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ABSTRACT

In this paper we consider thee-processingf high frequency photons emitted by:k and
He1 during the epoch of cosmological recombination hyitdnd Hi. We demonstrate that,

in comparison to computations whicteglectall feedback processes, the number of cosmo-
logical recombination photons that are related to the pressef helium in the early Universe
could be increased by 40%- 70%. Our computations imply that per helium nucleu3- 6
additionalphotons could be produced. Therefore, a total 42— 14 helium-related photons
are emitted during cosmological recombination. This isapartant addition to cosmological
recombination spectrum which in the future may rendergftgly easier to determine the pri-
mordial abundance of helium usingigirential measurements of the CMB energy spectrum.
Also, since these photons are the only witnesses of the &éidprocess at high redshift,
observing them in principlefters a way to check our understanding of the recombination
physics. Here most interestingly, the feedback efihhotons on Hi leads to the appearance
of several additional, ratherarrow spectral featureg the He1 recombination spectrum at
low frequencies. Consequently, the signatures of helielated features in the CMB spectral
distortion due to cosmological recombination at some givequency can exceed the aver-
age level of~ 17% several times. We find that in particular the bands arourd10 GHz,

~ 35 GHz,~ 80 GHz, and- 200 GHz seem to befacted strongly. In addition, we computed
the changes in the cosmological ionization history, findhegf only the feedback of primary
He 1 photons on the dynamics ofsht — He1recombination has arffect, producing a change
of ANg/Ne ~ +0.17% atz ~ 2300. This result seems to be2 — 3 times smaller than the
one obtained in earlier computations for this process, hewthe diterence will not be very
important for the analysis of future CMB data.

Key words: Cosmic Microwave Background: cosmological recombinatimmperature
anisotropies, radiative transfer

1 INTRODUCTION still be visible at mm, cm and dm wavelength. Observing tlsge
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It is well known that cosmological recombination of hydragand
helium in the Universe leads to the emission of several piwoto
per baryon, modifying the cosmic microwave background (JMB
energy spectrum_(Zeldovich et al. 1968; Peebles|1968; Didito
[1975;| Dubrovich & Stolyarov_1997). Recently, detailed comp
tations of the cosmological recombination spectrum wene ca
ried out (e.g. Rubifio-Martin et al. 2006: Chluba & Sunyae06b;
Rubifio-Martin et dl. 2008), showing that the recombioragiof hy-
drogen and helium lead to relativeharrow spectral featuregn
the CMB energy spectrum. These features were created diifteds
z ~ 1400,~ 2500 and~ 6000, corresponding to the times ofiH
Her and H:1 recombination, and, due to redshifting, today should
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natures from cosmological recombination majeo an indepen-
dent way to determine some of the key cosmological parasieter
such as therimordial helium abundangethe number density of
baryonsand the CMBmonopole temperatuia recombination (for

overview e.g. see Sunyaev & Chltlba 2009).

However, to approach this observationally challenging tas
is important to theoretically understand all the possildatdbu-
tions to the cosmological recombination spectrum and hay th
may be #ected by physical processes occurring at high redshift.
In this paper we investigate the re-processingenérgetic pho-
tonsinitially released by H1 and H:u during cosmological re-
combination by neutral hydrogen and helium. For this pnobie
particular quanta emitted in theeld Lyman « (transition energy
E ~ 408eV), He1 2'1P; — 11S, (E ~ 212eV), He1 2°P; - 115,
(E ~ 210eV) dipole transitions are important, but e.g. also the
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higher H:1 n*P; — 1'S, series and Eli two-photon continuum do

In this context, it was also shown that the intra-species

play some rof& In contrast to the CMB spectral distortions created feedback of H and H:1 photons leads to some small correc-

by helium at low frequencies, these photons lead lerge devia-

tion of the CMB spectrum from the one of a pure blackbody, so 0.2% — 0.3% atz ~
[2007) andANg/Ne ~ 0.4% — 0.5% atz ~ 2000 for hellum

that, after some (significant) redshifting, they are ablestexcite
energetically lower-lying atomic transitions inttdnd H:1, signifi-

tion to the cosmological ionization history, reachingJe/Ne
1100 for hydrogen g

(Switzer & Hiratal 200€a). This level of precision in our unde

cantly dfecting the net rates of resonant and continuum transitions standing of the dynamics of cosmological recombinationl wil

starting from the ground-state. This can lead to both changthe
cosmological recombination spectruamd thecosmological ion-

be important for the analysis of upcoming CMB data from the
Pranck Surveyor, which was successfully launched in May this

ization history and, as we demonstrate here, in particular the to- year. In particular, our ability to precisely measure thecsgal

tal contribution of photons related to the presence of heliu the
early Universe is increased by40%- 70% in comparison to com-
putations that do not include ttieedbackprocesses under discus-
sion here. Such a large addition to the cosmological recoatioin
spectrum is very important, since in the future it may reralde-
termination of the primordial helium abundance usinfjedential

index of CMB fluctuations may be compromised by the neglect
of physical processes that cafiext the ionization history at the
level of ~ 0.1% close to the maximum of the Thomson visibil-

ity function (Sunyaev & Zeldovich 1970) at ~ 1100. Over the

past few years many such processes have already been identi-

fied (for overview e.g. see Fendt et al. 2009; Sunyaev & Chluba

[2009) by several independent groups (e.g. Dubrovich & Gsach
[2005%; | Chluba & Sunyakey 2006b; Kholupenko & Ivanchik 2006;
IRubifio-Martin et gl. 2006: Wong & Scatt 2007; Switzer & btia
2008b; | Karshenboim & Ivanbv_2008; _Labzowsky et al._2009;
m-9), also emphasizing that in princfil¢hese pro-

measurements of the CMB energy spectrum slightly easier.

To understand the physics behind this problem, we distgigui
betweertwo main types of feedback: (i) theelf-feedbaclkr intra-
species feedbagknd (ii) theinter-species feedbackhe first type
of feedback is related to photons that are emitted by sonraiato

species (e.g. k) and then &ect the lower-lying transitions of the
sameatomic species. Since thefldirence between the time of emis-
sion and feedback is connected with the redshift intervedkes

to cross the energy distance between the resonances that-are
fected, for Hi and H: 1 one therefore typically expects a delay of

cesses do directly change the cosmological recombinapen-s
trum (e.g. see Chluba & Sunyaev 2009a).

Although the intra-species feedbacexts the dynamics of
recombination, it does not lead to any significant changehén t
cosmological recombination spectrum, and in particular tttal

Az/z ~ 1%-20%. In contrast to this, for the inter-species feedback number of (low-frequency) photons released during recambi

energetic photons are emitted by some atomic species (ei9. H
and then feedback on lower-lying transitions of sawtiger atomic

tion. This is mainly because the total number of availabéelBack
photons is smdl| but as we explain here (see SECT] 8.3), also the

species (e.g. th). Here the typical delay between emission and branching ratios to other levels play some important role.

feedback is significantly larger (e.g. reachifg/z ~ 40% in the
case of Hu Lymana to Her 1'Sy continuum feedback as shown
in Sect[8.6), since the possible energ§atiences are much bigger.

In terms of photon production thiater-species feedbadk
much more interesting, and was not taken into account atiéth
so far. The simplest example is connected with the feedbBgk-0

For hydrogen the self-feedback problem was already stud- mary He1 2°P; — 1S, photons on H. As we show here, practically

ied earlier [(Chluba & Sunyalev 2007; Switzer & Hifata 2008a) i
connection with the H Lyman series. There, for example, pho-
tons escaping from the HLyman 8 resonance, after redshifting
by Az/z ~ 16%, will feedback on the HLyman« line, leading to

all these photons never reach frequencies below theykhan con-
tinuum. Furthermore, we find that they feedback during pires
recombinationakpoch of H. At that time the degree of ionization
for hydrogen is still very close to the equilibrium Saha iation

a smallinhibition of hydrogen recombination. This occurs because (even when including the feedback). Obviously, the presefad-
the Hr Lymanp feedback adds photons to the phase space densityditional non-equilibrium ionizing photons tends to incsedhe de-
around the H Lyman « resonance and hence increases the popu- gree of ionization, but the recombination rate is high, s this

lation of the 2p-state. These additional photons have tohréae
very distant red wing of the HLyman« line (e.g. via redshifting
or by some chain of transitions towards higher levels or thin-

that eventually leads to an emission in the 2s-1s two-photon

channel) before the initial re-excitation of the electrgrtie feed-
back is reversed. Similarly, photons emitted in tha B'P; — 1'S,
resonance will feedback on theeH 2°P; — 1'S; line, but here

feedback eventually only leads to additional features éncibismo-
logical recombination radiation, but no significant coti@e to the
ionization history.

Here the most important aspect is that the electron which
is liberated by the Ei feedback on the IHLyman continuum
afterward has the possibility to recombine to some highly ex
cited state and then emit several photons on its way towdels t

the diference between the emission and feedback redshift is only ground-state. This is in stark contrast to the intra-speféed-
Az/z ~ 1%, due to the smaller energy distance between these reso-back, where it is unlikely to reach very highly excited lesz€The

nances. The latter problem has as well been addressed itetiae |
ture (Switzer & Hirata 2008a), also including the fact thattbeir
way from one resonance to the other some of the photons are
absorbed by the small amount of neutral hydrogen that isdjre
present at redshift ~ 2500 before they can actually feed back.

1 We give a detailed inventory of possible primarytand H:u feedback
photons in Secl_ 612 afd 8.1.

2 Excluding the Lymanr resonance itself, the main way out of the 2p-
level is via a transition to the 3d state (occurring~irf0% of the cases),
while a transition to the continuum happens with 0.5% probability

(Chluba & Sunyaél 200bb)

inter-species feedback therefore leadddops of atomic transi-
tionsin the non-equilibrium ambient radiation field of the CMB
(Lyubarsky & Sunyaev_1983), which tend to erase the high fre-
quency spectral distortion introduced by iHIn these loopone
energetic photon is absorbed, wisleverallow-frequency photons
can be emitted. A similar process was studied in connectitim w
the release of energy by some decaying or annihilating ghesti

prior to cosmological recombination_(Chluba & Sunyaeyv_2)09

3 e.g. the number of HLyman} relative to Hr Lymana photons is about
~ 0.5% (Chluba & Sunyaéy 2007)
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As we explain here, per primaryet feedback photon about&®y
are produced by Hin addition to one H Lymana photon replac-
ing the H:1 feedback photon (see Sdct. 7]1.1 for more explanation).
We also study the feedback ofl photons on both Ei and Hi,
in detail explaining all the important physical aspectshi prob-
lem (Sect[B), and computing th&ect of Hen Lymana feedback
(Sect[B8-819) on the cosmological recombination spett@ur
main results for this problem are shown in Fig] 23 24.

The paper is structured as follows: in S&dt. 2 we give the for-
mulation and solution of several photons transfer equatignich
are important in the context of theeldintra-species feedback prob-
lem. This Section is rather technical, and is only addressede
interested reader. In Selct. 3 ddd 4 we apply the results ¢fidex
the problem of the Kl 2'P; — 1'Sy and H:1 2°P; — 1'S, resonances
including the H Lyman continuum, solving them numerically. This
Section provides some intuition for the important aspectthe
problem, which then lead to the analytic approximationgtiernet
rates and escape probabilities derived in $éct. 5. In Seat.dom-
pute the corrections to the ionization history and in Je@. we
discuss the changes in the cosmological recombinatiorirsipec

2 DIFFERENT TRANSFER EQUATIONS IN THE NO
SCATTERING APPROXIMATION AND THEIR
SOLUTIONS

In this Section we give the transfer equations and theirtsols
including diferent combinations of emission and absorption pro-
cesses. In particular we are interested in the combinedgmobf

the He1 2'P; — 1S, and He1 23P; — 1'S, resonances and theriy-
man continuum. However, the equations and solutions gieza h
can be easily applied to the other resonances of neutrairhelhd
may also be useful for further studies related to the CMB tspkc
distortions generated by helium.

an excited level to the H:1 ground state can be cast into the form
1 dN,

c dt

=P NIE gl D {NE™ = N} (1a)

resi

Here p{j is the one photon death probability of the resonance;

ol = % % is the averaged one photon cross-section of the res-
D

onance, wherdB4 is Einstein-B-coéicient of the line andAv:3
its Doppler width; Nf™" is the population of the helium ground
state; ¢}, (v, 2) denotes the féective absorption profile; anti;y™
describes the production of photons in the line.

If we neglect two-photon correctioris the shapes of the pro-
files in the diferent absorption channels contributing to tlfiee
tive absorption profile of the resonance, and if we assunteatha
are given by the normal \Voigt profilaiv(v, 2) for the considered
resonance, then itis clear that

Pundv.2) = 4 (D )

G T
b V—Vj
fi = Lt

(1b)
(1)

wheref! denotes the frequency-dependent thermodynamic correc-
tion factor, which was discussed earlier in connection whighhy-
drogen Lymana transfer problem| (Chluba & Sunyaev 20ti§d,b).
There it was shown that this factor follows from the detaited
ance principle and is required in order to fully conserveazkbody
spectrum in the distant wings of the line profile for the casher-
modynamic equilibrium. Furthermore, one can directly &rit

Nemi — 2_Vlzg_13 R|+ i Ném
Y@ g RN R
whereN},, is only redshift dependent. Hergis the transition fre-
quency of the resonanogys andg; are the statistical weights of the
helium ground state and levigkespectively. In additiorR" andR~
denote the one photon rates at which electrons enter arsltbgit
leveli via all possible channels excluding the resonance itself.
If we now introduce thesffectiveabsorption optical depth in

x (1d)

We assume that the modifications to the solutions caused the resonance as

by partial frequency redistribution can be neglected, amakw
in the no line-scattering approximation. This procedure has

been used in several recent studies (e.g. Switzer & Hirata

7 s(sz)=fzpi%¢‘ Hl+2.9d2 (2
abs\"» &> . dH(1+2) ab >

20084a; | Chluba & Sunyaev 2008¢. 2009d) and seems to bewhere we defined the dimensionless frequexeyv/(1 + 2), then

well justified given that the additional corrections due ftar-p
tial frequency redistribution are small (e.
2008a; | Rubifio-Martin et Al.| 2008; Hirata & Forbes 2009;
[Chluba & Sunyaev| 2009a). However, as we comment here
(see Secf6l4), when the considered resonances are vegytolo
each other, additional corrections are expected.

We will then use the results of this section to compute the
CMB spectral distortion due to thes 2'P; — 1'Sy and H:1 2°P; —
1'S, resonances at flerent stages of ki1 — He1 recombination
(Sect[B). This also allows us to check for additional cdioas (i.e.
due to time-dependence, the thermodynamic correctionrfactd
line cross-talk including feedback) to thfective escape probabil-
ity of these resonances with respect to the normal quatsdstay
approximation (Secftl4).

2.1

Following the procedure describedlin Chluba & Sunyaev (2909

in the no scattering approximation the transfer equatiopfiotons
in anisolated helium resonanamnnected with the transition from

Isolated helium resonances

© 0000 RAS, MNRASO0Q, 000—-000

we can write Eq.[{1) as

dN,

o ®

AN )

resi

wheret! = d;7., . The solution of this equation in the expanding

Universe was already discussed earlier (Chluba & Suilya@9t90

With the notation used here it can be written as

AN = [NL(2) - N x FS'(2).

(4a)

where the functiorf, represents the frequency dependent part of
the solution for the spectral distortion, which is given by

Foi(@) = f "01(2.2)0, &b @ o (4b)
Zs
New@) R 1 @

i _ Nem X _ (2 Z)

e Rew Te e

whereAN, = N, - N?, v = x[1 + Z] and atz > z the CMB
spectrum is assumed to be given by a pure blackbody speotfhm
FurthermoreNL(2) = NL (2)/[1 + 22, % = vi/[1+2], X = »/[1 +

Z], and NP = 22 with T, = 2.725K (Fixsen & Mathér

T 2 Koy’
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[2002). Note thatl®' does not explicitly depend on redshift. Also 2.3 Cross-talk of theHE1 2P, — 11S; and He1 28P; — 1'S,
we have used thdt, (2)RE' = Nfé' . resonances
1

For numerical computations itis important to analyticaip- If we now consider the problem for the simultaneous evoluti®
ar_ate the_mam contnb_utlon_ to the solutlon_ElsTJ(4b). It camp- photons in the k1 2'P; — 11§, and He1 2P, — 11S, resonances,
tained using the quasi-stationary assumption for the phetois- then the transfer equation reads

sion rate (i.e. settin@®i(z Z) = 1) and neglecting the thermody-

namic correction factor in the definition @fi(z z), which yields dN,
(22) g at Ix-tai =Tansl N = N} TabS{Nemb NV} ’ ®)
FSi(2) = Fil(2) + AFSi(2) (5a) where the superscript 'a’ is related to the H2'P; — 1'S; tran-
Tl Y . :) sition and 'b’ to the H1 22P; — 1!S, transition. The solution of
Fii2) = 1- e (5b) this equation can again be found using the same procedure as i
; T j Chluba & Sunyaév (2008d), yieldin
AFSI(2) = f [0i22) - 1] 3, e 2dz,  (5c) ). yielding
% ANX(2) = ANX3(2) + ANXP(2) (9a)
where®\(z 7) is defined by Eq[{4c). This solution describes the ANX(2) = [NL(2) - Ngi'] x FXi(2). (9b)
time-dependent evolution of the spectral distortion duéécemis- _
sion and absorption of photons in the resonance. The pieperft where the functiorF' is given by
this solution are very similar to the case of hydrogen, whemiett-
ing two-photon corrections to the shape of the absorptiafilpr FXi(2) = f 0i(z z’) abs g7 g7 (9¢)
(Chluba & Sunyaél 2009b). We will discuss this solution inreno 2
detail in Sec{B. with €}z Z) defined by Eq[TAc) anei? = 4.+ 75,

For numerical computations it is again better to analyfycal
separate the main term B (2). This results in

2.2 Hydrogen Lyman continuum channel alone FX(2) = Fi'(2) + AFN(2) (10a)

If we only consider the evolution of the photon distributionthe
1s-continuum channel of the hydrogen atom then we can stant f
the equation describing the emission and absorption ofbpisaiue

to direct recombinations to or ionizations from the groumates whereF}'(2) is given by Eq.[(Bb) ang b = 74—

AFX(@) = f Oz 7)e e 07 - 1]aze*f‘abs<v’f’z> dZ. (10b)

(e.g. see Chluba & Sunyaev 2006a) Comparing Eq.[{I0b) with Eql(bc), one can see that the
1 oN. e 02 cross-talk between the lines simply leads tdrequency and
X 2y . . . . )
< = NeNp foo(Te) 0r1sc—5€ FeTe — NN (6) tlme dependent modulatioof th? efegtlxsipr;oton e@ssmn rfite
c 1s c 0(z 7) related to the resonancéeby e "abs -2, Physically this

just reflects the fact that with time some photons from themasce
i will disappear from the photon distribution due to the apson
in the other resonance.

Here 015 is the Hi 1s-photoionization cross sectloN“' is the
ground state population of the hydrogen atdmthe electron tem-
perature, which is always very close to the radiation teupee
T, = To(1+ 2) with To = 2.725K; Ne andN, are the free electron

and proton number densities; and from the Saha-relatiorhase .
2.4 He1 2P, - 1'S; and He1 2°P; — 11'S, resonances with

LTE 3/2
f1(Te) = (N':Np) = (ﬁiﬂe) * gveikoTe, wherehy, ~ 136V hydrogen continuum opacity
is the ionization energy of the hydrogen ground state. Nwéin
Eqg. (8) we neglected thdfect of stimulated recombination, since
during recombination the photon occupation nuntyearound the
Lyman continuum frequency is very smatl, (< 1).

With the results of Sedt.2.3, It is now straightforward tatevdown
the solution for transfer problem in one helium resonanckiiing
the hydrogen continuum. This yields

Comparing with Eq[{Ja) and EQI(3) one can write AN®(2) = AN*¥P(2) + ANISS(2) (11a)
rCif\ — N[l _ NP rci
% i (NeE N, 7a) AN (2) = [N (@) - N2 x FI¥' (). (11b)
Cc

where the functiorF’® can be written as
with the definitions

Fi“'(d = Fy'(9 + AR (2 12a
o ¢ CorilX(L + ) NI . N @=F"2 @ | (12a)
Tab4V, ,Z) —j; W ( ) AFrc'(Z) f[(_) (Z Z')e_T:/bsm '(vz’,z) -1 az e—r'abs(v,z‘,z) dZ, (12b)
22 NeNp fis(T,) 1 NG 4
Neme = ?%“(7) e (70)  with ©}(z ) defined by Eq[Ac)i3."™" = T3+ 75, — Tays Here
1s Y Y we used the notation /& in the superscripts, which means either
. )32 . resonance 'a’ or 'b’; andF':}(2) as defined in Eq[{5b).
where fi|(T,) = (—anrvekBTy) » and the thermodynamic factéf = Furthermore, when simultaneously including both resoesinc
:—geh[”c]/”v. Note that here we have assumigd= T,. This as-  and the H continuum one finds
sumption is very well justified at redshit > 1000 (e.g. see ANZ'(2) = ANF9(2) + AND(2) + ANELS(Z) (13a)
ISeager et al. 2000). Now it is clear that the solution of E}j.ig7 i - o o Y
given by Eq.[[) and similarly that Eq](5) is applicable. ANTH(2) = [New(@) = Ny < FFH(2). (13b)

© 0000 RAS, MNRASD00, 000—-000
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where the functio=2" is given by

Fall,i (Z) — Fi,l(z) + AFa"’i (Z)

Falll(z) f

with ©(z Z) defined by Eq[[Ac)d> e = 73 + 75,
andF(2) as defined in Eq[{Bb)

Note that it is very easy to extend the solutionrntaliffer-
ent resonances with Hcontinuum absorption between the lines,
or other processes of emission and absorption (ei@dHLs two-
photon emission). However, since in most cases resonamdss i
drogen and helium are very distant to each other, for ourqaap
we neglect the case of cross talk between many resonances.

(14a)

at+b+c—i

0Lz 2)e 04D _1lg, e w7 Adz,  (14b)

c _ L
+Tabs Tabs

3 NUMERICAL RESULTS FOR THE HIGH
FREQUENCY CMB SPECTRAL DISTORTION AT
DIFFERENT TIMES

Using the solutions given in the previous sections it is jdsgo
compute the high frequency spectral distortions due to this-e
sion of photons in the main helium resonances fietént epochs.
To demonstrate the main aspects of the problem here weastigll
consider the evolution of the photon field due to tha B'P; — 1S,

and H:1 2°P, -11S, transitions. These two resonances are separated

by Av/v ~ 1%, so that photons from thesk 2'P; — 1'S; line will
mainly feedback on the H 2°P; — 1'S; intercombination line af-

ter Az/z ~ 1% which corresponds to about 700 Doppler width at
z ~ 2200 (see Tablgl 1). In addition, it is expected that due to the

presence of a small fraction of neutral hydrogen duringunelie-
combination resonance photons will be absorbed in théyhan

continuum |(Switzer & Hirata_2008a; Rubifio-Martin et/a008).

These photons will re-appear as pre-recombinational pisdrom

hydrogen|(Rubifio-Martin et al. 2008), at frequencies Var red-

ward of the main helium resonances. This leads to tifeces:

(i) At a given time the main resonances will be supported by

fewerphotons than in the case without Eontinuum opacity. This
leads to arincreasein the dfective escape probability which be-
comes very large at redshift < 2400 (Kholupenko et al. 2007;
Switzer & Hirat# 20084 Rubifio-Martin etlal. 2008).

(i) The feedback of photons from theelH2'P; — 1'S; resonance
on the Hi1 2°P; — 1'S, intercombination line will be reduced,
since part of the photons released in ther 2P, — 1'S; line
will disappear from the photon distribution before they eatu-

It was already shown | (Kholupenko etal.l 2007;
ISwitzer & Hirata | 2008a;Rubifio-Martin etlal. 2008) thate th
main correction during helium recombination in comparison
with the standard computation_(Seager étal. 2000) is due to
the speed-up of the H 2'P; — 11§, and H1 2°P; - 115,
channels caused by therHontinuum opacity. To include this
process in our computations of theeHpopulations we will
follow the approach of Rubifio-Martin etlal. (2008) usirige t
1D-integral approximation (see Eq. (B.3) in their paper)}ake
the increase in the escape probability of ther H2'P, — 1S,
and H:1 2°P; — 1S, transitions into account. In addition, for
the Her 2'P; — 1'Sy resonance, corrections due partial fre-
quency redistributionare important [(Switzer & Hiraltd 2008a;
[Rubifio-Martin et dl. 2008) which we account for with thedfje’-
function used in_Rubifio-Martin etlal. (2008). Henceforta will
refer to this model as oureference modelConsistent with our
previous works | (Rubifio-Martin etlal. 2006; Chluba et €07,
Rubifo-Martin et all 200€; Chluba & Sunyhev 200bb,a) wedus
the cosmological parametefs = 2.725K, Y, = 0.24,h = 0.71,

Qp = 0.0444,Q,, = 0.2678,Q, = 0.7322, and) = 0

To understand the importance of theffefent corrections
for the shape of the CMB spectral distortion introduced bg th
Her 2'P; —1'Sy and He1 22P; — 1'S, transitions we now discuss the
solution for two diferent representative stages (SEcll 3.1[and 3.2)
during helium recombination. We then also compute the pitese
day @ = 0) CMB distortion at high frequencies includingfiir-
ent processes. In particular we show that the absorptioneiHi
continuum completely erases the high frequency specsaiition
from Heu — He1recombination, a fact that was already suspected

earlier kCthba & Sunyaﬂv 2007; Rubifio-Martin et al. 21)08

3.1 High frequency spectral distortion atz = 2400

In Fig.[Q we show the results fét, atz = 2400 for diferent combi-
nations of the line emission and absorption processes. Weato
ized all the curves to the central distortion in theik2P; — 11S,

line, AN2 (2) = ANg.(2) = N3(2) - Nf;. In all cases we neglected
the possible emission in theiltontinuum channel, since close to
the resonances it contributes very little to the total dista. For

comparison we also show the simple quasi-stationary soluti

a] A Nem(z) [

1-¢e a[l =X
" ANg,@

R =

e o] ] i (15)

which neglects any time-dependence, cross talk, theddtinuum

ally reach the 1 23P; — 1'S, resonance (see also explanation in ~ opacity, or feedback of the lines. Her = pj 7y, whereris is the

Switzer & Hiratd 2008a). As we demonstrate here due to this pr
cess the feedback ofHe1 2'P; — 11S)) — y(HEe1 2°P; — 1'Sp)
practically stops at redshift< 2200- 2400 (see Sedi. 8.3).

In order to compute the solution for the spectral distortion

caused by the considered resonances one has to give thiersslut
for the population of the i levels as a function of time. For this
one has to assume that the approximations used in the rewi-|

helium recombination coﬂealready captures the main processes,

and that the corrections due to the additionfieets (e.g. time-
dependence, thermodynamic correction factor, line feddlaad
line cross-talk) are small.

4 We based this code on the works o n t@po

Chluba et I.7), and Rubifio-Martin e @008). Asilar code was
already used for the first training ofid¢® dMILZ_QQQ).
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standard Sobolev optical depth for the resonane@dANS,(2) =
ANP (2 is the central distortion in the 2%P, - 11, resonance.
A|SO we defined!, = fov ¢'(v) dv’ with cpv(v, 2= ¢V(v, Z)/AVD.

Note that the fiective absorption optical depth,, takes into
account that only a fractiop, of interactions with the resonance re-
ally leads to arabsorptionor deathof the photon. As an example,
for the Hi Lyman « resonance this absorption is related to a tran-
sition of the electron towards higher levels or the contimun a
two-photon process (e.g. see Chluba & Sunyaev 2009b), lewev
for the higher H Lyman-series also spontaneous decays towards
lower levels matter. All these contributions can be takeo Buc-
count using the appropriat@anching ratiosfor each excited level
in hydrogen and helium, assuming that the ambient radiditbbch
is given by the CMB blackbody spectrum.

When considering the two resonances separately and neglect
ing the Hi continuum opacity (Fid.l1, upper left panef), is simply
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Figure 1. Spectral distortion due to theet 21P; — 11Sg and H:1 23P; — 11S, resonances at = 2400 — upper left: isolated lines — upper right: cross-talk

without Hi continuum opacity — lower left: cross-talk withiltontinuum opacity — lower right: comparison of the totaltalison. The frequency is given

as the distance to the central frequengyof the Her 2'P; — 11y resonance in Doppler unitgp = VA;V?. In all panels we normalized the total distortion
D

AN, (2) by ANZ(2) = N&(2) - Nfa' for the Her 21P; — 11Sg resonance, i.65,(2) = AN, (2)/AN&(2). FurthermoreF, (2) denotes the total distortiofs(2) the
distortion due to the k 21P; — 11S line, andFE(z) the distortion due to the i 23P; — 11Sy resonance. For comparison we show the simple quasi-siayion

solution F95%°(2) according to EqTT5).

given by the sum of the distortions from each resonance.vifie-
guencies one can clearly see the modulation of the distodie to
the time-dependence of the emission rate, like in the catieedfl
Lymane distortion (Chluba & Sunyafv 2009d). In addition for the
distortion caused by theid 2'P; — 1'S, resonance one can also
find the scaling=2 ~ 1/f2, again in full analog to the HLyman«

line (Chluba & Sunyaéy 2000b).

If we now include the cross-talk between the lines (Elg. 1,
upper right panel), then the mainfidirence is only due to the
fact that the photons from thegh 2'P; — 1S, line have to pass
through the H1 2°P; — 1S, resonance, when they feedback on
the He1 23P; — 1'S, transition and get partially re-absorbed. This
leads to a drop oF2 by e in the vicinity of the Hi1 23P; — 1S,
resonance (at aroung ~ —700). However, the additional absorp-

tion of photons from resonanéeén the (distant) damping wing of
the line j is negligible. Sinceg is a function of redshift, the am-
plitude of this drop depends on the redshift of line crossifige
farther one goes red-ward of thesH2°P; — 1'S; line the smaller
the absorption caused by the line crossing becomesp At —10°
the distortionF2 again becomes comparablefin the case with-
out cross-talk (compare curves in the upper panels of FFigrHis
is because those photons have passed throughgh2®R, — 1S,
resonance at much earlier times, when tfieaive H: 1 2°P; — 1S,
absorption optical depth was smaller (cf. Hiy. 2).zAt 2400 for
our reference model one ha$ ~ 0.8, so that the distortion due
to the He1 23P; — 1'S; line should drops by a factor of 2.2 at
Xp ~ —700. This is in good agreement with our computations (cf.
Fig.[, upper right panel).

Finally, when we also include theffect of the H contin-
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Figure 2. Effective absorption optical depthl, = pl,7,, in the first two
He1 n3P; — 1S, intercombination and ki n'D; — 1Sy quadrupole tran-
sitions. In all cases the death probabilitigsare very close to unity, so that
Ti ~ Ti .

d~Ts

uum (Fig.[1, lower panels), the shape of the distortion chang
drastically. In particular at large distances red-ward e teso-
nance the remaining distortion due tor ldbsorption is strongly
reduced. From this Figure it is clear that basically the pho-
tons from the H1 2'P; — 1S, and H:1 2°P; — 11S, lines are re-
absorbed in the IHcontinuum before they can actually reach fre-
quencies below the HLyman continuum threshold frequeney,
which atz ~ 2400 is atxp ~ —2.1 x 10*. These absorbed photons
should lead to additional ionizations of neutral hydrogesil we-
fore the actual epoch of hydrogen recombinatiars (1600). Since
at those times hydrogen is still in very close equilibriunthathe
continuum, this process will not cause any important charige
the ionization history, but should lead to sopre-recombinational
emissionin the lines of hydrogen. However, until now thiffect
has not been fully taken into account, since only those absor
tions causing the changes in theeetive escape probabilities of the
He1 2'P; — 1S, and He1 28P; — 1'S, resonances where accounted
for (Rubifio-Martin et 8l 2008). We will discuss this pkein in
more detail below (Sedtl 7).

Again looking at the lower left panel in Fifl 1, one can also
observe some modifications of the spectral distortion betvibe
He1 2'P; - 1'Sy and He1 2°P; — 1S, resonances. These changes are
cause by the absorption of photons from ther B'P; — 1'S; line
while they are on their way to thesd 2°P; — 1'S; intercombination
line. This will lead to a reduction of the feedback corregtto the
He1 23P; — 1'S; transition, as we will explain in detail below (see
Sect[6.B). One can estimate this reduction by simply comgtie
H 1 absorption optical depth between the two lines (see saiaii
Fig.[3). Atz ~ 2400 we findrd? ~ 0.7, so that, in good agreement
with the result shown in Fidll1, until thegd 2 P, — 1'S, photons
have reached theid 23P; — 1S, resonance due to Htontinuum
absorption one expects an reduction of the spectral dishobly a
factor of ~ 2.
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Figure 3. Absorption optical depthrc, in the Hi Lyman-continuum. All
curves can be computed using the definition Eg] (7b) with thelst
photoionization cross section, where the appropriatett is defined by
the distance between the considered resonances. The dattezl shows
the optically depth when crossing the Doppler core of the 2tP; — 11S,
resonance. The other curves show the total optical deptveleetthe quoted
resonances. These have been computed using the squtiNﬁj‘S‘fdlrom our

reference model (Rubifio-Martin etlal. 2008) using Eg).(7b

3.2 High frequency spectral distortion atz = 2000

Moving to z ~ 2000 one can see that the general behavior of the
solution is very similar to the case we considered in theipte
section. However, for example, now the drop in the specisabd

tion from Her 2'P; — 11S, line the due to the feedback absorption
in the He1 2°P; — 1'S, resonance has increased to about a factor of
~ 8.5 (cf. Fig[4, upper right panel). Again looking at Hig. 2 wedfin

) ~ 2.1 atz = 2000, which confirms this result.

Furthermore we can see that the influence of the hydrogen
continuum opacity on the shape of the spectral distortianbe
come very drastic (Fig4, lower panels). The photon distrib
tion is practically narrowed down to those photons appeaitin
the close vicinity of the two resonances. Practically noh¢he
photons emitted in the 1 2P, — 1S, transition really reach
the He1 2°P; — 1'S; intercombination line. This implies that the
feedback correction to thegd 2°P; — 1'S; transition is already
expected to be negligible. In Se€t. 6.3 we will show that the
Her 2'P; — 11Sy; — Her 2°P; — 11S, feedback practically stops
atz < 2000- 2200.

Given that photons supporting the flow of electrons to the
Her 2'P; and H:1 23P; via the considered resonances are only
present in a narrow range of frequencies aroundv, andv ~ v,
it is also clear that time-dependent corrections and ctoreclue
to the thermodynamic factoff cannot be very important. This is
in stark contrast to the Lymaa escape problem during hydro-
gen recombination, where a very large part of the total cerre
tion to the dfective escape probability is caused by these processes
(Chluba & Sunyaéyv 2008b). This is because during hydrogen re
combination the H Lyman o spectral distortion is always very
broad, so that even photons|&| ~ 10° — 10* matter at the re-
quired level of precision. However, duringed — Her recombi-
nation these contributions turn out to be negligible (seg[@iand
Sect[#).
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Figure 4. Same as Fid.]1 but at= 2000.

In Fig.[4 we also show the total spectral distortion at fregue
cies below the threshold of theiHlyman continuum. It is clear
that only a very small amount of photons really reach belaw th
frequency. In a complete treatment one should allow thesé ad
tional photons to feedback on the transition in hydrogeringur
the pre-recombinational epoch. However, the total amotipho-
tons created from this feedback is rather small in compariséhe
emission produced from the absorption of helium photonsrieef
they pass the HLyman continuum.

3.3 CMB spectral distortion at redshift z= 0

In this Section we show the spectral distortion of the CMBseali
by the emission and absorption in thesiH 2'P; — 1'S, and
He1 2°P; — 1'S; lines as it would be visible to today forfiierent
assumptions on the considered processes. However, itdutiisat
when including the absorption in theillyman continuum practi-

tinuum. As we will explain in more detail below (Sedct. 7), thiése
absorbed photons from helium lead to additional emissiohyby
drogen during its pre-recombinational epoch, which wasdeutgd
in previous computations (Rubifio-Martin eflal. 2008).

In Figure[® we give the present-day & 0) CMB spec-
tral distortion Al, caused by the k& 2'P; — 1'S; (left panel)
and H:1 2°P; — 1'S; (right panel) transition. In the computations
we used the results for the populations from our referencdeino
(Rubifio-Martin et gl._2008) including 10 shells in hydengand
10 shells in helium. The dash-dash-dotted lines give thtodis
tion computed in the normalfunction approximation for the line-
profile, when neglecting the speed-up of the helium recoattnin
dynamics by the presence of neutral hydrogen. When alsadncl
ing this process we obtain the solid curves, which were direa
presented in Rubifio-Martin et|al. (2008). One can clesely how
due to the speed-up ofdirecombination caused byikbsorption
in the latter case the high frequency spectral distortiomfithe
considered lines narrows significantly in comparison toftimeer

cally all the photons released by these transitions are erased beforease (compare Rubifio-Martin etlal. 2008).

they can reach below the threshold frequency of théy+nan con-

If we now compute the distortion including the time-

© 0000 RAS, MNRASD00, 000-000
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Figure 5. CMB spectral distortion due to thest 21P; — 11S, (left panel) and K1 23P; — 11S, (right panel) transitions at= 0 for different cases (see S€ct]3.3

for details). In all computations we used the solution f& gopulation from our reference mod

). However, for comparison we

also considered the case without the speed-up of heliunmigioation caused by the hydrogen continuum opacity (dasi-dotted line).

dependence of the emission process and the thermodynamic co early times during helium recombination can escape. Thii-ad

rection factor, we obtain the dashed curves. For the4P; — 1'S,
resonance this leads to an increase of the spectral distartithe
frequency range 1800 GHg v < 3200 GHz by about 10%, while
the He1 2°P; — 1'S, line is hardly dfected. Like in the case of
the Hr Lyman « line the wing contributions to the escaping pho-
ton distribution for the H1 2'P; — 1'S, are important, since in
the He1 2'P; — 1'Sy Doppler core the féective absorption optical
depth is extremely large, so that hardly any photon emitbedet
can survivel(Chluba & Sunydev 2009a). Therefore in pasictile
scaling of the thermodynamic correction factor at freqienbe-
low the line center {# < 1) leads to additional leakage of pho-
tons, increasing theffective escape probability. This is completely
analog to the case of the iH.yman « line v
). In contrast to this, the wing contributions in tase of
the He1 2°P; — 1'S; resonance are not very important, since the
He1 2°P, — 1'S, Doppler core only becomes mildly optically thick
to absorption during helium recombination (cf. Hig. 2). fdfere
neither time-dependence ntjt # 1 can dect the escaping number
of photons and hence the amplitude of the CMB spectral distor
very much.

If we now in addition allow for cross-talk between the lines,

we can see that the feedback absorption during the passage oa/

He1 2'P; — 1'S, photons through the 4 2°P; — 1S, resonance,
as expected, leads to an’ suppression of the spectral distor-
tion, which becomes more important toward higher frequesgie.
lower redshift of photon emission. In the case of tha BPP,—1'S,
line one can also see a very small modification in the ampitfd
the total distortion. This is due to the small amount of reeaption
of photons in the distant red damping wing of theil2!P; — 11S,
resonance, however this modification is negligible. Not tiere
we have not yet included the change in the dynamics of helatm r
combination caused by the feedback efil2*P; — 1'S; photons in
the Her 2°P; — 1S line, but the final correction is small, so that
the correction to correction can be neglected. We will disdhis
case in more detail below (Selci. 6.3).

If we finally also include the kicontinuum opacity in the com-
putation of the spectral distortion, we can see that bdgiadlpho-
tons disappear. Only a very small number of photons emittesha

© 0000 RAS, MNRASD0Q, 000—-000

tional huge reduction of the spectral distortion due ticHsorption
was not yet taken into account, and it leads to a pre-recaatibimal
feedback to hydrogen, which induces the emission of seaeldit
tional Hi photons during helium recombination, as we will show in
more detail below (Sedi] 7).

4 CORRECTIONS TO THE NET RATES AND ESCAPE
PROBABILITIES: NUMERICAL RESULTS

We now want to include the corrections in the solutions ofrée
diative transfer problem into the computations of the heliand
hydrogen recombination history. Knowing the solutia, (z), of
the CMB spectral distortion as a function of time, and assgmi
that the diferences in the net rates of the lines introduced by the
different corrections are small, one can incorporate tfecieof
these processes into the multi-level code by modifying gtape
probabilities for the H1 resonances and therldontinuuri. Here
we will give the results of our numerical computations usihg
olutions of the photon transfer equation given in Sdcth Sedct[b
e will give simple analytic expressions which then allowirtie
corporate these corrections into the multi-level recoratiam code
with suficient precision.

4.1 Corrections to the escape probabilities of the main
helium resonances

If we start with the helium resonances and neglect two-photr-
rections as above then it is clear that the net change in thelgo
tion of leveli by transitions to the ground state can be cast into the

5 This is only one possible approach, which is equivalent feadliy includ-
ing the relative changes in the net rates of the lines.
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a1[2008)

of our numerical result with the 1D-approximatio

form (cf.IChluba & Sunyaev 2009b)
dn; B 1 dN,
F resi - _fE dt resi dVdQ
= —plhviBis NEE (NG, = Ny x Pl (16)
Here the &ective escape probability is defined as
Pa@= [ deai-tec@le )
i _ ANV(Z)
G, = ANL@’ (17b)

where AN, is the overall spectral distortion of the CMB at red-
shift z introduced byall the considered line emission and absorp-
tion processes. Furthermore, we hal,(2) = Ni.(2) - NI'(2),
andgl, (v, 2) = ¢|,(v,2)/Av,,. Note thatP.(2) can be directly com-
pared to the standard Sobolev escape probalftlitysing the re-
latiofl P, () = pl PL(@)/[1 - Pk Pl (@] with pl, = 1 - p
(e.g. see Chluba & Sunyaev 2009d). Below we will give theltesu
for Pieﬁ.(z) when including diferent combinations of the considered
modifications. Note that for most practical purposes one usm
Pl s(@ ~ Py Piy(2), since usuallypy, Ply(2) < 1.

4.1.1 Numerical results for thde1 2'P; — 1'S, resonance

First we consider the escape of photons from the 2P, — 1'S,
resonance. From the results of S&ét. 3 it is already clearotha
does not expect very large corrections due to time-depératen
pects of the problem or the thermodynamic corrections fatus

is because the Hcontinuum opacity (even at rather early stages of
helium recombination) has such a large impact on the shatyeeof
spectral distortion (cf. Fidll1). In addition it is clear thhe cross-
talk with the H:1 2°P, — 1S, resonance cannot be very important,

6 This relation is obtained using the quasi-stationary smiufor the popu-
lation of the initial level.

as inlay.

since in comparison with the line center thei2*P; — 1S, absorp-
tion profile drops by several orders of magnitude uxgil~ —700,
and since there is hardly any photons from ther @3P; — 11S,
line close to the H1 2'P; — 1S, resonance. The feedback of pho-
tons emitted by higher transitions in helium on the blue sitlhe
He1 2'P; — 1'S; resonance will be much more important. We will
account for this ffect in an approximate way in Selct. 16.4.

In Fig.[@ we present the numerical results of our computation
In the case of the i 2P, — 1S, the relative diference to the 1D-
integral approximation for the modified escape probabilityen
including the H continuum opacity (Rubifio-Martin etlal. 2008) is
only of the order of a few percent, where part of the correci
due to the 1D-integral approximation itself. For the dynesnof
helium recombination the impact of such correction is rggile.
Here we will not consider them any further, however, therads
principle dificulty to take them into account.

4.1.2 Numerical results for thde1 2°P; — 1S, resonance

As mentioned above (Sel. 3) for thes H2°P; — 11S; transition
corrections due to time-dependence and the thermodynamnic ¢
rection factor are not important. However, the feedbackhaftpns
from the He1 2'P; — 1'S; resonance should have a strong impact,
in particular at early stages of helium recombination, wtenHr
continuum opacity between the two resonances is not yenhhiego
too large, so that most of theek2'P; — 1'S, photons do reach the
Her 2°P; — 1S line center.

In Fig.[d we present the numerical results of our computation
for the escape probability in theeh 2°P; — 11S,. One can see
that when including thefect of the hydrogen continuum opacity
but neglecting the cross-talk between the lines, the espege
ability closely follows the curve computed with the 1D-igtel
approximation given earliel_(Rubifio-Martin eflal. 2008here is
some 1% - 4% dference between the analytic approximation (di-
amonds) and the numerical result for this case (crossesyiahift
Z ~ 1800- 2200, which could be avoided when using the full 2D-

© 0000 RAS, MNRASD00, 000—-000
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integral expression given by Rubifio-Martin et al. (20(8y. B.1
in their paper), but again such precision is not requiredHerre-
combination dynamics of helium.

When also taking the cross-talk between the lines into ac-
count, the ective escape probability is strongly reducedz at
2200. As we will see below, this is mainly due to the feedback
of He1 2'P; — 1'S, photons on the ki 2°P; — 1'S; transition.
Also one can see, that at< 2200 the &ective escape probabil-
ity again follows the case of no feedback. As we will explain i
Sect[6.3 this is due to the fact that because of the strorugatin
of He1 2'P; — 1S, photons in the H continuum the feedback is
simply stopped. For comparison we also show the simple tioaly
approximation, Eq[{33), which includes th&eet of feedback from
the He1 2'P; — 1'S; line and the absorption of photons between the
line (dash-dotted curve). Again the agreement i§icent at the
desired level of accuracy. For a derivation of this appra@tion we
refer the reader to Sed. 5.

4.2 Escape and feedback in thél 1 Lyman continuum

If we now consider the escape problem in theddntinuum, then
we can define the net rate connecting the 1s-state with théneon
uum as (see Appendixl B for derivation)

dNyg fl dN, |"®¢
=-| = dv dQ
dt cont c dt 1s
1 P! |
= {N:'L—'s Rgsc Ne Ny Rgls} X Pgd’f’ (18)

whereR;_ and R__are the photo-recombination and -ionization
rates of the 1s-state in a blackbody ambient radiation figdd.con-
tinuum escape probability is also given by the expressiangH),
with appropriate replacements (see derivation in Appejixin
particular one has to replac@(v, 2) with

4aN0L o 15v)
R @

1sc

ec(r2) = (19)

Note thatpl(v, 2) is normalized like~ (v, 2) dv = 1

With equation [(Z]) it now in principle is possible to compute
the escape probability for theiHyman continuum including pos-
sible time-dependent corrections. However, it is alreddwgrcthat
the direct escapédn the Hi Lyman continuum is very small, and
that it in particular does not lead to any large correctioth®ore-

combination dynamics (e.g. see Chluba & Sunyfaev [2007).Heor t

direct escape of photons it is therefordfmient to use the ana-
lytic expressionl(Chluba & Sunyaev 20073, ~ 1/[1 + 7] with

T8¢ = % % for estimates in our computations. A similar
expression can be applied to include the direct escape dbpsio
in the Her 1'S; continuum, but again this has a very small impact
on the dynamics of helium recombination. In addition, foraded

computations one should simultaneously include tfiece of the
hydrogen continuum opacity into this proble
2008h).

However, the feedback from photons that were emitted by the
main resonances of helium still has to be taken into accondt a
does lead to some pre-recombinational emission by hydraggen
we will explain in more detail below (Se€t_6.5).
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5 CORRECTIONS TO THE NET RATES AND ESCAPE
PROBABILITIES: ANALYTIC CONSIDERATIONS

In this Section we now discuss the analytic approximatidra t
can be used to include tHeedbackprocess into the multi-level
recombination code. As we already argued in 9dct. 4, for &he h
lium recombination problem time-dependent correctioesat so
important. Here we therefore use the the quasi-statiornayoai-
mation. If necessary it is straightforward to compute mefined
cases using the analytic expression given above. How@randre
detailed computations also other corrections, (e.g.edlad partial
frequency redistribution and electron scattering) witlmably be-
come more important (see discussion below).

We will consider to types of feedback, first the feedback be-
tween diferent resonance of neutral helium. This will lead to a de-
lay of helium recombination, which due to the additionalaps
tion in the Hr Lyman continuum is suppressed very strongly. This
problem was already discussed earhMIM),
however our final correction to the ionization history seémbe
smaller (see Fid.10).

The second type feedback is the one on theli#man con-
tinuum which leads to additional pre-recombinational esiois
from hydrogen during the epoch ofetd — Her1 recombination.
Part of this correction was already taken into account eahly
[Rubifio-Martin et d1.[(2008), but as we have seen in $eBt(e8g.
Fig.[3, solid lines) in their computations some photons esitaped
until z = 0. All these photons will still be re-absorbed in the H
continuuri and lead to additional feedback, but as we show below
(Sect[6.5), no net change in the ionization history.

5.1 Net rates for the multi-level code

For our multi-level code the net rates in the resonancesrare i
portant. Here we are interested in those resonances letulihg
ground state of hydrogen or helium. The change in the popula-
tion N; of level i due to the transition — 1s is given by (cf.

Chluba & Sunyaev 2009d)

dNi Oi le — j
—_— = Ajis——|N —n 20a
dt s AAls gls [ |_] ( )
= hviBis NeN' = N[ ], (20b)

WhereA‘ls denotes the Einstein A-cfiient of the transition —
1s,n" N| is the average occupation number of the photon field

over the Ilne absorption profile. Furthermore, we have thiced

the line occupation number, = 2°22N| = 1/[4%e 9l 1] ~ 3.1‘&'1'-
Vi | I S

The last approximation is possible when inducéltes can be
neglected, however, in particular during the pre-recoratamal
epochs of the considered atomic species one should uselthe fu
expression fon] . Note that for Eq.[{20) it is still assumed that the
effect of stimulated transitions can be captured using eqiuilip
values (i.e. [+ ni ] ~ [1 +nf]).

In the Sobolev approximation for the isolated resonance one

will have (e.g. sek Chluba & Sunyaev 2009d)

N, = N — AN| P§,

(21)

whereAN] = Ni — NP andPi = ¢
S
ability. On the other hand, in the no line scattering appreation

7 This was already pointed out b
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one finds (e.g. sée Chluba & Sunyaev 2009d)
i pd PI

wherep,, = 1 - p, andP}, = &1 I, = pj7s. Note that in

the limit pj, — 1 one has\i, = N._. Itis valid for the low proba-
bility He1 n®P; — 1'S; intercombination lines andid n'D, - 1'S,
series during helium recombination. Physically this limiequiv-
alent to the approximation of complete redistribution ie time for
each scattering event. However, here the complete rdulison is
achieved via transitions to higher levels rather thantaiting it to
a normal scattering (i.e. s 2p — 1s) event.

_Also one should point out that fat; A 7, > 1 one again finds
N ~ N'Coh However, the optically thin limit is reached (slightly)
earller in the case of the no line scattering approximatidever-
theless, in both cases one finds that the escape probaloiityss
like P~ 1 - 3 75 for 7}y A 75 < 1, but the scaling for intermediate
cases can be ratherfigirent. _

Below we now will give the solution foN' including feed-
back and H continuum absorption in the no scattering approxi-
mation. The equations are applicable to both hydrogen alighine
recombination, however during hydrogen recombinationgtieeno
continuum opacity that canffect the evolution of the photon dis-
tribution between the Hresonances significantly.

5.2 Feedback between isolated resonances

In the standard quasi-stationary approximation for arateal res-
onance one has to séf, = 1 andf] = 1in Eq. [4B). This then
yields Fi* = 1 — ea{*»2_ Furthermore, one should assume that
T Z,2) = Ty, = bl with !, = foy ¢'(v)dv andl = pj 5,
wherery is the standard Sobolev optical depth. Inserting this into
Eq. [I74) forz; — o one then ha®Si(2) = Pi(2) = [1 - e ] /7,
(e.g. see also Chluba & Sunyaev 2009d).

In this approximation the spectral distortion on the rec sitl
the resonanceis given by

AN _ = AN'

= AN (@) [1- 7], (23)
which is constant W|th frequency. Note that for the quadtegmd
intercombination lines the factorde ™ < 1 is important.

For Eq. [28) it was assume that on the distant blue side (
v;) of the resonancethe spectrum is given by the CMB blackbody
and that the only distortion is created by the line itselfivé also
allow for some distortionAN', on the very distant blue side of the
line then we have

AN = (24)

If one assumes that > v;_; then under quasi-stationary conditions
the approximate behavior of the spectral distortion in theénity
of the next lower-lying resonange= i — 1 is given by

AN, (D) [1-e7a] + ANL e,

ANS = ANL(D)[1 - el + ANF (@ el (25)
with the limiting cases
- (ANN@ +AN @ e forv < v
ANSH = @ @ : (26)
AN (2) for v > v;

For this solution it was assumed that the cross-talk betweeres-
onances is negligible, meaning that in the region arounohiaasce

j the contribution of the opacity fromcan be omitted. Note also
that in our formulatiom\N' (2) = AN! (2).

The expressio (25) then implies

G5 = [1 - ety o AN 27)
' ANL(2)
and with Eq.[[IF) forf) = 1
pSi _ pl [1 AN(2) ] (28)
AN{r(2)
so thatANi(2) = NI(2) - NP = ANLy(2) x [1 - PS].

~To include this into our multi-level code, we want to replace
AN}y(2) with the expression related tN} = N/ — ij'. For this we
assume that the solution for the population of the consétimigal
level j is given by the quasi-stationary solution. This impliesttha

(see Chluba & Sunyaev 2009d)

AN/ (2 -

phmANI(2)
[ '

ANL(2) = (29)

Inserting this intoAN’(2) = AN.y(2) x [1 - PS“] and solving for
ANI(2) one then finds

P P, ij

1- _
ANi(Z) = mAN (z) + oL éANL(z)
=AN/(2) - ﬂ [AN/@ -AN'(@)|  (30a)
t 1- pem PJ
= AN/ @1 - P5s (30b)
pSli = PiPs {1- ANi_(Z)}. (30¢)
1-plnP} AN/ (2)

Here PSfJ is the dfective Sobolev escape probability which can
be dlrectly used in the multi-level code and includes tlffect
of feedback. HoweverAN! (2) still depends omNi,(2), but with
Eq. [304) it is now also possible to obtain an explicit expies
for AN&n(2), which then also can be applied to computi, (2)
knowing AN'**(2). We find

pem

k
AN (Z)—AN (Z)+Temps[

ANF@ - AN, (31)
For pt,,P% < 1 the second term can be neglected. Note that this
limit can be reached fop,, < 1 andor P§ < 1. However, when

P ~ 1the latter term should be included. In particular even axith
feedback ANX"1(2) = 0) one will have
ANK(@2) ANK(2) for pf, P < 1
AN = — =~ 1 (32)
1-phnPs | ANE@ forP§— 1
d

This shows that forp§ < 1 one will find ANf(2) < ANE,(2).
This fact is important in relation with the H.yman series and the
Her n'P; — 11S, series during th@re-recombinationakpochs of
the considered species.

5.3 Delay between emission and feedback

As a next step we also take into account that the feedbackaf ph
tons from the resonanden j occurs at slightly dferent redshifts.
This implies that forPSfJ at redshiftz one has to evaluateN' at
z =2 [1 +2-1>1z In addition one should take the change in

the volume element into account so tt¥ (@, e NG
N @ [1+z1° AN/ (9

© 0000 RAS, MNRASD00, 000—-000
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Y AN@) _ anl@)
v AN (9 anl @’
ton occupation number from the one of the CMB blackbody. Then

one finally finds

c2ANK
22

whereAnk = is the deviation of the pho-

P (2) = P2 {1- AA':]J((;)} (33a)
L
) pj Pj
Pls(@ = #J;:ij' (33b)

With this approximation also the feedback in the llyman-series
was solved earlier| (Chluba & Sunyaév 2007; Switzer & Hirata
@h). Note that for the H.yman-series one can neglect the fac-
tor 1— e sincer{j > 1 at all times during hydrogen recombina-
tion. Also sincer > 1 for all important H Lyman-series transi-
tions one will haveAni (2) ~ Ani, (2) ~ An (2) andP) ((2) ~ P(2),

so thatP3rk(2) ~ PL@)[1 - Anl (z)/An (2)].

Because during the recombination of hydrogen the whole Ly-
man series is extremely optically thick, all the photongaskd in
the transition will be reprocessed in the resonanceith v; < v;.

In the case of the it NP, — 1S, intercombination lines and
He1 n'D, - 1S, series (see Se€il 6) this approximation is not al-
ways justified, since thefliective absorption optical depth for the
He1 n®P; — 1'S, transitions withn > 2 and at high redshift also
for the He1 n'D, — 1'S; series does not exceed unity at any red-
shift (e.g. see Fid.]2). Therefore the feedback will not Istrieted
toi — i — 1, butin some cases (a large) part of the distortion will
also feedback likeé — i — 2. Also during the pre-recombinational
epochs of helium and hydrogen one will have to use the fultesg
sion Eq.[(3B), since even some of the main resonances (e.glith
Lyman series) can become optically thin.

5.4 P)(2) and An¥(2) for small 74

In the pre-recombinational epochs of hydrogen and helium, a
during the end of recombination one can have lines withx 1
while 75 can in principle take all values. In particular for tha H
Lymana line, because of the strong dependenc@qgbn redshift,
one encounters the situation whgn< 1 andrs > 1. Forrg < 1
one can approximateg ~ 1 — %Td. Then one finds

K
_ 4

Kl

Pisd = ﬁ (34a)
1+ TTS

and from Eq.[(31) with Eq[{23) including the delay betweea th
emission and feedback redshift one has
1_%
Tzk {An:f (Z) - pémAnE+l(Zk+l)} .
1+ =P

K<t
A (D) & 7 (34b)

Here in addition the two limits fopk,rs > 1 andpk, s < 1 exist,
resulting in

) 1- 37 for 8 < 1, pkrk < 1
Pas@~1 | X ; L (35a)
ok [1— 3"] for 7§ < 1, p§urs > 1
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and

AN (2) ~ {Anf (2) - Pk AN ()|
k

K K ok
7§ for 7y < 1, pgurs < 1
* Z 1—i for 8 < 1, pk78 > 1
Pem 2 d » PemTs '

(35h)

In particular we can see that in the optically thin Iimi§(<< 1
and p‘gmr'g < 1) the dfective escape probability and the occupation
number on the red side of the resonance both approach thesvalu
expected from the Sobolev approximation.

5.5 Feedback between isolated resonances in the presence of
neutral hydrogen

While He1 photons redshift from the resonariae the next lower-
lying resonancg = i — 1 there is also some absorption in the H
Lyman continuum. In order to take the additional absorptitn
account we assume that between the resonances the photgns on
feel the Hi continuum opacity. Once the photons, starting at reso-
nancei with An, ~ An = An,(z) [1 - e’T'd(‘)], will have reached

the resonancg at redshiftz, one will haveAn‘Vi ~ An‘_(z)e"icaj,
where we approximate the continuum optical depth by

H
CO‘lsC(Vj) le' Vi =V
H Vj '

More accurately one can usrfﬁj(z) 75.4vi-%,2), where
7¢.dvi. 2, 2) has to be computed using EQ.I7b). This leads to

1- —Ani‘,(zi) e‘Ticﬂ'] .
An! (2)

© @)~ (36)

Para@ ~ Pis@ (37)

A similar approximation was also given earlier by Switzer &ata
). Inthe case ofiH 2'P,—1'Sy — He1 28P,—11'S, feedback
it works very well (cf. Fig[6 and see Sect.6.3).

5.6 Feedback on thed1Lyman continuum

To include the feedback of H photons on the kHLyman con-
tinuum, we follow a very simple procedure. We assume that ev-
ery resonance produces a distortion to the photon occupatim-

ber ofAn‘Vi (Z) = An'(Z) atv;. Due to redshifting this distortion
then moves towards lower frequencies, so that at redztaftid
frequencyv one will have a distortion of\nl(2) ~ An'(z) with

z = 1[1+7 -1=> z If we now take into account that on their
way some of these photons are also absorbed in théyrhan
continuum then we will findAn(2) ~ An (z)e "<*%3, where

78, {%. %,2) has to be computed using E§._{7b). Then the correc-
tion to the ionization rate of the HLs state caused by the distortion
from the resonanciis approximately given by

Vi 2 .
ARy, ~ 4r f T1sdV) ZLAnL(a)e-TaW-ﬁ dv.  (38)

CZ
This integral can be computed for every line during the ruthef
multi-level recombination code. Note that whenever thetph®
from resonance are passing through a resonarjce i then the

distortion atv < v; is suppressed by ™. For the Hi1 P, — 1S,
series and at high redshift also for theHh'D, — 1'S; series this
strongly increases the distortion at frequencies belovirteea fact
that has to be taken into account in the computations.
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Figure 7. Escape probability in the #4 1Sy and Hr Lyman continuum.
The curves were computed using the approximation for thapesproba-
bility given in AppendiXB2.

5.7 Feedback by photons escaping thid 1 Lyman continuum

Even though the direct escape of photons in the.yiman contin-
uum is not important during the epoch of hydrogen recomhinat

in the pre-recombinational epoch of hydrogen>( 1800) the es-
cape probability can be close to unity (cf. Hi¢l. 7). Due toftred-
back of helium photons on theilyman continuum one can there-
fore produce some amount of photons that directly escapmvbel
the Hi Lyman continuum frequency. These photons then feedback
in the forrest of H Lyman series lines, where for the uppermost
transitions one could in principle model this process asrdiico
uation of the H continuum cross section (e.g. see Appendix Il in
Beigman et all_1968). Here we approximately accounted fisr th
process by simply adding the small distortion from thellstman
continuum on the blue side of the uppermost feedback leatlib
included. The distortion from the H.yman continuum was com-
puted using the net rate as given by Hgl (18), and assuming tha
the photons were emitted at ther Hyman continuum threshold
frequency.

In addition, some of the high frequency photons emittedén th
pre-recombinational epoch ofeshlinduced by the feedback ofeHt
photons on neutral helium can reach below thelldman contin-
uum frequency. We also included these photons in the cortipusa
by feeding them back on the blue side of the uppermost fe&dbac
level in hydrogen.

For the processes in connection withiH— He1feedback we
followed a similar approach. However, in this case the ittistion
of photons from Hm — Heu recombination can be computed
before solving the problem (see Ségt. 8 for details).

6 CORRECTIONS TO THE IONIZATION HISTORY
DURING HELIUM RECOMBINATION

Below we will now look at the feedback of photons between the
different resonances of helium and thefiieet on the ionization
history. Our main results are given in Hig. 9 10. At lowsttt

our final correction seems to be smaller than the one prebsémte
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Figure 8. Corrections to the free electron fraction duringiH— Her re-
combination: &ect of additional H1 n®P; — 11, transitions (upper panel),
Her n'D; — 1S, electric quadrupole transitions (middle panel), and the
effect of the hydrogen continuum opacity on theith'P; — 11S, series.
We included 10 shells for hydrogen and 10 shells for heliumuncom-
putations, and compared the resulting electron fractidh wirr reference

model (Rubifio-Martin et & 2008).
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Table 1. First few main transitions to the ground-state of heliume Tés-
onances have been ordered according to their transitiquérey. In this
way one can understand the sequence of feedback betweeitférerd
lines. For this purpose we also give the/z ~ Av/v that is necessary to
reach the next lower-lying resonance. For comparison dubedhermal

. 1/2
motion of the atoms one hasp/v ~ 1.7 x 1075 | 22 J 2

2200

Initial Level Type Ais[s Y vits [Hz] |Az/Z
23p; E1(TS) 177.58 $691x 1015 -
2Py E1(SS) 17989x10° 5.1305x 10'® 1.2x1072
3Py E1(TS) 561 55631x 10 7.8x 1072
3D, E2(SS) 1298x10®° 55793x10® 29x1073
3P E1(SS) 56634x10° 55824x10® 56x10*
43p; E1(TS) 237 57325x 10 2.6x 1072
4D, E2 (SS) 74% 57394x 10 12x10°3
4Py E1(SS) 24356x10° 57408x 10 24x10*
5%P; E1(TS) 121 58100x 10 1.2x 1072
51D, E2 (SS) 4314 58135x 10 6.0x 104
5Py E1(SS) 12582x10° 5.8143x10® 14x10*

[Switzer & Hirata [(2008a). However, it is clear that thefelience

will not be very important for the analysis of future CMB data

6.1 Initial refinements of the recombination code

In this Section we mainly want to discuss thé&eet of feed-
back of helium photons on the cosmological recombinati®i hi
tory. However, for this we also need to take into account tamfthl
processes, which we neglected until now. First we also @elu
He1 n'D,—11S, electric quadrupole transitions and H°P; - 1'S,
intercombination lines witm > 2, which all have transition rates
and escape probabilities that should lead to net rate wheham-
parable to those of the main transitions controlling theaiyits

of helium recombination (Switzer & Hirata 2008a). In Appe]

we give some more details on the rates that we used. I Fig. 8 we
show the fect of these transitions on the recombination history.
The corrections that we find seem to be in good agreement éth t
results of_Switzer & Hiratal (2008a) for these processes,ehew
the final corrections are negligible.

Then we also refine our modeling of the escape of photons
from the H1 n'P; — 1S, series withn > 2. Like in the case
of the He1 2'P; — 1S, series and the  2°P; — 1'S; the pres-
ence of neutral hydrogen increases the escape probabdititbese
lines towards the end of helium recombination. We take this p
cess into account using the 1D-integral approximation rgikg
[Rubifio-Martin et 81[(2008) (see Eq. (B.3) in their pap&¥e show
the dfect of this process on the ionization history in fijy. 8. Again
in good agreement with Switzer & Hirata (2008a) we find a nregli
gible correction. We do not include this speed-up for thepsof
photons in the Hi n'D,-1'S, and He1 n°P,—1'S, series fon > 2,
since the #&ect of these lines on the dynamics of helium recombi-
nation is already very small. Additional refinements of tkeape
probabilities will not change this very much, since the spep in
the main resonances will dominate. The results of Switzeritd
(20084) also support the correctness of this statement.
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Figure 9. Corrections to the free electron fraction duringiH— Her re-
combination: the #ect of feedback among the resonances of neutral he-
lium. We show the results for two sets of computations, ors thoes

not include the ffect of photon absorption between the lines (labeled
'no LL-HI opacity’) and those that do ('with LL-HI opacity!) We in-
cluded 10 shells for hydrogen and 10 shells for helium in @mputa-
tions, and compared the resulting electron fraction withreference model

6.2 Total amount of primary He1 photons which are
available for feedback

As shown bii[Rubifio-Martin et &1/ (2008), about 90% of all helium
atoms became neutral via the H2'P; — 1'S, and H:i1 23P; —
1'S, dipole transitions to the ground state. Direct transitiothe
ground state from initial levels with principle quantum riognn >

2 allowed about 2% of the helium atoms to recombine, while the
remaining~ 8% of helium atoms became neutral via theri2* Sy—

1'S, two-photon decay channel. This implies that in total about
1.08y per helium atom were emitted in these transition, where
1y per helium atom was released above thd fmana resonance.

It is clear that the photons emitted i HN?S*1L; — 1'S, tran-
sitions all have the possibility to feedback on thellyman contin-
uum, while a large part of theiH 2'S, — 1S, two-photon contin-
uum will feed back only on the HLyman series (see SeCi.[7.2).

6.3 Hei12'P; — 1'S; — He1 2°P; — 1'S, feedback

In Table[1 we give the main resonances, that are importarthéor
feedback problem. Here we first consider the feedback ofgpisot
from the H1 2'P; — 1S, line on the K1 2°P; — 1S, resonance.
These resonances are separatedbiy ~ 1% or~ 700 Doppler
width, so that one can certainly treat them as two isolatsd-re
nances. For this rather large distance one should in ptencigm-
pute the H continuum opacity between the lines with the full inte-
gral Eq. [Zb) rather than the approximation Eq.](36). Howeoe
the accuracy required here we still use the simple apprdioma

8 It turns out that also with the refinements to our computatiotroduced
in this paper the quoted numbers do not change very much.
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since otherwise for the current version of our code the cdazpu
tions are slowed down significantly.

In Fig.[@ we show the results of our numerical computations
for this problem. If we neglect the absorption of photonsha t
H1 continuum while they travel from thesH 2'P; — 1'S; line to-
wards the H1 22P; — 1'S, resonance we obtain the thick dashed
curve. This leads to a significant correction during heliwoom-
bination, which is largest at ~ 2020 with ANe/Ne ~ +0.36%.
However, when we include théfect of the continuum opacity (thin
dashed line), a large part of the correction disappearginiganly
ANg/Ne ~ +0.1% atz ~ 2300. Looking at Fig13 (solid line) this
behavior is not surprising, since at~ 2370 the H Lyman con-
tinuum becomes optically thick between the two resonantieis.
stops H:1 2'P; — 1'S; photons from reaching thesd 23P; — 11S,
resonance. Thisfiect also can be seen in Fid. 6, where at2600
the reduction in the escape probability from therk23pP; — 11S,
line is only caused by the feedback of photons.zAt 2600 the
effect of the hydrogen continuum opacity starts to set in and unt
z ~ 2200 none of the photons from thes H2'P; — 1'S, ever reach
the intercombination line.

6.4 Feedback among higher level transitions

In this Section we now include thefect of feedback from the
higher level transitions. Here the interesting aspectas fibr each
shelln > 2 one has a feedback sequencer WP, — 11S; —
Her n'D;, — 1'Sy; — He1 n®P; — 11S, where the separation between
the lines is rather small. For example, theiH8!P; — 1'S, pho-
tons will feedback on the H 3'D, — 1S, transition afterAz/z ~
5.6 x 1074, since the quadrupole line at~ 2200 is only about 30
Doppler width below the ki 3'P; — 1'S; resonance. Similarly the
Her 3°P; — 1'S; resonance is only 170 Doppler width away from
the He1 3'D,—1'Sy quadrupole transition (see Table 1 for more ex-
amples). In particular for thed n'P; — 1'Sy — He1 n'D, — 11S,
feedback it is questionable if it is really possible to trée reso-
nances completely independently, since the line broadeshile to
resonance and (to a smaller extent) electron scatterihkelly be
larger than the separation of these lines. For example inake of
hydrogen our computations show (Chluba & Sunyaev 20094) tha
the line broadening typically is of the order of a fevl(? Doppler
width in the case of Lymar. For the H:1 n'P; — 1'Sy sequence
it will be a bit smaller due to the fact that there is less halithan
hydrogen, but still it should exceed fewl0 Doppler width. How-
ever, we will still use our simple approximation, as the eotion
again turns out to be rather small.

As mentioned above, since the: H3P; — 1'S, line is never
really optically thick (cf. Fig[R), most of the photons frothe
He1 3'D, - 1'S; quadrupole line will pass through this resonance
and therefore could also feedback on tha B'P; - 1'S, line. How-
ever it takes abouhz/z ~ 8% to travel from the Hi 3P, — 1S,
to the He1 2'P; — 11S, line. Looking at Fig[B we can see that at
Z < 2600- 2700 photons emitted by transitions with= 3 will
never reach the H 2'P; — 1'S; resonance, because they will be re-
absorbed in the lHcontinuum before. Similar comments also apply
for the higher H1 n®P; — 1'S, series and at early times even for
the photons from the £ n'D, — 1S, quadrupole transitions. For
example, because of the small fraction of neutral hydrogems
present during ki recombination photons emitted in transitions
n=4ton = 1 will no longer reach the &t 3'P; - 1'S, resonance
atz < 2300, and az < 1900- 2000 H:1 3'P; — 1S, photons
will not be able to feedback on theel 3'D, — 1S, resonance
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Figure 10. lonization history during Hu — He1 recombination. The re-
sults were obtained for 10 shells for hydrogen and 10 shelishélium
including the feedback between all 10 shells of helium. Vé® @hanged
our cosmology to match the onelof Switzer & Hildta (2008b).

(cf. Fig.[3). For our computations we also took these aspttse
problem into account.

In Figure[® we also show the results of our computations in-
cluding the feedback for the higher transition= 3 means that we
took the feedback between the main resonancesmt! into ac-
count, starting the sequence with therht! P,— 1'S; line. Again we
considered the cases with and without including the hydraga-
tinuum opacity between the subsequent resonances. Th&orpab
tion of photons between the lines leads to a very large sspjme
of the feedback correction, which fo = 10 reacheANg/Ne ~
0.17% atz ~ 2300 instead oAN/Ne ~ 0.46% atz ~ 2045. We
also ran cases including more than 10 shells in the computatnd
found that the correction already convergesrfor 10. However,
given that the final result is rather small we did not investigthis
in more detail. One can also see from [if. 9 that the largegtesi
contribution to the feedback is coming from the second shell
the feedback sequence: H2'P; — 1'Sy — He1 2°P; — 11S,.

In Fig.[10 we also give the direct comparison with the results
presented in_Switzer & Hirdta (2008b). Our feedback coiwect
seems to be slightly smaller ak 2400, when including thefiect
of photon absorption in the HLyman continuum between subse-
guent resonances. Surprisingly, our result seems to beogery
parable to the one of Switzer & Hirata (2008b), when we do not
include this additional continuum absorption. Howeverewhn-
cluding the H continuum opacity between sub-sequent resonances,
our result is slightly smaller. Nevertheless one shouldtioarthat
these kind of changes in the helium recombination histotlynet
be very important for the analysis of future CMB data.

6.5 Feedback oHe1 photons in theH1Lyman continuum

We also computed the recombination history including trezlfe
back of H:1 photons on the HLyman continuum, using the ap-
proximation discussed in SeCt. b.6. As we already mentiahede

all Her photons are feeding back on hydrogen during pts-
recombinational epoctTherefore one does not expect any large ef-
fect in the ionization history. We found that the correctawes not
exceedANg/N, ~ 10°6-1075, so that for computations of the CMB
power spectra this process is negligible. However, as we $ho
Sect[T, this process does lead to some traces in the cosoadlog

© 0000 RAS, MNRASD0Q, 000-000



Cosmological recombination: feedback of helium andffisat on the recombination spectrum 17

Effect of feedback in the HI Lyman-series
T T T T T T 1 T T T

0.25]

T

n =10

T T T T
Lo

0.2

T
1

L —
Lo

o

=

o
T
1

e e
L —
Lo

AN_/N_in %

o
[
T
1

T T T T
Lo

0.05]

T
1

L —
Lo

| | | | | | | | | | |
800 400 500 600 700 800 900 1000 1100 1200 1300 140800
z

Figure 11.Effect of Lyman series feedback on the ionization history durin
H1recombination. The results were obtained including 20isket hydro-
gen and 20 shells for helium and accounting for the feedbatkéen the
first 10 shells of hydrogen.

recombination radiation, which should still be presentiatodion
of the CMB today.

We also checked whether the feedback of the helium induced

pre-recombinational features from the higherlifman series will
have an #&ect on the dynamics of hydrogen recombination. Like in
the normal recombinational epoch (Chluba & Sunyaev 200#eh
additional photons will feed back on the next lower-lyingnign
series transition, however, due to the fact that at highhiéd$he
Lyman series is not completely optically thick, the feedbacno
longer restricted to Ly — Ly(n — 1), but can go beyond that. We
refined our computation of the H.yman series feedback problem
including this process, but found no significant correctitbming
the pre-recombinational epoch.

Furthermore, we also included the small feedback correc-
tion due to photons that are emitted in the Byman continuum
during the pre-recombinational epoch (see Sect. 5.7 foerder
tails). Again the correction to the ionization history wasghgi-
ble. However, as we explain below (Sedt. 7) this processekav
some interesting traces in the recombinational radiagp@ttsum.
Our final result for the gect of feedback during hydrogen recom-
bination is shown in Fig_11. Note that the result is a bit kigg
(by aboutAN./AN, ~ 0.04% atz ~ 1050) than presented in
Chluba & Sunyaev (2007) because we slightly improved the-acc
racy of our numerical treatment for the normal Hyman series
feedback.

7 PRE-RECOMBINATIONAL EMISSION FROM
HYDROGEN DUE TO THE FEEDBACK OF PRIMARY
HE | PHOTONS

In this Section we present the results for the cosmolog®abm-
bination spectrum from hydrogen and Kiwhen including the full
feedback oprimary He 1 photons from the@!P; — 1'Sy, n®P; - 11S,
andn!D, — 1'S; series withn < 10. Figurd IR shows the results of
our computations. Starting with the helium bound-boundigion-
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tion one can see that not very much has changed with respegt to
reference spectrurn (Rubifio-Martin el al. 2008) wheridicig the
He 1 feedback process. The most importatifetience is that there is
no high frequency spectral distortion due to direct transgifrom
levels withn > 2 to the ground state. These photons have all died
in the Hr Lyman continuum during the pre-recombinational epoch
of H1, and also for our reference spectrum we neglected them here.
If we look at the bound-bound contribution from hydrogen
(Fig.[12, upper panel), then we can see that the feedbacKiofrhe
photons leads to a pre-recombinationalfeature av ~ 1300 GHz.
Part of this feature was already given by Rubifio-Martialkt
M), however, due to the additional reabsorption of High
guency photons from neutral helium, this signature of melieed-
back increased. As we will see below the total amount of pho-
tons appearing in that feature practically doubled. Ndtet also
at lower frequencies the helium feedback leads to some leotab
changes in the bound-bound emission from H
In Fig. [I2 we also present the changes in the fite-
bound contribution, which were not presented elsewhereaso f
One can see that here no strong additional helium induced pre
recombinational features are visible. This is because th&de-
bound continua are rather broad at all times (typisajv; ~
kT, /hv; ~ 0.17 x 2154020 “742) and therefore overlap strongly, so that
He1 feedback only leads to an increase in the overall amplitdde o
the free-bound continuum. We also checked the emissiorei@sh
1s two-photon continuum, but the changes were so small that w
simply neglected this contribution here.

7.1 Counting the number of additional photons

We can now look at the number of additional photons that ae cr
ated due to the feedback on hydrogen. It is clear that evdiynhe
photon that is absorbed in thertllyman continuum will at least
be replaced byne photon in the free-bound spectrum of hydro-
gen. Since so far we only took the feedback of photons emiitted
the He1 n*P; — 1'Sy, He1 n®P; — 11y and He1 n'D, — 1'S, series
with n < 10 into account, and because these amount to about 0.9
photons per helium atom available for the feedback procass,
expects that the free-bound emission from hydrogen ineschg
about 7%. Simply computing the total amount of photons emitt
in the free-bound continuum of hydrogen, we indeed find that i
total ~ 7.1% more photons are created in the free-bound con-
tinuum (TabldR). About half of this number is already appear
for our reference model, in which only part of the feedbackeo
tion is included.

We then also looked at the number of photons emitted in the
H1 2s-1s two-photon continuum, finding that this number in fiot a
fected much due to helium feedback (cf. Tdhle 2). This is beea
at early times the Lymaa line and the other Lyman series transi-
tions are more optically thin and therefore much mdfeient than
the 2s-1s two-photon channel. As shown in Rubifio-Martialle
) the 2s-1s two-photon channel only starts to becortieeac
at redshiftz < 1600— 1700 where practically no additional helium
photons are produced.

We also computed the total number of additional photon emit-
ted in the Lyman series and found about 7% per hydrogen atom.
Together with the contribution from the 2s-1s two-photoaratel
this yields~ 7.1% per hydrogen atom as it should be, since all
electrons that entered the hydrogen atom via the continshould
reach the ground state via the Lyman series or alternatifielys-

Table 2. Total number (density) of photonbl,, produced by dferent tran-
sitions in hydrogen. Herbly andNye denote the total number (density) of
hydrogen and helium nuclei. Contributions marked with'i@e from the
normal recombinational epoch. Those marked with 'pre-texd the ad-
ditional photons computed for our reference mo.

), while those marked with 'pre-rec II' give the addit@ photons
when accounting for the full £t feedback. We also give the numbers for the
whole bound-bound and free-bound spectrum, as well as thlediference
(bound-boundt+ free-bound) in the number of photons.

Line N, /N Ny /NHe
HiLya (rec) 42.5% -
Hr1Llya (pre-rec 1) 3.3% 42%
Hi1Lya (pre-rec Il) 3.1% 39%
HiLyea (all) 48.9% -
H1 Ly series (rec) 42.7% -
H1 Ly series (pre-rec I) 3.6% 46%
H1 Ly series (pre-rec Il) 3.4% 43%
H1 Ly series (all) 49.7% -
H12s-1s (rec) X 57.2% -
H12s-1s (pre-rec 1) ~0 -
H12s-1s (pre-rec II) X% 0.1% 1%
H12s-1s (all) 2x57.3% -
H1 free-bound (rec) ~ 100% -
H1 free-bound (pre-rec I) 3.6% 46%
H1free-bound (pre-rec Il) 3.5% 44%
H1 free-bound (all) 107.1% -
H1 bound-bound (dipole, low; rec) 194 -
H 1 bound-bound (dipole, low; pre-rec 1) 5.3% 67%
H1 bound-bound (dipole, low; pre-rec Il) 5.1% 65%
H1bound-bound (dipole, low; all) 2.04 -
H1 bound-bound (dipole, rec) K74 -
H1bound-bound (dipole, pre-rec I) 8.9% 113%
H1 bound-bound (dipole, pre-rec II) 8.5% 108%
H1 bound-bound (dipole, all) 2.54 -
total difference (pre-rec I) 12.7% 1.6
total difference (pre-rec Il) 12.2% 1.6
total difference (pre-recHll) 24.9% 3.2

(i.e. ~ 6.4%) of these additional high frequency photons are pro-
duced in the Lymam line, but also several additional photons are
created in the higher HLyman-series.

7.1.1 Total number of photons relatedHia 1

We finally also computed the total number of additional pheto
which are related to the presence of neutral helium in ouvéfse
(see TablgR). Perid atom we found about 3.2 additional photons
in the Hi recombination radiation. Since in total abeu0.9 ioniz-
ing quanta per helium atom were absorbed in the feedbaclkegsoc
and then eventually replaced by a Hyman « resonance or 2s-
1s two-photon continuum photon (see SEci] 7.1), abouetia
photons per helium atom appeared in therelcombination spec-
trum. These photons would be absent without the inclusiahef
He1 feedback process. Furthermore, of theseeXxta photon per
helium atom about 0.9y were produced in the free-bound contin-
uum and the remaining 1.4y were emitted in transitions between

1s two-photon channel. From Talflk 2 one can also see that mostexcited states with principle quantum numine 2. Furthermore,
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one can say that persifeedback photon about®0.9 ~ 2.6 extra
photons were released bytH

In our reference model perddatom we find at total of 1.85
photon in the normal K 1 bound-bound spectrum, 0.16 photons
in the He1 2'S, — 1S, two-photon decay spectrum, ardl photon
in the He1 free-bound continuum. This implies a total-of3y per
He1 atom. Including the full feedback caused by the photons from
the He1 n*P; — 1Sy, He1 n®P; — 1S, and H:1 ntD, — 1'S, series
with n < 10, we removed a total of 0.9 high frequency photons
per helium atom, but add 3.2 new photons to the Hrecombina-
tion spectrum. Therefore in total the number of photonsteelao
the presence of t increased to a total of By per helium atom, or
by a factor of~ 1.7 relative to the case with no interaction between
helium and hydrogen for which a total of73/ per helium nucleus
are emitted (see Tallé 3). Thisis a large increase in thienataber
of photons that are related to the presence ©f iH the Universe.
One should also mention, that the absolute number shouldase
when including more shells for both the hydrogen and netiegal
lium atom into the computation. Also, the feedback from kigh
level transitions and the photons emitted in ther 2'S, — 1S,
two-photon continuum will slightly increase this numbesésSec-
tions below). We leave a detailed computation for a futuggepa

7.2 Additional corrections to the He1 feedback problem
7.2.1 Feedback from higher level transitions

Here we restricted our computation to the feedback of pteoftam

the He1 n*P; — 1Sy, He1 n®P; — 1Sy and He1 ntD, — 1'S, series
with n < 10. We computed the additional number of photons emit-
ted in these series from > 10 and found about.02 photons per
helium atom. Taking the feedback of these into account oeeth
fore expects 8% 2% x 2.6 ~ 0.4% extra photons per hydrogen
atom (or~ 0.05y per helium atom). As we discuss below also the
feedback from photons in theehl 2'S, — 1'S, two-photon contin-
uum should lead to another small increase in the total nurmber
photons that are related to the presence of helium in theddsgv

7.2.2 Feedback of photon from thie1 2'S, — 1'S; two-photon
continuum

In our computation so far we did not include the correctioe du
to the feedback of photons emitted in theH2!S, — 1S, two-
photon continuum. It is clear that 1/2 of these photons are never
able to feedback on hydrogen, since they are directly ednigdow
the Hi Lyman « line with transition energy 1@ eV. Therefore, as
mentioned in the Sed¢t.8.2, in principle per helium atometage in
addition~ 0.08 photons available for the feedback on hydrogen. Of
this number about.044 photor@ per helium atom will feedback
in the hydrogen Lyman continuum, while the remaining pheton
could directly d@fect the H Lyman series. Again this feedback will
not introduce any important change in the ionization histbut
will only lead to the production of additional Hphotons. Assum-

and since the feedback in ther Hyman series will not produced
as many secondary photons, but we leave a detailed catmufati
some future work.

8 FEEDBACK OF PHOTON FROM HEIIl — HEII
RECOMBINATION

It is clear that also the feedback of high frequency photoamf
Hem — Heu recombination will lead to some additional changes
to the CMB distortions from cosmological recombinationke.in

the case of i1 feedback on hydrogen, there is no significant addi-
tional corrections to the ionization history caused by fhriscess,
since H: 1 feedback is again occurring in tipee-recombinational
epoch, but this time of k. However, several secondary photons
are produced, increasing the total contribution of helietated
photons to the cosmological recombination spectrum. Arags
computation of this problem is beyond the scope of this paper
however, there are several interesting aspects, that welvika

to mention, before demonstrating the principle importaoicthis
feedback process for the total contribution of helium-tedapho-
tons to the cosmological recombination spectrum (see B&)t.

8.1 Total amount of high frequencyHe i related photons that
are initially available for feedback

As mentioned in the introduction, alld# photons emitted at ener-
gies aboVEl ~ 2096 eV (corresponding to the transition energy of
the He1 2°P; — 1'S, resonance) in principle can feedback omrH
while those photons emitted at energies abeve0.2 eV (i.e. the
H1 Lyman« transition energy) mayfect hydrogen. These state-
ments are rather simple, but the details turn out to be meodvied.
Below we provide some estimates for the total numbermwoi pho-
tons that are available in the feedback problem.

8.1.1 Initial amount of high frequendye u photons that are

available for the feedback dre1

According to our computations, forgtk recombination about 45%
of Hen electrons went through theeht 2s-1s two-photon contin-
uum, while the remaining 55% recombined via the it Lyman

a channel (with a very small addition due to the highernH.y-
man series). Furthermore, abol2 9 photon@ per helium nucleus
were emitted in the Elr Balmer continuum, and in total 4.69y
were produced per i atom. These numbers were obtained in-
cluding 100 shells for the ki atom.

All the HEn Lyman « photons (with energy 40.8eV) are
able to directly ionize IHr atoms. After significant redshifting,
these photons in principle could also directly ionize hygno
atoms, but it turns out that alltHi Lyman o quanta will already
disappear in the £t 1'S, continuum before that (see Sdctl8.6). To
simplify matters, for our more detailed estimates of tiffiea on

ing thatall these photons are absorbed one should therefore find the cosmological recombination spectrum (S¢cts. 8.9) wieonty

another 8%x 8%x 2.6 ~ 1.7% more photons per hydrogen atom, or
~ 0.21 additional photons per helium atom. The final number is ex-
pected to be a bit smaller, because not all photons will beraksl

9 In this number we neglected the high frequency resonancphichat
will eventually be reprocessed byitih the feedback problem.

10 We estimated this number by integrating ther21So—1'Sy two-photon
profile over the appropriate range of frequencies.
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take these photons into account.
Itis clear that also the ki 2s-1s two-photon continuum will

11 n principle H: 1t photons could also feedback on theiH2lSy — 11Sy
two-photon continuum, but this transition is never opticahick during
recombination so that we neglected it here.

12 This number was estimated from the result for the 100 sheltdgen

atom (Chluba & Sunyakv 2006a).
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Figure 13. Effective absorption optical depthl, = pl;7, in the Hr Lyman
series. An interpretation and definitiondf is given in Sec{3]1.

lead to some interesting feedback. AfduB7% of the photons
emitted in the Hn 2s-1s two-photon continuum have energies
above the H1 1S, continuum. Therefore, in total one should have
~ 0.33y per helium nucleus with energy larger than ther libn-
ization potentiakE ~ 2459 eV.

In addition, those photons emitted in the:id2s-1s two-
photon continuum with energies 28 eV < hv < 2459eV (i.e.
about 01y per helium nucleus) may be able to directly feedback
to the He1 n'P; — 11Sy, Her n®P; — 1Sy and He1 n'D, — 1'S; se-
ries, depending on the optical depth in these resonancéfextdt
stages during recombination. However, since the PP, — 1'Sy,
He1 2°P; — 1'Sy and He1 21D, — 1'S; resonances are not optically
thick atz > 3000 (see Fid.J2), most of these Hphotons will sur-
vive and instead be available for feedback onto hydrogeavee
redshift. Also it is clear that the 4 Balmer continuum photons
will not feedback on H1, but could #@ect the recombination of hy-
drogen (see next Section).

8.1.2 Initial amount of high frequendye u photons that are

available for the feedback dr1

Regarding the possibility of direct ionization of hydroggoms by
high frequency Hu photons one will have those photons from the
Heun 2s-1s two-photon continuum emitted in the frequency range
136eV g hy 5 2096 eV, amounting to about®ly per helium
nucleus. Furthermore, those: h2s-1s photons emitted at energies
102eV < hv 5 136eV (~ 0.09y per helium nucleus) will be
able to feedback on the H.yman series. And finally, all those
photons emitted in the i1 Balmer continuum in principle will
also be able to feedback on the Hyman series. This implies a
total of ~ 0.5 potential feedback photons per helium nucleus (or
0.04 photons per hydrogen nucleus) that ndagctly feedback on
hydrogen. Even though these photons should lead to segoHdar
Lyman series photons in the pre-recombinational epochiwthien

13 We estimated the numbers given below by integrating the Bis-1s
two-photon profile over the appropriate range of frequencie

again feedback on hydrogen itself, here we will not constter
part of the feedback process any further.

Also the numbers given above should be considered as esti-
mates since a > 2500 none of the HLyman series transitions
is optically thick (cf. Fig[ZIB), implying that the feedbapkocess
will not re-process all these photons. Similarly, some phstmay
escape the feedback problem in neutral helium and therefide
to the total amount ofrimary feedback photons available for hy-
drogen. In addition, practically every ionizingeld photon that is
re-processed by i will be replaced by somsecondaryhigh fre-
quency H1 photon (in addition to some secondary low-frequency
photons that do notfBect the recombination problem anymore).
This leads to alouble-reprocessingf He n photons (see Se€i 8.2).
A detailed analysis is beyond the scope of this paper.

8.2 Double-reprocessing oHe it photons

The probably most interesting aspect of thenHeedback prob-
lem is thedouble-reprocessingf He u photons, first by neutral he-
lium and then later by hydrogen. This is because in additahé
primary photons initially released by there will besecondary
photons produced by botherdand Hi. Those from hydrogen will
only feedback on hydrogen itself but likely will not produceny
more (low frequency) photons. However, the feedback ofrsaaxy

He1 photons on hydrogen is expected to be more important. The to-
tal number of these secondary tbhotons will be very close to the
total number of Hu photons that were re-processed. This can be
understood because in the pre-recombinational epocheoftlié¢

He1 2!y — 1'S, two-photon channel will not be able to compete
with the main resonances connecting to the ground stateefidre

it is clear that practically every iHi feedback photon, independent
of the way it was re-processed, will be replaced by a highuieegy

He 1 photon, which then again could be re-processed by hydrogen.
Similarly, every high frequency photon that is re-procedsg hy-
drogen will eventually be re-appearing as allymana photon.

Using the numbers given in the previous section one there-
fore expects a maximum of 0.98 primary feedback photons per
helium nucleus, and 0.12 primary plus secondary feedback pho-
tons per hydrogen atom that are related taiH

In every feedback there is the potential possibility to e
several additionalphotons at low frequencies because electrons
that reach highly excited states (via excitations from theugd
state or direct recombination after feedback) can cascamiards
lower states viananyintermediate levels, emitting low frequency
photons on their way. Therefore this process can lead to an im
portant increase of the helium-related photons in the ctsgial
recombination spectrum.

8.3 Direct recombinations to the ground state oHer and H1
and the dficiency of photon production

If we consider the case of hydrogen, then there is a princiifle
ference in the ficiency of (low frequency) photon production if
the feedback process occurs in thellfman continuum or the Ly-
man series. Theficiency of photon production will be larger if the
feedback photon disappeared in the Lyman continuum, while f
feedback in the Lyman series the total number of (low frequen
photons is not changing very much. Therefore it is also dleatr
the total dficiency of secondary photon production will depend on
whether the H Lyman continuum iptically thickor thin. A sim-

ilar statement also applies to the photon productifiitiency of
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Figure 14. Death probabilities in the HLyman series. We included 200
shells into the sums and assumed that the ambient radiagidriffigiven by
the CMB blackbody spectrum.

He1. Furthermore, the same physical argument explains why the
total number of photons is noffacted very much in the case of
intra-species feedback.

To understand this point, let us consider a feedback photon
that dies in the HLyman continuum. It liberates an electron which
then can be captured to some highly excited state, sub-stdgue
emitting severallow frequency photons on it way back to the
ground state. Here the important point is that it in prineiphn
reach states with large angular momentum quantum numbeseTh
states can only depopulate vi@anytransitions withsmall An, i.e.
preferably emittindow frequency photons.

If on the other hand, a photon is feeding back on one of the H
Lyman series transitions, then even for hyvith n > 2 the electron
will very likely remain bound and only reach a few intermadia
states preferably with small angular momentum quantum eamb
before again ending in one of the Lyman resonances. Thd-low
states will nearly always depopulate @@ewtransitions witHarge
An, i.e. only emitting some photon high frequencies.

To support these statement, in Higl 14 we give the death prob-
abilities for several H Lyman series transitions. In Fig.115 dnd 16
we also show the partial contribution to the death probabiy-c
ing only from transitions towards lower levels and the comtim,
respectively. Even though for levels with> 2 the death probabil-
ity is very large in comparison to the H.yman « line, less than
15% - 25% of the transitions end with a free electron. In all cases
about 40%- 50% of transitions go towards lower levels, and the
remaining~ 25%- 35% lead to some higher levels.

As we will see below (SectE.8.9), this aspect of the problem
changes the total number of secondary low frequency phabans
are produced due to feedback of iHphotons.

8.4 Possible speed-up dfie m — Hen recombination by Hex

Like in the case of Hu — Her1 recombination, the absorption
of Hen photons by the small amount ofeld already present at
z ~ 6000 could speed uptHi — Heu recombination (500& z <

7000). However, there are severaffeiences that make this pro-
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Figure 16. Relative contribution of continuum transitions to the tateath
probabilities in the H Lyman series. We included 200 shells into the sums
and assumed that the ambient radiation field is given by th& Gléickbody
spectrum.

cess much less important than in the case of hydrogen. Ajthou
the dependence of the photon-ionization cross sectiondatral
helium on frequency is not as strong as in the case of hydEgen
[ 19b4), the amount of helium is abeut3 times
smaller than the amount of hydrogen. Also during theriH— Heu
recombination 1 is in addition destroyed, because iHbecomes

14 In the energy ranget™ ~ 24587 eV < hv < 55eV we found the fit
ot~ 7.4 x 1078 en? [v/vHE] 7177 to the data of Samson ef dl. (1D94)

which is accurate ta-5%.
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when the photons reach below the continuum threshold.
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cases when the photons reach below the continuum threshold.

ionized. This &ect is also increased because the ratio of the ioniza-
tion potentials of neutral helium and singly ionized heliigna bit
larger than for neutral helium and hydrogen. This leads tadxi-
tional decrease in the amount of neutral helium close toithe of
Hem — Hen recombination.

To understand the importance of theeH1'S, continuum
opacity we computed the the absorption optical depth fotHbe

Lymana line for differentAz/z between the emission redshifand
the absorption redshift = z— Az < z(see results in Fig. 17). For
comparison, the Doppler width of the the:tdLyman « line is of

the orderAvp /v ~ 2.8x107° [%}]M. From Fig[IY we can see that
inside the Hu Lymane Doppler core the Er 1*S, continuum ab-
sorption should become important onlyzat 3000— 3250. At that
time practically all H u recombined, so that there is no important
speed-up of Hm — Hen recombination expected.

Comparing more carefully with the speed-up seen fan,H
from Figs.[6 and13 it is clear that evefi' ~ 1072 already leads
to some notable fiect. However, in for the Ei 1'S, continuum
absorption inside the i Lyman o Doppler core this is reached
only atz ~ 4000- 4300, again well after ku recombined. In
addition, Hm — Heu recombination already occurs very close
to the Saha case, so that the shape and width of the spengsl |i
cannot be altered much in addition. We therefore believettis
process is negligible in this context.

Finally, also the small amount of neutral hydrogen presknt a
ready during Hm — Hen recombination cannot change anything
about this conclusion, since inside theiHLymana Doppler core
the Hi continuum optical depth it completely negligible (cf. FI,
curve forAz/z ~ 1075).

8.5 Electron scattering duringHem — He 1 recombination

Although in terms of the ionization history during hydrogend
neutral helium recombination electron scattering is noy i@por-
tant, for the shape, position and width of the Hdistortions its
effect is already notable (Rubifio-Martin etlal. 2008). THissd
affect the time-dependence of the feedback caused by high fre-
quency Hu photons on Hi, since, for example, electron recoil
will lead to some important drift of the lines towards lowezduen-
cies, increasing theflective rate of redshifting. Also the Doppler
broadening of the lines willféect the duration of the feedback. Fur-
thermore, one also expects that electron scattering cealtito an
significant increase in thetn — Heu recombination rate. For
the ionization history and computations of the CMB powercsfze
this again will not be important, but in computations of thelE
spectral distortions introduced during recombinatiors §hiocess
will matter. Also one should include the CMB induced stimath

electron scattering process (Chluba & Sunyaev 2008a) farrate

computations of the low frequency spectral distortions.

8.6 Time ofHeEu Lyman « feedback onHe1

From Fig[I¥ one can understand when most of tha Hyman«
feedback is expected to occur. Since most of these photoresrere
leased az ~ 6000, we can see from F[g.]17 that they will disappear
in the Her 1'Sy continuum untilAz/z ~ 0.3, orZ ~ 4200. This

is well after the recombination epoch of: i and still well before
the normal recombination epoch of:H Therefore the feedback is
most strong in th@re-recombinationakpoch of neutral helium.

We computed the strength of this feedback in more detail us-
ing the result for the Eln Lyman « line from our 100 shell com-
putation. The resulting correction to the: H1'S, photoionization
rate is shown in Fid_19. As one can see the feedback is laagest
z ~ 4280. The width of the feedback curve is about 1:0%5%, so
that one can expect some rather narrow pre-recombinatifereal-
back induced lines in thed recombination spectrum.

Looking again at Fig[_J7 one can also see that practically
all Hen Lyman a photons will never reach frequencies below the

© 0000 RAS, MNRASD0Q, 000—-000
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Figure 19. Feedback induced correction to the HI'Sy photoionization
rate. We only included theflect of the Hin Lymana line in our computa-
tions using the pre-computed results from our 100 shelutations.

I

L

i\

10°E 3

s f
-1

E0E

c f ]

C10%¢

T F \ ]

c 3L 4

A0

W \\4‘5\ 2 i

10 'E =03 3

E - \AZ?;‘ZL

5[ — N

107 22013

o r _ “ T~ i) ]

E P 92 4> ——— 122001 §

F R N & S T

7 | | | | | . | |
102000 3000 4000 5000 6000 7000 8000 9000 10000
z

Figure 20. Absorption optical depth in the H1s continuum for a
Her 23P; — 11, photon that was emitted at redshifeand traveled until

Z = z- Az At high redshifts £ > 4500) we used the Saha solution for the
H1 1s population and at low redshifts £ 4500) the solution obtained with
our implementation of Rrast. The curve labeledAz/z — lim’ denotes
the cases when the photons reach below the continuum ttdesho

He1 1*Sy continuum threshold. This is because practically no pho-
tons are released at> 7000, and there the maximal optical depth
(corresponding to the cagez/z — lim) exceeds unity already.

One should also mention that the a small fraction efiHy-
mana photons is expected to directly disappear in thelldgman
continuum (see Fid.18), but this should have a negligifileceon
the recombination spectrum.
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8.7 Reprocessing of pre-recombinationaHe 1 photons

As explained above (Se€f_8.2), everyHphoton that was repro-
cessed by Hr will eventually be replaced by some photon in res-
onances connecting to theeH1'S, state. Since at > 2500 the
H1 continuum opacity between these: Hresonances is not im-
portant (cf. Fid.B), it is clear that for these secondanmy: igho-
tons one only has to look at the possible feedback process fro
the Her 2°P; — 11S, intercombination line.

In Fig.[20 we present the optical depth in the ltyman con-
tinuum for photon emitted at theftiérent redshift in the ki 23P; —
1'S, line. Again we consider several values for the considerde re
shift interval that the photon traveled. It is clear that foims emit-
ted atz < 3700- 4000 will all be absorbed in the H.yman con-
tinuum before they can reach below the threshold frequeaty (
curve labeledAz/z — lim’). However, most of the secondaryeki
photons emitted a > 4000 will in fact survive the absorption in
the Hi Lyman continuum and instead die in tha Hyman series
at lower redshift. This therefore leads to a very extendedtjack
processes of secondary: Hphotons on hydrogen. As we will see
below (Sect818) the associated spectral distortion &t fneguen-
cies indeed is rather broad, reflecting this fact.

8.8 Changes in the recombination spectrum due tble
Lyman « feedback

In this Section we want tdemonstrateéhe efect of Heu feedback
on the cosmological recombination spectrum. Taking thelgvho
list of processes mentioned above into account is far beyoad
scope of this paper, however, it is rather straightforwarddcount
for the feedback féect from the Hu Lyman « line, using pre-
computed results for the changes in thertH'S, photoionization
rate (see Fid.19 and Sect.18.6). The main results of thespweom
tation are shown in Fig—2I-24. The most important aspedids t
there are several additional, rathrearrow spectral featureg the
He1 bound-bound spectrum (cf. Fig.]23), which locally increase
the contribution coming from helium significantly (see HZg).
This may render a determination of tpeimordial helium abun-
dance using the cosmological recombination spectrum &eg.

[Chluba & Sunyaev 2008b; Sunyaev & Chlliba 2009) a bit easier.

8.8.1 Changes in thied 1 recombination spectrum due He
Lymana feedback

As in the case of Eli feedback on hydrogen, one can see (see
Fig.[21) that the feedback of quanta related tonHeads to the
production of several additional photons in the recomlxmaspec-
trum of hydrogen. In particular, the pre-recombinatioresdttire at
high frequencies (see Fig.]21, middle panel) changes signifiy,
while a low frequencies, the additions are generally smgfee
Fig.[21, upper panel). Only at frequencies around 200 GHz,
one can see significant changes. As explained above (SBjt. 8.
He u Lymana photons do not directly feed back on hydrogen, since
these quanta are all absorbed in therHS, continuum before.
Furthermore, most of the secondary ithigh frequency photons
feed back on the iHLyman series (Sedi.8.7), so that, in agreement
with our computations, the low frequency photon productfi
ciency is smaller (see SeLt.B.3). The free-bound spedstalrtion
(see Figl2LL, lower panel) like in the case ofiieedback (e.g. see
Fig.[12) again shows practically no additional features,dmly a
small additional increase in the total amplitude.

In Fig.[22, as an example, we also demonstrate the changes
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Figure 21. Contributions to the cosmological recombination spectftom
hydrogen. We show the low frequencyr Hound-bound spectrum (upper
panel), the high frequency tbound-bound spectrum (middle panel), and
the Hi free-bound spectrum (lower panel). We included 20 shellsydfo-
gen and 20 shells of helium in our computations and allowech&ium
feedback from thdirst tenshells. The curves marked with 'RMCS 2008’
where computed using our reference mo.).
Those marked as 'normal recombination spectrum’ do notdelthe ef-
fects of the hydrogen continuum opacity on the dynamics lfiftmerecom-
bination. For the cases witheht feedback we only included thefect of
the Her Lymana line and allowed for escape in thertdnd H: 1 continua.
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Figure 22. Feedback induced correction to the Hyman « line (upper
panel) and i1 21P;-1'Sy line (lower panel). We only included théect of

the Hemr Lymane line in our computations. We show the spectral distortion
Al, as a function of the emission redshift, which can be compuwi#dthe
relationy(z = 0) = vj/[1 +zem]. In both cases we subtracted the phase space
density on the far blue side of the resonances. Furthermaeshow the
cases with and without allowing photon escape in thehtd H:1 continua.

in the Hi Lymana line as a function of redshift. In addition to the
cases shown in the previous figures, we also ran a case folnwieic
did not include the escape of photons in thelliman and H 1 1S,
continuum. Although for the distortions from hydrogen tHises
not make a large dlierence, for the distortions from helium it is
very important (see next Section).

8.8.2 Changes in thie1 recombination spectrum due ke u
Lymana feedback

In Fig.[23 we show the ki bound-bound recombination spectrum
for different cases of the feedback process. One can clearly see that
the feedback of Eu Lyman « photons &ects the H1 emission
very strongly, leading to several new features at pradyicl fre-
guencies. It is also clear that the escape in thelHS, continuum

is very important for the correct shape and strength of the pr
recombinational features. Without the inclusion af 'S, con-
tinuum escape the pre-recombinational features are diraedsd
by about a factor of 2. This again is due to the fact that eveeg{
back photon that can escape thei#'S, continuum will subse-
quently feed back on bound-bound transitions connectinth¢o
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Figure 23.Contributions to the cosmological recombination spectftom
neutral helium. We show i bound-bound spectrum. We included 20 shells
of hydrogen and 20 shells of helium in our computations atavald for
helium feedback from thérst tenshells. For the cases withekd feedback
we only included the féect of the H:t Lymana line.

ground state of helium, for which the low frequency photoa-pr
duction rate is expected to be smaller (see explanationdh[848).

As an example, in Fid. 22 we give the distortion due to the
He12'P; — 1'S; resonance only. One can see that the maximum
of the pre-recombinational feedback is reached at 4200, cor-
responding to the maximum in the correction to therHI'S,
photoionization rate (see Fig.]19). Figlre 22 also shows ttie
pre-recombinational feature from a given resonance isaggeo
have a larger amplitude than the recombinational featsedfjeven
though the total emission remains comparable. This is lsecthe
feedback process occurs over a rather short time interwahgoto
the narrowness of thetti Lymane line. As explained in Sedi. 8.5,
the inclusion of electron scattering into the problem magrahis
aspect of the problem. In addition, the number of ionizinguH
photons per IHr atom is comparable to unity, so that for full feed-
back in the H11'S, continuum the number of #+ quanta would
practically be doubled. However, as mentioned above fii@ency
of low frequency photon production is decreased due to thgapa
escape in the ki 1'Sy continuum.

8.8.3 Changes in the tot&d 1 and He 1 bound-bound
recombination spectrum

Finally in Fig.[24 we present the sum of the lInd H:1 bound-
bound recombination spectrum. We only included the coutidins
due to dipole transitions, but neglected those from the-li@ad
and two-photon continua, since they are not leading to same v
able signal and hence are not as interesting from an obgeraht
point of view. One can clearly see that the feedback of hefptio
tons leads tamon-trival modifications in the recombinational radi-
ation, with the strongest helium-related features at 200 GHz,

~ 80 GHz,~ 35 GHz, and- 10 GHz. However, details in the spec-
trum appear at practicallil frequenciesand in particular the vari-
ability of the spectral distortion is altered, with signii@ changes
in the amplitude, positions of peaks and new features appear
All these traces in the recombination spectrum are only dube
presence of helium in the early Universe, and therefore reaglar

it possible to determine the primordial helium abundandegthe
spectrum of the CMB. Most interestingly, the amount of haliu
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Figure 24. Total bound-bound recombination spectrum from dahd H:1
at low frequencies. We only included the spectral distodidue to dipole
transitions.

related photons is increased when accounting for all thebiaek
processes. This should make it slightly easier to use thetrspe
of the CMB for measurements of the helium abundance.

8.9 Estimates for the total number of feedback induced
photons from helium and hydrogen

Using the spectral distortions discussed in the previocsese one
can now compute the total number of photons emitted by the dif
ferent atoms. In Tablgl 3 we summarize the results of thes@eom
tations. In total one finds aboutZadditional photons per helium
atom when including all the feedback processes. This qoorets
to an increase in the total number of helium-related photons
~ 37% in comparison to the standard calculation which assumes
independent recombination histories. In comparison toréfier-
ence model (Rubifio-Martin etlal, 2008), the net gain izaB38
additional photons per helium atom, so that the feedbackced
number of photons increased by a factor &/8.77 ~ 4.2.

Furthermore, per helium atom one has a totat df15y re-
lated to the presence of helium in the Universe, or abd@t@per
hydrogen atom, resulting in a total contribution of helivetated
photons to the recombination spectrum~ofL7%. In the standard
calculation which assumes independent recombinatioariésthe-
lium contributes about 13%. However, here one should mentio
that this average increase in the helium-related numbehatons
can be exceeded several times at particular frequencie${g€24
and Sec{_8.813).

Since for our computations in total®+ 0.55 ~ 1.45 quanta
per helium atom were re-processed, the above results alsly im
that per feedback photon abouffL.45 ~ 2.2 additional photons
were produced. The production only due to primany: lghotons
is about] 1.9/0.9 ~ 2.1 additional photons, while the production
due to H: 1 photons is about.3/0.55 ~ 2.3 additional photons per
helium nucleus. Although from naive estimates due to thebou

15 Note that here we also included the small reduction {bp.3y per
helium nucleus) of the total number ofeHphotons, which is due to the
changes in the dynamics of helium recombination causedédiititontin-
uum opacity. As explained in SeEf._711.1 per primamy Feedback photon
H1 produces~ 2.6 extra photons per helium nucleus.
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Table 3. Total number (density) of photongy,, produced by dferent
species. Heré&\y and Nye denote the total number (density) of hydrogen
and helium nuclei. Contributions marked with rec’ are frtime normal re-
combinational epoch. Those marked with 'pre-rec I" are thditional pho-
tons computed for our reference mo), while
those marked with 'pre-rec II’ give the additional photonisem accounting
for the full He1 feedback. Those marked with 'pre-rec III' denote photons
that are produced when including: Hl Lymana feedback. We also give the
numbers for the whole bound-bound and free-bound spectsmuell as
the total diference (bound-bound free-bound) in the number of photons.
We included 20 shells for Hand 20 shells for Elr in the computations. For
He 1 we used the results for 100 shells.

Atom N,/Nu  Ny/Nie
Hr1 (rec) 4.51 -
Hr (pre-rec I) 0.12 15
Hr (pre-rec Il) 0.12 15
H1 (pre-rec Il1) 0.1 13
Hi (all) 4.85 -
He1 (rec) 0.29 3.69
Her (pre-rec 1) -0.06 -0.73"
He1 (pre-rec Il) -0.04 -0.45
Her (pre-rec 1I1) 0.04 B3*
Her (all) 0.24 3.04
He 1 (rec) 0.37 4.69
Heu (pre-rec 111) -0.04 -0.55*
Heu (all) 0.33 4.14
total number (rec) 5.17 -
total difference (pre-rec I) 0.06 0.77
total difference (pre-rec Il) 0.08 1.1
total difference (pre-rec Ill) 0.10 1.28
total number (all) 5.42 -
total difference (pre-rec I-1Il) 0.25 3.2

* This number includes all surviving high frequency photasf Her and
those from the H Lyman continuum.

 About —0.45 is due to the removal of high frequency photons in the H
Lyman continuum. The rest is due to changes in the low frecuuehoton
production as a result of the speed-up afiliecombination.

* This number is only an estimate, since some of t& nizing H: 1 pho-
tons directly escaped in theet1'Sy continuum. We accounted for these
photons in the computations, but did not check their numkectgy. The
difference in the Elr bound-bound spectrum was0.25y per helium nu-
cleus. To this we added%b x 50% ~ 0.28 of highn free bound transitions
resulting in the quoted number.

* We assumed that only theeld Lymane line is re-processed.

re-processing of Eu photon one would expect thefieiency of
photon production to be larger in the latter case, due to dloe f
that the hydrogen andi 1s-continua are not completely optically
thick (see Seck_813) the numbers remain comparable.

With these values one can also provide aptimistic upper
limit on the total amount of helium-related photons. Assugrthat
every high frequency photons emitted by iHlead to~ 2.3 ad-
ditional photons, using the numbers given in SEcl 8.1 weexp
2.3 x (0.98 + 0.5) ~ 3.4 additional photons due tost feed-
back alone. This is another factor ef 2.6 times more than we

feedbacks. This implies a total ef 14y related to the presence of
helium in the Universe, or aboutlly per hydrogen atom, resulting
in a total contribution of helium-related photons to theorabi-
nation spectrum of 20%. In comparison to the computation that
does not include any of the feedback processes one thecefole
expect a factor of 1/8.4 ~ 1.7 times more helium-related photons.

9 SUMMARY AND CONCLUSIONS

In this paper we considered the-processingof high frequency
photons emitted by helium during the epoch of cosmologieal r
combination. We investigated both the possible changdseiods-
mological recombination spectruamd thecosmological ionization
history of the Universe, taking several previously neglected physi
cal processes into account. In particular we studied

(i) the feedback of IH1 photons on 1 recombination

(ii) the feedback oprimary He1 photons on H recombination
(i) the feedback oprimary He n photons on H1 recombination
(iv) the feedback ofecondanHe1 photons on Hrecombination.

The process (i) was already considered earlier
Switzer & Hirata (2008a), but the processes (ii)-(iv) havet n
been studied at full depth so far. We find that process (i)dead
no important change in the cosmological recombination tspexg
but a small modification in the cosmological ionization bigtby
ANg/Ne ~ +0.17% atz ~ 2300. At low redshift our correction
seems to be smaller (see F[g] 10) than the one presented in
Switzer & Hirata (ZOOSb). However, it is clear that theéfeience
will not be very important for the analysis of future CMB data
Nevertheless, one should check the reason for thferdnce in
a detailed code comparison, which is currently under dsons
among dfferent groups.

Furthermore, we find that the processes (ii)-(iffgat the ion-
ization history at a negligible level, but could increase tbtal he-
lium induced contribution to the cosmological recombioatspec-
trum by ~ 40% — 70% in comparison to the standard calculation
which assumes independent recombination histories witteed-
back between the fierent atomic species (see Sgct] 8.9).

The firstresult is related to the fact that the feedback maee
(ii)-(iv) all occur in thepre-recombinationakpochs of the consid-
ered atomic species, where they are still very close to fylii-e
librium with the free electrons and protons, so that pedtidns
in the ionization state are restored very fast. On the otlaedh
the increase in the total number of helium-related photatsis
because the recombination of electrons that were libetatetie
feedback process can be captured into highly excited attewic
els with the possibility to releasseveralphotons pepneionizing
photon in the subsequent cascade to the ground state. Heag-in
ticular thedouble re-processingf Hen photons (see Sedi. 8.2) is
interesting, for whictprimary He1 photons in principle feed back
on both H:1and at later times on HTherefore one naively expects
the feedback induced number of photons frosutio be twice the
one coming from W1 feedback. However, for Hi feedback the
efficiency of low frequency photon production is not as large (se
Sect[8.B), because the hydrogen and neutral helium lsncanti
are not completely optically thick at the time of feedbachefie-

already obtained here. Also adding those photons that may before the final number of produced photons per ionizingitghoton

(see Secf{_7.111 arid ¥.2) produced due to primary fidedback

(~ 2.6 — 0.3 ~ 2.3y per helium nucleus) one can therefore expect

a total addition of~ 5.7y per helium atom, when including all the

remains comparable to the one for Heedback (see Seff_8.9).
As a result of all the feedback processes included here a to-
tal of ~ 12y per helium nucleus are produced during cosmological

© 0000 RAS, MNRASDOQ, 000—-000



Cosmological recombination: feedback of helium andffisat on the recombination spectrum 27

recombination, implying a total contribution ef 17% to the cos-
mological recombination spectrum. In total abeu8.2 additional
helium-related photons per helium nucleus were releasedrim
parison the standard calculation which neglects feedbHais. is
an important addition to cosmological recombination spectand
may render it easier to determine the primordial abundahte-o
lium using diferential measurements of the CMB energy spectrum
(e.g. as discussed lin Sunyaev & Chluba 2009). Here mosestter
ingly, the feedback of Eln photons on K1 leads to the appear-
ance of several additional rathearrow spectral featureim the He1
recombination spectrum at low frequencies (cf.[Ely.24) Thn-
tribution of these features to the spectral distortion amegiven
frequency can exceed the average level of 17% several times.
particular the bands around ~ 10 GHz,~ 35GHz,~ 80 GHz,
and ~ 200 GHz seem to beflected strongly (see Fig.P4). In ad-
dition, one should point out that today these photons areihe
witnesses of the feedback process at high redshift, anchabge
them in principle dfers a way to check our understanding of the
recombination physics.

Since for the feedback oftH photons here we only accounted
for those from the Hu Lyman a resonance, which is onky 1/3
of the total number of primary i photons potentially available
for feedback (see Se¢t8.1 for more detailed estimates)can
still expect the total number of helium-related photonsnizréase
by another~ 10% - 20% to a total of~ 14 per helium nucleus
(see Secf. 8]9 for estimates). However, we leave a detalesti-
gation of the H n feedback problem including thero-photon con-
tinuum Balmer continuumand the &ect ofelectron scatterindor
some future work (see Sefl. 8 for a more detailed overviewmef t
possible processes related to this problem). Also in thefeled-
back problem so far we neglected tieeet of the H:12'S, — 1'S,
two-photon continuum and the ionizing photons from levelthw
n > 10. However, their #ect on the cosmological recombination
spectrum is expected to be smaller (see $edt. 7.2).

Finally, we also refined our previous computations efiH-
He1 recombination | (Rubifio-Martin etldl. 2008) checking ttie e
fects of (A) He1 n'D, — 1'S; electric quadrupole transitions; (B)
higher f > 2) Her n®P; — 1S, intercombination transitions;
(C) the speed-up of the highen (> 2) Her n'P, — 1S, se-
ries due to the absorption of helium photons by hydrogen; (D)
possible time-dependent corrections to ther 2'P; — 1'S, and
He1 2°P; — 1'S; channels; (E) theffect of the thermodynamic fac-
tor on the H1 2'P; — 1'Sy and He1 28P; — 11S, transitions. These
processesfkect the ionization history but do not introduce any sig-
nificant changes in the recombination spectrum.

For the processes (A)-(C) we find very good agreement with
the results of Switzer & Hiraita (2008b), and conclude thayttan
be neglected in the analysis of future CMB data. Although pro
cesses similar to (D) and (E) lead to significant correctidunsng
the epoch of H recombination| (Chluba & Sunydév 20ﬁ§d,b), here
we show that for the recombination of helium they are of minor
importance, mainly because thffext of the H continuum opac-
ity on the He1 2'P; — 1S, and He1 23P; — 1'Sy channels is much
more crucial. Therefore, they again can be neglected farétieal
computations of the CMB power spectra.
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APPENDIX A: ATOMIC MODEL FOR HELIUM

We use the same atomic model for helium as in
Rubifio-Martin et al. [(2008), which is mostly based on en-
ergy levels and transition rates given m
(2007). However, here we also took additional iH?®P; — 11S,
intercombination transitions with 8 n < 10 into account. For the
Her 33P; —1'S, transition we used the valwe= 56.1 s (Laughlir
) and like in Switzer & Hirata (2008a) we extrapolatestigyer

n assumingA « 1/n®. Furthermore, we also added electric
quadrupole transitions (E2) for the sequencer ‘D, — 1S,
with n < 10 using the absorption oscillator strerEtlgiven by
Cann & Thakkar|(2002) fon < 6 and extrapolating these values
assumingf o 1/n (like in|Switzer & Hiratd 2008a).

APPENDIX B: ESCAPE IN THE CONTINUUM
Integrating Eq.[(B) over »dQ one can directly write

1 dN, [
f ), A2 =NeN, R~ NIU[R) + ARied.  (B)
Here one has
ARysc = 4m f(rlsc(v) AN, dv
— 4rNE, — N f or16d) GE ly
= 47[NE, — NP] f ‘“SC(V) £ GS . (B2)

Since in the Wien tail of the CMB one haf‘rl?#dv
|
fo'lsc(y)

R?SC , one can introduce the normalized profile
¢c(»,2) =

4” NVC T1sdv)

RESC fC( )

and then write

Rpl
NI ARyge = N N15°[N -N" f wc(v, 2) TGS dv.

Ve

- NN R~ AR [ ) 1G5 (B9)

where we used the fact thggzé fi(T)RL /NP = RP . Therefore

one finally has

/

with PS,

rec

1 dN,
c dt 1s

= [ @21 - fEGdv.

| Hi
Rgls NlS

dvdQ = {Ne N, R X PS

1sc

(B4)

16 For more details we refer the interested reade
(2008) and references therein.
17 These are related to the quadrupole transition rate byn

E2 _ 8% 1 9 tE2
[2006)A52 = EIRy:

MeC 42 g ji -
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Bl Quasi-stationary solution without asymmetry between
continuum emission and absorption profile

If we assume quasi-stationary conditions for the continamehne-
glect the factor 1f° in the definition of®S, Eq. [4B), then one di-
rectly hasG;* = 1 — e (2 Using Eq.[[7b) and Eq[{19) with

the substitutiony = v £ one can furthermore write

750V, 00,2) & 15° f wc(V) f;c(i)ﬁ dv (B5a)
v

v

~ 7801 — xo]. (B5b)

I Hi
esc _ (:N:'l'h RS - CU’15<;(Vc)N1 KTy _ v , ,
Hererg™ = 1= —p—mjvcc v SIS S andy, = fyc ec(v)dv'.

Also in Eq. [B5b) we have neglected the facté¥sand f£(2). For

the escape probably from the main resonances in helium and hy
drogen, this would be the standard procedure to obtain thel&o
escape probability (e.g. see Chluba & Sunyaev 2009d). Ttign w
P = [ ec(v.2[1 - f£GE]dv after also settind® ~ 1 one finally

has

_€sC
Pc,qsnoasymN 1 —€ec
eff =~ esc

Tc

(B6)

This expression has the same form as the standard Sobobgyeesc
probability. However, here we have neglected the fact tieaemis-
sion and absorption profiles in the hydrogen Lyman contindifm

fer by f¢, which makes the absorption profif@®{v) = fSp.(v) ~
o1sdv) very broad. This is the reason why the expression for the es-
cape probability in the continuum scales IRE™ ~ 1/[1 + 7859 in-
stead, as already obtained.i aev (2007). Balew
give a short derivation of this expression in the formulatgiven
here.

B2 Quasi-stationary solution including the asymmetry
between continuum emission and absorption profile

Here we give the derivation for the escape probability in lthe
Lyman continuum assuming quasi-stationarity but takirtg ac-
count that the continuum emission and absorption profil@srdiy

f¢ # 1. From the definition Eq[{7b) and with= v %ﬁ it directly
follows
c N Y o1sdP) d_17 V=
Taod 2.2 * To I ) 7 To (B7)

o1sdv) NH! . .
with 7o = 225N Also from Eq. [@b) withe§ = 1 one directly

has
< 92 o1sdV) vV—v) dv
Fc,qs — Ef v S _
T@= % | @) o) ST
_To f‘” Ve ox . hve |l v —v) v
Tfe J, v P KT, | v v
o1 W (88)
Tt 14 7qy)’
o1s(v) NHI . - .
with 7859v) = % khlvy Inserting this into the expression for

the escape probabilits, = fom wc(v,29[1 — f¢GS]dy, and ne-
glecting the slow (power-law) scaling of*{v) =~ 7%(v.) with fre-
quency one then obtai*® ~ 1/[1 + 7259.

The main diference to the approximation E._(B6) is in the
scaling for smallre. Here one ha®* ~ 1 - 7% while from
Eq. [B8) one findP,*" ™ ~ 1 — 278 However, in the limit
75%¢>> 1 both approximations agree.
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