, a condi-

tion that is fulfilled during cosmological recombinationtime vicinity
(v 2 v31/2) of the Lymane resonance.
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We therefore have confirmed the completeness taf come from the 3s and 3d two-photon channels for these we

will simply use the "1+ 1’ photon picture. This means that we
will not replace the corresponding— 2p rates with the two-
photon description. For all thes andnd-states withn > 3 the
rate equations therefore will be similar to E0. (A.18), aond f
electrons in the continuum one will have

dNe dNe

—_— = — icNi — NeNpRgi A.21
ot ot c2p+;[R‘c i e pRm] ( a)
with
dNe = Popc RS, — Pop1sNe Np Re +—e1+1 (A.21b)
dt o 2pcN2p 2pls!Ne Np Re2p dt copis .
Ropc
P2pc = == (A.21c)
A2pls+ Rip
dN 1+1 g
—= = Nis— A2plsn(V21) P2pc — p2plsNe Np Rch-
dt lcop1s O1s
(A.21d)

Still there is a small dference to the normal rate equations. In
the formulation given above the population of the 2p-state h
vanished fronall the rate equations, and in particular from those
for the 3s and 3d-state. For the 3s and 3d-state physicadly th
is expected, since in the two-photon picture on the way to the
1s-level the electron is not really passing through thetagpes

In the full two-photon picture the electron reaches the ¥slle
via all intermediate p-states, including those in the continuum.
For the other levels the above formulation would have alsmbe
obtained by simply replacing the solution of the 2p-statithie
guasi-stationary value in the 11’ photon approach. In this way
one again has a closed system of rate equations, which aheids
difficulty in attaching a population to the 2p-state.

Appendix B: Derivation of the thermodynamic
factor using the’ 1+ 1’ photon picture.

As mentioned in the introduction and also earlier
(Chluba & Sunyaevl_2008b), in the normal & 1’ pho-
ton approximation the term describing the emission and
absorption of Lymanr photons in full thermodynamic equi-
librium is not exactly conserving a blackbody spectrum
@l t all frequencies. This can be directly seen from Hd. (1),
fice in fuII thermodynamic equilibrium one should have

( emR;p) = (pd hvo1 B1o Nig Nv)eq Using the defini-
tions of the previous Section, in equilibrium one expects
eqd _ eq _ 9 e _ O CA

(Ry) " = (RopNap) » N3 = §ENTle ™, hvanBip = 32 2%
andpgh = Aga [1 + Npi(va1)] péy/Rgp, so that one finds
1y €q [
Py hv21 Bi2 NisN, _ N b ®.1)
pé}yn Rérp 21/%1 1+ np|(V21)
Here Nf' = ZC—VZZ npi(v) defines the blackbody spectrum. With the

identity [1+ npi(v)]/npi(v) = €"/KT» one therefore has

N, ]eq
pem RE

The in the last step we assumed thats KT, andhv,; > kT,
so that the factors [+ n] could be neglected, an approxima-
tion that is certainly possible during cosmological recamab
tion. However it in fact is only due to the used definition of

1+ np|(v)
+ npl(V21)

2
1 * 211, (B.2)
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pé?n, in which we evaluated the stimulated emission factors abn-relativistic formulation has zero transition freqognThis
the Lymana line center only and in addition directly assumedmplies that forv — 0 orv — vj1¢
a blackbody spectrum. More consistently one should have use

; 2
Per = Per [1 + n,], where we have $o s~ Gl Y (1-Y) |<R15| [1Rup) (Rap T Rni|i>‘
A (n. _ 1)2ni—5
17,*: 2pls ~ Gt 1 2632 o(n — 15 2_14. o1
Pem = RoptdL + (Mo + Ry (B:3) WYL=y 2 s (- 14). (CD)

Here(n,)en denotes the average of the photon occupation nufd€"® 14 means 1 for the s-states or 4 for the d-states. Inserting
ber across the Lymam emission profile. With this definition in "UmPers (for definitions see Chiuba & Sunyaev 2008c) one finds
Eqg. (B:2) one would have obtained the factgf,ddirectly, with-
out any additional comment. 5 (n— 12" n2—1

We would like to mention another way to obtain the ther- ¢, ;o ~ 1.0598x 10'y (1 -y) -——=- —— s (C.2a)

" Vi i "

modynamic factor in the absorption process, which just tises (i + 1)2n 2n. 4
term in the Lymaru rate equation. In the standard textbooks 2, (-7 n -4
(e.g Mihalas 1978) one finds: Prigons = 42393x 10y (1-y) iy = — 7 (C.2D)

dNgp 1+1 U2p For the 3s and 3d profiles one therefore has

e = Nis— Agp1sN(va1) — Nop Agpid1 + n(v21)]. (B.4) X

2pls O1s ¢35l () ~ 4416y(1-y)s™ (C.3a)

Here two comments should be made: (i) more rigorously one ¢§Z¢—>15(y) ~1104y(1-y)s? (C.3b)

should replaca(v,1) with the average occupation number over ) .

the line profile, i.en(v21) — (n,) and (i) in addition one should We Will use these simple formulae to compute the two-photon

distinguish between the emission and absorption procegtyi SPectraat@&y<000land ®99<y<1. _

ing that [1+ n(v21)] — [1 + (N,)eq], While in the first term one  The most important consequence of this limiting behavior

hasn(va1) — (N)aps In full equilibrium one should then find W'tth éﬁguglnci i ctjhat %l_let_to Sft_'rpdult%te? emission in thﬁ ambi
%o eq eq en ackbody radiation fie e two-photon profiles no

(le@ Agpis <nv>ab3) = (NZPAZPlS{l * <nv>e”‘]) » S0 that longer vanish ay ~)6 andy ~ 1, sinceng(v) ~IO1/y forpv ~ 0.

For the 2s-1s two-photon process this behavior was also seen

earlier (Chluba & Sunyagv 2006b). In the case of 3s and 3d two-

photon decays this enhances the emission of photons close to

the Lymang resonance (cf. Fid.]2). However, we find that the

corrections due to stimulated two-photon emission are met i

portant for the cosmological recombination problem.

1 (B.5)

| V.
le% Azpis (Ny)abs eq ) (nE >abs gvar/KT,
N ol + e | =14 (),

It is now easy to show that

pl
() e = (D) ek,
Y /abs 1 +np| v b
y abs

= (=T g 4 ng']>

Appendix D: Small corrections due to the motion of

(B.6) the atom

abs’
To account for the motion of the atoms in the computations of

Since according to EqEE.SQnE')abS gva/kly = <1+ n5'>em the emission profile one has to compute the following integra
one should conclude thanh,)ps = (eh[V*Wl]/kTvnV)em, where (S€€Sect. 9.2 o Mihalas 1978)

n, now is an arbitrary photon occupation number. In terms of

N, = hc—V: n, one therefore had\, ) s = 2;—251 Mabs = (FNVYem:
With this we obtained the thermodynamic correction fadtan over the rest frame emission profile,(v), which for a given

. . VZ . _
the absorption profile foN, = 2 n,, since(N,)aps = (f,NYem frequencyy due to the Doppler féect has to be evaluated at

om(¥) = f o) et o (D.1)

factor arises from the Maxwell-Boltzmann velocity distrilon
Appendix C: Computation of two-photon profiles for the neutral hydrogen atoms.

_ _ For the Voigt-profile one normally uses the approximation
We compute the two-photon decay profiles according to they) ~ y — v, 21, so that the emission profile can be written in

finite sum over intermediate states was split up into thostest

with principal quantum numbers> n; andn < n;, wheren is a I~ et dt
the initial state principal quantum number. This makes tima s H(xp,a) = — T~ 2. a2
. . T Joew (Xo—t)2 + @&
over the resonances (in the case of 3s and 3d only one) firdte an
allows to give fitting formulae for the remaining contritartito  for which simple approximation in terms of the Dawson-imtgg
the total matrix element coming from the infinite sum. This-pr exist (see Sect. 9.2h as 1978). Haiis the normal Voigt-

(D.2)

cedure is very convenient for numerical evaluations. parameter, andp is the frequency distance from the line center
Here we would like to mention that the two-photon decaiyn Doppler units of the Lyman resonance.
profiles behave likg o v (vi1s— v) in the limitsy — 0 orv — However, due to the steepness of the Lorentzian close to

vize- This is because in this limit the main term in the infinte surthe line center this approximation leads to a small inaaura
is coming from the Matrix elements/d — n;p, which in the (A¢/¢ ~ 107% — 1073), which actually is not necessary. To avoid
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0.1,

A | @in %

ol Loy

Voigt <--> Voigt*

.
-10 -8 -6 -4 -2 0 2 4 6

10

06~  —— 3s<->Lorentz

[ 3d <--> Lorentz

L — 3s <--> Voigt

04 ———- 3d <> Voigt

° analytic approximations

0.2

[®~o~o~.
-~
B w”""@-v,
SO~
.-

A@ / @in %
o
T
4

-0.2
-0.4

06"

.
-10

10

Fig. D.1. Small correction to the normal \Voigt-profile. We showFig. D.2. Relative diference of the 3s and 3d two-photon pro-

the relative diference of the standard Voigt profilex H(xp,a) files with respect to the Lorentzian (thin line) and the Vgigt-

in comparison with the modified expression basedigrp,a) file (thick lines). In the first case the motion of the atoms was

atz= 1100. neglected, while for the comparison with the Voigt profilevis
included. The boxes show the analytic approximation foctire
rection including the motion.

this one should simply replace, anda in the Voigt-integral

with % = xo/[1 + xDAV—:f] andd = a/[1 + xDAV—Zf], and in addi- Table D.1. Parameters for the 3s and 3d two photon profiles
tion multiply H with 1/[1 + xp222], yielding around the line center. These were determined in the range
Y21 -10< xp < 10. For explanation see Appendix D

H(xp,a) = H(X—Df) (D.3) o B
[1+x072] 35 373335x10° +65325x 107

3d 745559x 107 -15129x 10

As one can see that then the Voigt profife, = H(xp, a)/ V7,
effectively behaves as

with frequency, as compared @ (v). Therefore, to lowest or-

oy (%) ~ 1 e % der for moving atoms the two-photon profile will be given by
V\AD) ~ — = T A, -
VA [1+xp22] ¢ (x0.8) ~ ¢y (X0, ) [1 + AT (v)/pa (7).
1 A However, close to the line center this approximation due
~—— e |1 xDﬂ(l + ZX%) (D.4) to the steepness of the Lorentzian again becomes inacatrate
T Va1

the percent level. The lowest order correction can be coetput
approximating the rest frame two-photon profiles close ® th

close to the line center. Aty ~ +1 this implies a relative cor- Lymana line center by

rection ofA¢/¢p ~ :LSAV—:S ~ ¥6 x 10° atz ~ 1100. However,
atxp ~ 3 this corrections is expected to reach tho level. In ¢r2i7(v) ~ pa(V)[1 + @i + Bi Xo].
Fig.[D.1 the frequency dependence of this correction is shiow '

more detail, confirming these statements. Note that as teghedere is the The cdicientse; andg; for the 3s and 3d level are
the behavior in distant wing$g| > 1) is not changed. given in Tabld D.1.

Using the same method as described in Sect. 9.2 of Mihalas
(1978) it is then easy to show that fiop| < 1000

(D.5)

D.1. Two-photon profiles for moving atoms

2

As mentioned above, to include the motion of the atoms in,2, (X0, 8) ~ dy (X0, 8) |1 + Adii (V) Bi 03,H(%0.d)

the computation of the two-photon profiles one can in princi-gbmxi D, 8)~¢v (X0, oa(v) 2 H(%,3) |

ple directly use the expression (ID.1). However, the computa

tion of this integral is rather time-consuming, and in theyve Close to the line-center we will use this expression for the-t

distant wings also is not necesgdryTherefore we use a dif- photon profiles. However, far away from the Lymanesonance

ferent approach in which we utilize the fact that the relativiwe will neglect the fect due to the motion of the atoms, and

difference,A¢r2i7(v)/¢A(v), of the restframe two photon profile,simply use the refst Brarr]ne t\r/]vo-photon profiles. -
2y ' . - However, we find that the correction in connection with the

¢ (), and the normal Lorentziani,(v), varies very slowly motion of the atom are not important for the cosmological re-

7 There the motion of the atoms can be neglected since the tv\(l:oqmblnatlon problem.

photon profiles normally vary very slowly with frequency.tddugh
this is not entirely true for thes two-photon profiles close to the fre'ReferenceS
. 3 . > o
guencies wher@< vanishes, one expects a negligible additional cor-
rection due to this approximation. Chluba, J., Rubifio-Martin, J. A., & Sunyaev, R. A. 2007, RINS, 374, 1310

(D.6)




30 Chluba and Sunyaev: lyescape during cosmological hydrogen recombination

Chluba, J. & Sunyaev, R. A. 2006a, A&A, 458, L29

Chluba, J. & Sunyaev, R. A. 2006b, A&A, 446, 39

Chluba, J. & Sunyaev, R. A. 2007, A&A, 475, 109

Chluba, J. & Sunyaev, R. A. 2008a, ArXiv e-prints

Chluba, J. & Sunyaev, R. A. 2008b, ArXiv e-prints

Chluba, J. & Sunyaev, R. A. 2008c, A&A, 480, 629

Chluba, J. & Sunyaev, R. A. 2009, in Preparation

Cresser, J. D., Tang, A. Z., Salamo, G. J., & Chan, F. T. 1988s FRev. A, 33,
1677

de Bernardis, F., Bean, R., Galli, S., et al. 2009, Phys. BgV9, 043503

Dubrovich, V. K. & Grachev, S. I. 2005, Astronomy Letters, 359

Eisenstein, D. J. 2005, New Astronomy Review, 49, 360

Eisenstein, D. J., Zehavi, I., Hogg, D. W., et al. 2005, Aj8B,660

Fendt, W. A., Chluba, J., Rubino-Martin, J. A., & Wandelt, B. 2008, ArXiv
e-prints, 807

Goppert-Mayer. 1931, Annalen der Physik, 9, 273

Gracheyv, S. |. & Dubrovich, V. K. 2008, Astronomy Letters, 339

Hirata, C. M. 2008, ArXiv e-prints

Hu, W., Scott, D., Sugiyama, N., & White, M. 1995, Phys. Rey5R, 5498

Hutsi, G. 2006, A&A, 449, 891

Jones, B. J. T. & Wyse, R. F. G. 1985, A&A, 149, 144

Karshenboim, S. G. & Ivanov, V. G. 2008, Astronomy Letters, 239

Kholupenko, E. E. & lvanchik, A. V. 2006, Astronomy Lette82, 795

Mihalas, D. 1978, Stellar atmosphere@nd edition (San Francisco,
W. H. Freeman and Co., 1978. 650 p.)

Peebles, P. J. E. 1968, ApJ, 153, 1

Peebles, P. J. E., Seager, S., & Hu, W. 2000, ApJ, 539, L1

Rubifio-Martin, J. A., Chluba, J., & Sunyaev, R. A. 2006, RIAS, 371, 1939

Rubifio-Martin, J. A., Chluba, J., & Sunyaev, R. A. 2008, Ag85, 377

Seager, S., Sasselov, D. D., & Scott, D. 1999, ApJ, 523, L1

Seager, S., Sasselov, D. D., & Scott, D. 2000, ApJS, 128, 407

Seljak, U., Sugiyama, N., White, M., & Zaldarriaga, M. 2083ys. Rev. D, 68,
083507

Silk, J. 1968, ApJ, 151, 459

Sunyaev, R. A. & Chluba, J. 2007, Nuovo Cimento B Serie, 129, 9

Sunyaev, R. A. & Chluba, J. 2008, in Astronomical Society loé fPacific
Conference Series, Vol. 395, Frontiers of Astrophysics: éleBration of
NRAOQO's 50th Anniversary, ed. A. H. Bridle, J. J. Condon, & G. l@unt,
35—+

Sunyaev, R. A. & Zeldovich, Y. B. 1970, Astrophysics and $p8cience, 7, 3

Switzer, E. R. & Hirata, C. M. 2008, Phys. Rev. D, 77, 083006

Wong, W. Y., Moss, A., & Scott, D. 2008, MNRAS, 386, 1023

Wong, W. Y. & Scott, D. 2007, MNRAS, 375, 1441

Zeldovich, Y. B., Kurt, V. G., & Syunyaev, R. A. 1968, Zhurrigksperimental
noi i Teoreticheskoi Fiziki, 55, 278



	Introduction
	Two-Photon corrections to the Lyman  emission and absorption process
	Modified equation describing the emission and death of Lyman  photons
	Introducing the thermodynamic correction factor
	Including the corrections due to the profiles of the different decay channels

	Solution of the transfer equation
	Number of absorbed photons and the effective Lyman  escape probability
	Range of integration over the profiles
	Relating the corrections in the spectral distortion to the corrections in the effective escape probability


	Main sources of corrections to the Lyman  spectral distortion
	Relative importance of the different Lyman  absorption channels
	Effective Lyman  emission and absorption profile
	Time and frequency dependence of the absorption optical depth
	Pure time-dependent correction to abs
	Effect of Thermodynamic correction factor on abs
	Effect of line absorption profile on abs

	Time and frequency dependence of the effective emissivity
	Pure time-dependent correction to a
	Effect of Thermodynamic correction factor in a
	Correction due to the quantum-mechanical asymmetry between emission and absorption profile


	Changes in the Lyman  spectral distortion
	Corrections related to abs for t=1 and  =0
	Behavior very close to the line center
	Behavior at intermediate and large distances from the line center

	Corrections related to both abs and t but for  =0
	Behavior very close to the line center
	Behavior at intermediate and large distances from the line center

	Corrections related to abs and t including 0

	Changes in the effective escape probability
	Effect of the thermodynamic correction factor
	Behavior of Ff and the expected corrections to Peff
	Correction to the escape probability
	Effect at large distances blue-ward of the line center and the Lyman  self feedback
	Contributions from the blue and red wing
	Simple estimate for the red wing correction
	Dependence on the distance to the line center

	Dependence on the shape of the absorption profile
	Correction due to Pind
	Expression for Peff and its connection to F.
	Total corrections and the blue and red wing contributions

	Combined effect of f and absV
	Dependence on the included number of shells


	Effect on the ionization history and the CMB power spectra
	Discussion and conclusions
	The resulting Lyman  spectral distortion
	Corrections to the escape probability
	Implications for the ionization history and the CMB power spectra and critical remarks

	Different channels for the emission and death of Lyman  photon involving a sequence of two transitions
	The 3s-1s two-photon channel
	Isolating the different '1+1' photon routes
	Replacing the 3s-1s channel in the '1+1' photon formulation with the two-photon expression
	Term in the Lyman  radiative transfer equation

	The 3d-1s two-photon channel
	The other channels

	Derivation of the thermodynamic factor using the '1+1' photon picture.
	Computation of two-photon profiles
	Small corrections due to the motion of the atom
	Two-photon profiles for moving atoms


