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ABSTRACT

Energy release in the early Universeq 2 x 10) should lead to some broad spectral distortion of the cosmicowave background
(CMB) radiation field, which can be characterized/agpe distortion when the injection process started athifidsz < 5x 10°. Here
we demonstrate that if energy was released before the begiohcosmological hydrogen recombinatia( 1400), closed loops of
bound-bound and free-bound transitions inathd Hex lead to the appearance of (i) characteristic multiple maspectral features
at dm and cm wavelengths, and (ii) a prominent sub-millimégeature consisting of absorption and emission parts irfah&Vien
tail of CMB spectrum. The additional spectral features aregated in the pre-recombinational epoch af(#> 1800) and He
(z = 7000), and therefore fiier from those arising due to normal cosmological recomimnan the undisturbed CMB blackbody
radiation field. We present the results of numerical contjaria including 25 atomic shells for bothitind Her, and discuss the
contributions of several individual transitions in detéis examples, we consider the case of instantaneous eredegge (e.g. due to
phase transitions) and exponential energy release beoblosgy-lived decaying particles. Our computations shoat thue to possible
pre-recombinational atomic transitions the variabilifyttte CMB spectral distortion increases when comparing withdistortions
arising in the normal recombination epoch. The amplitudiefspectral features, both at low and high frequenciesctyrdepends
on the value of thg-parameter, which describes the intrinsic CMB spectrabdi®n resulting from the energy release. Also the
time-dependence of the injection process play an importd@t for example leading to non-trivial shifts of the qupsriodic pattern
at low frequencies along the frequency axis. The existefitieese narrow spectral features would open an unique wagparate
y-distortions due to pre-recombinational (148 < 5 x 10%) energy release from those arising in the post-recomiinatiera at
redshiftsz < 800.
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1. Introduction Also in the post-recombinational epoch (z < 800), y-

) ) type spectral distortions due tofidirent physical mechanisms
The measurements with the/Firas instrument have proven shoyld be produced. Performing measurements of the aver-
that the spectrum of the cosmic microwave background (CMBye CMB spectrum (e.g. with wide-angle horns or like it was
is very close to a perfect blackbody (Fixsen etal. 1996) witfone with Gse/Firas) all clusters of galaxies, hosting hot inter-
thermodynamic temperatufig = 2.725+0.001 K (Mather et al. gajactic gas, due to the thermal SEeet [Sunyaev & Zeldovich
1999; | Fixsen & Mather 2002). However, from the theoreticig72p) are contributing to the integral value of the observe
point of view deviations of the CMB spectrum from the ong.parameter. Similarly supernova remnants at high redshift
of a pure blackbody are not only possible but even inevitaly§p et al[ 2003), or shock waves arising due to large-scale-st
if, for example, energy was released in tzely Universe (e.9. tyre formation [(Sunyaev & Zeldovich 1972a; Cen & Ostfiker
due to viscous damping of acoustic waves, or annihilatirdesr [1999: [Miniati et al.l 2000) should contribute to the overgll
caying particles). For very early energy release (B0* < Zs parameter. For its value today we only have the upper limit by
2 x 10°) the resulting spectral distortion can be characterized @§py/Fir s, and lower limits derived by estimating the total con-
a Bose-Einsteip-type distortion/(Sunyaev & Zeldovich 1970btripution of all clusters in the Universe (Markevitch et/#891;
llarionov & Syunyaev 1975a,b), while for energy releas®et (43 Sjlva et alll 2000; Roncarelli et al. 2007). These loweitim
redshifts ¢ < 5 x 10%) the distortion is close to gtype dis- are exceeding ~ 10, and it is still possible that the contribu-
tortion (Zeldovich & Sunyaev 1969). The current bes'[SObaethions to the total value ofdue to early energy release are compa-
tional limits onsthese types of distortions dye< 1.5x 10> and  rape or exceeding those coming from the low redshift Urseer
lul < 9.0x 10~ (Fixsen etal. 1996). Due to the rapid techno-  geyeral detailed analytical and numerical studies for
logical development, improvements of these limits by adeof  yarious energy injection histories and mechanisms can be
~ 50 in principle could have been possible already severabyeg,nd in the literature (e.g/_Zeldovich & Sunyaév _1969;
ago (Fixsen & Mather 2002), and recently sonfflers are made [Synvaey & Zeldovich | 1970Bi¢,a; | lllarionov & Syunyaev
to determine the absolute value of the CMB brightness tespef 9754 b: Zeldovich et al. | 1972: Chanetal. 1975:
ture at low frequencies usingreane (Kogut et all 2004, 2006). [Danese & de Zoitl 1982; Daly 1991; Burigana etlal. 1991b,a,

1995] Hu & Silk 1993a.b; Hu et al. 1994; Salvaterra & Burigana
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e-mail: jchluba@mpa-garching.mpg.de Two very important conclusions can be drawn from these all
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studies: (i) the arising spectral distortions are alwagyy broad for the expected contributions to the pre-recombinatisigglals
and practicallyfeatureless, and (ii) due to the absence of narroncoming from primordial helium in Sedil 4. Our main results ar
spectral features, distinguishingfiéirent injection histories is presented in Sedt] 5, where we first start by discussing a few
extremely dificult. This implies that if one would find gtype simple cases (Sedf._ 5.1 and]5.2) in order to gain some level of
spectral distortion in the average CMB spectrum, then itéaep understanding. We support our numerical computations by se
tically impossible to say if the energy injection occurredtj eral analytic considerations in Séct 5]1.1 and AppehdixrB. |
before, during or after the epoch of cosmological recomimna Sect[5.B we then discuss the results for our 25 shell computa
In this paper we show that thgre-recombinational emission tions of hydrogen and He First we consider the dependence
within the bound-bound and free-bound transition of atomiaf the spectral distortions on the valueyofSect[5.3.11), where
hydrogen and helium should leave multiparrow features Fig.[§ and6 play the main role. Then in Setis. §.3.27and]5.8.3 w
(Av/v ~ 10— 30%) in the CMB spectrum, that might becoménvestigate the dependence of the spectral distortionb®imt
observable at cm, dm and sub-mm wavelength (see Bect.j&gtion redshift and history, where we are particularlgested
This could in principle open a way to directly distinguistepr in the low frequency variability of the signal (see Hig. 9 8d)).
and post-recombinationgldistortions and even to shed light onWe conclude in Sedi] 6.
the time-dependence of the energy injection process.

At redshifts well before the epoch of He — Herir- ) )
recombinationZ > 8000) the total number of CMB pho-2. CMB spectral distortions after energy release

tons is not ﬁepted by atomic transitions if_ th_e intrinsic CMB pgq any energy release in the Universe, the thermodynamic
spectrum is given by gure blackbody. This is because the

X > 3 ; ' uilibrium between matter and radiation in general wilplee-
atomic emission and absorption processes in full thermoc{eq 9

namic equilibrium balance each other. However, a lower re rbed, and in particular, the distribution of photons va-
X s ' _ iate f th f blackbody. Th bined acti
shifts ¢ < 8000), due to the expansion of the Univers ate from e one ot a pure lackbody. | he eprmned action

f Compton scattering, double Compton emis8ifinightman

the meldium beﬁ%me Siciently COI%tO allow Ithe formatiogngf 1981; Thorné 1981; Chiuba et al. 2007b), and Bremsstrahlung
neutral atoms. The transition to the neutral state Is astaitl ) attempt to restore full equilibrium, but, depending tre

with the release of several additional photons per baryan (& ~+i ; ; : :
jection redshift, might not fully succeed. Using the agppf
~ 5 photons per hydrogen atom_(Chluba & Sunyaev 2006l),4e formulae given ih Burigana et &1 (1991b) and Hu &)Silk

even within a pure blackbody ambient CMB radiation fieldg 9934y for the parameters within the concordance cosgiolo
Refining early estimates (Zeldovich et al. 1968; Peeble€196.,, moc}el (Snerapel et Al. 2003; Bennett et al. 2003), one ian d

Dulbépvich_1975; I_Dl_Jbro(;/ic_h & ﬁtc()jlyarov 1995, t997).’ tge SP€Ginguish between the following cases for the residual CM&sp
tral distortions arising during nydrogen recombinatio A&  tral distortions arising from a single energy injectiép, /p, <«
Z < 1800), Har — Her-recombination (160§ z < 3000), and 1, at heating redshit:

Heinn — Herr-recombination (450& z < 7000) within a pure
blackbody ambient radiation field have been recently coegu
in detail (Rubifio-Martin et al. 2006; Chluba & Sunyaev 00
Chluba et al. 2007a; Rubino-Martin etlal. 2007). It was alse e
phasized that measuring these distortions in principle opsn
another independent way to determine the temperature of the
CMB monopole, the specific entropy of the Universe, and the
primordial helium abundance, well before the first appeesgan
of stars (e.g. Sunyaev & Chluba 2007; Chluba & Sunyaev|2008
Sunyaev & Chluba 2008).

If on the other hand the intrinsic CMB spectrum de
ates from a pure blackbody, full equilibrium is perturbed,
and the small imbalance between emission and absorption in
2%0;;?:& Ot::]aserét\I/(;?]Spﬁi? tl)e?r?etgpg cﬂe;fcrgacg?nebig;t?gﬁ, ?#ggre " tortion close to their initial frequency, but cannot upseat
ticular owing to loops starting and ending in the continuum strongly. The deviations from a blackbody represeniz

{ : .. ture between y-distortion and a-distortion.
5h the masimal Spectral diciorions and are produgngraéldl) 2 < 2 < 2 ~ 2 10° Compton scattering can estab-
lish full kinetic equilibrium of the photon distribution with

new photons per absorbed one. In this paper we want to demon-,[he electrons after a very short time. Low frequency oho-

strate how the cosmological recombination spectrunfteceed tons (mainly due to dou%le Comptoﬁ emissic()]n) up)éc%tter
if one allows for an intrinsicy-type CMB spectral distortion. ! . :

We estate e cases of slensantaneousenespimy 21 S [e0LES 1 Shect) Srion oL nof feden
(e.g. due to phase transitions) and for long-lived decapeg Bose-Einstein distribution with frequency-dependentche

ticles. There is no principle fliculty in performing the calcula- . . L . ;
tions for more general injection histories, also includintype ;fgéﬁg;i?gg" which is constant at high and vanishes at low

e S hacalreS88 () 2 = 3 Both Compton scateing and photon procion
In Sect[® we pyr,ovi de a short overview regargin% t'he ther. Processes are extremelffieient and restore practically any

malization of CMB spectral distortions after early energy r spectral distortion arising after heating, eventualijdiey

lease, and provide formulae which we then use in our compus pye 1o the huge excess in the number of photons over baryons

tations to describg-type distortions. In Sedtl 3 we give explicit(N,/N, ~ 1.6 x 1¢°), the double Compton process is the dominant
expressions for the net bound-bound and free-bound ratas isource of new photons at redshiftg > 3 x 10° — 4 x 10°, while at

distorted ambient radiation field. We then derive some egts z < z;. Bremsstrahlung is more important.

t(I) Z, < z, ~ 6.3 x 10°% Compton scattering isiot able

to establish full kinetic equilibrium of the photon distuib

tion with the electrons. Photon producing processes (yainl

Bremsstrahlung) can only restore a Planckian spectrum at

very low frequencies. Heating results in a Comptgn

distortion (Zeldovich & Sunyaev 1969) at high frequencies,

_ like in the case of the thermal SZtect, with y-parameter

Yy~ %6py/py-

vﬂl) Z, < z, < z, ~ 2.9 x 10°: Compton scattering can establish
partial kinetic equilibrium of the photon distribution with

the electrons. Photons that are produced at low frequencies

(mainly due to Bremsstrahlung) diminish the spectral dis-
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a pure blackbody spectrum with slightly higher temperature However, when the energy release is due to decaying un-
T, than before the energy release. stable particles, which have fligiently long life-timesty, then
the CMB spectral distortion will built up as a function of red
For the case (I) and (IIl) it is possible to approximate tree dishift. In this case the fractional energy injection rateiigeg by
torted radiation spectrum analytically. There is no pptedifi- ~ 5p,/p, « €@/ /(1+2), so that the time-dependenparameter
culty in numerically computing the time-dependent solutior can be computed as
the radiation field after release of energy (e.9. Hu &|Silk 389

for more general cases, if necessary. However, here we are pa f‘” dz e @/ /H(Z) (1 + Z)?
ticularly interested in demonstrating the mairftelience in the Y(2) = Yo X = , (4)
additional radiation appearing due to atomic transitionsy- fo dz @)/ /H(Z)(1+ Z)?

drogen and heliunbefore the actual epoch of recombination,

and for late energy release, in whicly-&ype spectral distortion \herey, = L 6p,/p, is related to the total energy release, and
is formed. We will therefore only distinguish between cae (H(z) is the Hubble expansion factor. Note the#) is a rather
and (Il1), and assume that the transition between these &8 steep function of redshift, which strongly rises around ri-
occurs aiz,y = zﬂ/4\/§ ~ 5.1 x 10%, i.e. the redshift at which shift, z«, at whicht(2) = tx.

the energy exchange time scale equals the expansion tifge sca

(Sunyaev & Zeldovich 1980; Hu & Silk 1993a). Théects due

to intrinsic u-type spectral distortions will be left for a future3  Atomic transitions in a distorted ambient CMB

work, so that below we will restrict ourselves to energy étijen o

at redshiftz < 50000. radiation field

3.1. Bound-bound transitions

2.1. Compton y-distortion Using the occupation number of photong= 1/[e** - 1], with
fh%quency-dependent chemical potenfigk), one can express
the net rate connecting two bound atomic statasd j in the
convenient form

For energy release at low redshifts the Compton process is
longer able to establish kinetic equilibrium. If the termgtere
of the radiation is smaller than the temperature of the edast

photons are upscattered. For photons which are initialdy di A N, e N

tributed according to a blackbody spectrum with tempeeskyy AR;j = pij ST b T 90 g lxitmil | (5)
the dficiency of this process is determined by the Compton et — 1 g Ni

parameter,

wherep;; is the Sobolev-escape probabiliy, is the Einstein-
kg(Te—T,) A-codficient of the transition — j, N; andg; are the popu-
= T me? lation and statistical weight of the upper aNg and g; of the
lower hydrogen level, respectively. Furthermore we hawoin
whereot is the Thomson cross sectionl, € cdt, Ne the elec- duced the dimensionless frequengy = hvij/KTo(1 + 2) of the
tron number density, antk the electron temperature. Ape< 1,  transition, wherdly = 2.725K is the present CMB temperature
the resulting intrinsic distortion in the photon occupatmimber  (Fixsen & Mather 2002), angij = u(x;j).
of the CMB is approximately given by (Zeldovich & Sunyaev
1969)

y Ne oT dl s (1)

3.2. Free-bound transitions

An, =y xe > [x e+l - 4} (2) For the free-bound transitions from the continuum to theriobu
(E-1p[ e-1 atomic states one has
Herex = hy/kgT, is the dimensionless frequency.
For computational reasons it is convenient to introduce the ARg = NeNcai = Ni i, (6)
frequency dependent chemical potential resulting fromg- a ) ) )
distortion, which can be obtained with whereN. in the case of hydrogen is the number density of free

protons,N,, and the number density for Henuclei, Nyey, in
the case of helium. The recombination fia@ent,«;, and pho-
(3) toionization coéficient,s;, are given by the integrals

1+n T
,u(x)=|n( . y)—xi—yx[xex+1—4 .

X ex—-1
Hereny(x) = 1/[e* - 1] is the Planckian occupation number, W £y ® V2 gi(v) @ 0lp & (7a)
andn, = ny + An,. Forx — 0 andy < 1 one findsu(x) ~ 2xy, e VYL e — 1
and forx > 1 one hagu(x) ~ —In[l +yx?, or u(x) ~ —yx? e V2ari(v) g -
for 1 <« x <« 4/1/y. Comparing with a blackbody spectrum of Bi= 3 . o) —1 (7b)

temperaturel,, for y > 0 there is a deficit of photons at low
frequencies, while there is an excess at high frequencigmrt-

ticular, the spectral distortion changes sigmat 3.8. Herex = hvic/KT, is the dimensionless ionization frequency,

p = Te/T, is the ration of the photon and electron tempera-
ture, o is the photoionization cross-section for the leednd

2.1.1. Compton y-distortion from decaying particles ﬁ(Te) _ % [zn;ikT ]3/2 N %4.14>< 10_16-|—e—3/2 cn®. In full ther-

If all the energy is released at a single redsbift z,, ~ 50000, Mmodynamic equilibrium the photon distribution is given by a
then after a very short timeyatype distortion is formed, where blackbody withT, = Te. As expected, in this case one finds
they-parameter is approximately given gy % dp, /p,. from Eq. [7) tha}® = fi(Te) €™ic/KTe g4,
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4. Expected contributions from helium 4.2. Contributions due to He!

The number of helium nuclei is only 8% relative to the number In the case of neutral helium, the highly excited levels ae b
of hydrogen atoms in the Universe. Compared to the radiatisitally hydrogenic. Therefore one does not expect any ampli
coming from hydrogen one therefore naively expects a srdall dication of the emission within loops prior to its recombina-
dition of photons due to atomic transitions in helium. Hoeev tion epoch. Furthermore, the total period during which neu-
at given frequency the photons due toiHeave been releasedtral helium can contribute significantly is limited to thelshift
at aboutZz? = 4 times higher redshifts than for hydrogen, seange starting at the end of kie — He1 recombination, say
that both the number density of particles and temperatutieeof 1600 < z < 6000. Therefore, neutral helium typically will not
medium was higher. In addition the expansion of the Univerge active over a large range of redshifts.
was faster. As we will show below, these circumstances make Still there could be some interesting features appearing in
the contributions from helium comparable to those from bydrconnection with the fine-structure transitions, which ewéhin
gen, where Ha plays a much more important role thanHe  the standard computations lead to strong negative featuthe
Hei recombination spectrum (Rubino-Martin etlal. 2007). Also
the spectrum of neutral helium, especially a high freques)és
more complicated than for hydrogenic atoms, so that some non
The speed at which atomic loops can be passed through is dettéfial features might arise. We leave this problem for sdme
mined by the &ective recombination rate to a given levgdince ture work, and focus on the contributions of hydrogen anad.He
the bound-bound rates are always much faster. In order ito est
mate the contributions to the CMB spectral distortion byutHe PP . : :
we compute the change in the population of leveilie to direct 5. Results for intrinsic y-type CMB distortions
recombinations to that level over a very short time intetal Here we discuss the results for the changes in the recombina-
i.e. AN ~ Ne NcaiHe“ At. tion spectra of hydrogen and Hdor different values of thg-
Becauseall the bound-bound transition rates in tdare 16 parameter. Some of the computational details and the famul
times larger than for hydrogen, thielative importance of the tion of the problem can be found in Appendik A.
different channels to lower states should remain the same as in
hydrogeH. Therefore one can assume that the relative numbergf " hell
photons f;j, emitted in the transition — j per additional elec- -1~ The 2 shell atom
tron on the level is like for hydrogen at 4 times lower redshifts|n order to understand the properties of the solution anl tals
If we want to know how many of the emitted photons argheck the correctness of our computations we first considere
observed in a fixed frequency interval today @ons = 0) We  the results including only a small number of shells. If weetak
also have to consider that at higher redshift the expansititeo 2 shells into account, we are only dealing with a few atomic
Universe is faster. Hence the redshifting of photons thhoag transitions, namely the Lyman- and Balmer-continuum, ded t
given intervalAv is accomplished in a shorter time interval. Foyman- line. In addition, one expects that during the recom-
a given transition, these are relatedAty= #ﬁ] Av. Then the pination epoch of the considered atomic species (hereH
change in the number of photons due to emission in the tiansitHen) also the 2s-1s-two-photon decay channel will contribute,

4.1. Contributions due to He

i — ] today should be proportional to but very little before that time.
In Fig.[d we show the spectral distortiofl,, including 2
AN, (vi7) ~ fij(Zem) ANi(Zem) (1 + Zem) Ay (8) shells into our computations forféiérent transitions as a func-
P H(zem) L+ Zem)® i ’ tion of redshiffl. It was assumed that energy was released in a

. . o ingle injection atz = 50000, leading ty = 107°. All shown
wherezem is the redshift of emission, and the change of the VOi’urves were computed using th€unction approximation for

ume element due to the expansion of the Universe is taken i@ jtensity (for details sée Rubifio-Martin el al. 2008)is ap-
account by the factor of (& zem)”. This now has to be compared, . imation is not sfiicient when one is interested in computing
with the corresponding change in the number of photons edhitty spectral distortions in frequency space.

in the same transition by hydrogen, butat 4 times lower 60msS  pyjo; 1o the recombination epoch of the considered species

redshifth d . ith ch h binati one can find pre-recombinational emission and absorptitrein
For hydrogenic atoms with changdahe recombination rate, yman- and Balmer-continuum, and the Lymariine, which

including stimulated recombination within the ambient CM o
: — ould be completely absent fgr= 0. As expected, during in
blackbody, scales like (Kaplan & Pikelrier 1970) the pre-recombinational epochs the 2s-1s-two-photorsitian

74 o dx 72 is not important. This is because the 2s-1s transition iplim
¥« =3 f 2 ST (9) unable to compete with the 10° times faster Lymanx transi-
b /kT X tion while it is still optically thin.
where v is the ionization frequency of the levél T is the Summing the spectral distortions due to the continuua, one

temperature of the plasma. It was assumed that< kT. finds cancellation of the redshift-dependent emission avaell

Therefore one findge"(4T)/a"(T) ~ 2. Assuming radia- close to our numerical accuracy (relative accurgcy0 for
tion domination one also haH(lz)/H(4z) ~ 1/16. Hence, we the spectrum). This is expected because of electron nurober ¢
find ANIe (VHet 4z) /AN (W, Zem) ~ 8%x 43 2/16 ~ 64% servation: in the pre-recombinational epoch the overaliza-

ij ij > '

Note that (1+ Zem)/Vﬂ-I =1+ 4Zem)/V:-j|eH- Prior to the epoch of tion state of the plasma is noffected significantly by the small

Heinn — He1 recombination the release of photons by helium?® This is a convenient representation of the spectrum, wheni®n
is amplified by a factor of 8! interested in the time-dependence of the photon releaberthan the
observed spectral distortion in frequency space. To olph&itater, one
2 Even the factors due to stimulated emission in the ambietkdl simply has to plot the presented curves as a function=efy; /(1 + 2),
body radiation field are the same! wherey;; is the restframe frequency of the considered transition.
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deviations of the background radiation from full equililom.
Therefore all electrons that enter an atomic species valide
it again, in general via another route to the continuum. Trhis
plies thaty; AR; = 0, which is a general property of the solution
in the pre-recombinational epoch.

If we look at the Lyman- and Balmer-continuum in the case
of hydrogen we can see that at redshifts 30000 electrons are
entering via the Lyman-continuum, and leaving via the Baime
continuum, while in the redshift range 20@0z < 30000 the
opposite is true. As expected, fprz 2000 the Lymany transi-
tion closely follows the Balmer-continuum, since everycéien
that enters the 2p-state and then reaches the ground lexkl, h
to pass through the Lymam-ransition. Using the analytic so-
lution for the Lymane line as given in the Appendix]B we find
excellent agreement with the numerical results until tted re-
combination epoch is enteredzag 2000.

In the case of He for the considered range of redshifts the
pre-recombinational emissiom £ 7000) is always generated in
the loop c— 2p — 1s — c. Again we find excellent agree-
ment with the analytic solution for the Lymantine. Note that
for Heu the total emission in the pre-recombinational epoch is
much larger than in the recombination epoclz at 6000 (see
discussion in Sedil 4). The height of the maximum is even com-
parable with the H Lyman- line.

As one can see from Fifl 1, at high redshifts all transitions
become weaker. This is due to the fact that the restframaémreq
cies of all lines are in the Rayleigh-Jeans part of the CMR:spe
trum, where the #ective chemical potential of thgdistortion
(see Sec{211) is dropping Ike(x) ~ 2xy. This implies that
at higher redshift all transitions are more and more within a
pure blackbody ambient radiation field. On the other hand the
effective chemical potential increases towards lower resuf
that also the strength of the transitions increases. Howeave

Fig. 1. Spectral distortionAl,, including 2 shells into our com- z < 3000 in the case of hydrogen, ands 11000 for Hei, the
putations for diferent transitions as a function of redshift and foescape probability in the Lyman-continuum (see Appehd A.
y = 10°5. All shown curves were computed using théunction and Eq.[(B.B) for quantitative estimates) starts to deersis
approximation for the intensity. The upper panel shows the mificantly, so that the pre-recombinational transitionssee The
sults for hydrogen, the lower those for Heln both cases the maximum in the pre-recombinational Lymanline is formed
analytic approximation for the Lymaamiine based on Eg[(Bl2), due to this rather sharp transitions to the optically thiegion

and including the escape probabilities in the Lynaaline and

Lyman-continuum, are also shown.
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in the Lyman-continuum (see also Séct. 5.1.1 for more dtail

5.1.1. Analytic description of the pre-recombinational
Lyman-a line

One can understand the behavior of the solution for the sgdect
distortions in more detail using our analytic descriptidrthe
Lyman- line as given in AppendixB.

In Fig.[@ we show the comparison offi#irent approxima-
tions with the full numerical result. If we use the analytjz-a
proximation based on Ed.(B.2), but do not include the escape
probabilities in the H Lyman- line and Hi Lyman-continuum,
then we obtain the dotted curve (quoted 'analytic la’ in tige fi
ure). The curve quoted 'analytic Ib’ also includes the escap
probabilities as described in Appendix Bll.1. Comparireséh
curves shows that for the shape of the distortion at3000 the
escape probabilities are very important. However, althoag
this redshift the Sobolev optical depth in the BEyman« line is
roughly 14 times larger than the optical depth in thelldman-
continuum, the derivation of Eq.(B.8) shows that thelLiman-

Fig.2. Analytic representation of the pre-recombinational He €scape probability only plays a secondary role.

Lyman- spectral distortions for the 2 shell atom aneg 107.

See text for explanations.

4 Or more correctlyu(x) ~ 7.4 xy if one also takes into account the
difference in the photon and electron temperaiirer T,[1 + 5.4Y]
(see AppendikAll).
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oo | o o when including 3 shells. The left panel shows the loops for
500 0 1o soooo  transitions that are terminating in the Lyman-continuurhe T
right panel shows the case, when the Lyman-continuum is com-
i ] pletely blocked, and unbalanced transitions are ternmgaiti

oer T pea the Balmer-continuum instead.

------- Hell B)elllrnera ]
——— Hell Ly-c B
777777 Hell Balmer-c

- Hell Paschen-c ] uum are possible. Looking at Figl. 3 again we find that the sum
over all transition in the continuua vanishes at redshifterp

to the actual recombination epoch of the considered spe&kies

z < 3000 in the case of hydrogen, amds 11000 for Hair,

the escape probability in the Lyman-continuum becomeslismal

For 2 shells this fact stopped the pre-recombinational s

until the actual recombination epoch of the considered &tom

species was entered (see [Fig. 1). However, for 3 shellsefect

can now start to leave the 1s-level via the Lyngatransition,

and then reach the continuum through the Balmer-continuum.

For both hydrogen and Heone can also see that the emission in

T ‘ ‘ ~ w000 the Lymane line stops completely, once the Lyman-continuum

? is fully blocked. In this situation only the loope 3 - 2 — ¢

Fig.3. Spectral distortionAl,, including 3 shells into our com- via the Balmer-continuum is working. Only when the main re-

putations for diferent transitions as a function of redshift angéombinational epoch of the considered species is entehed, t

for y = 10°°. For all shown curves we used thdunction ap- Lymanw line is reactivated.

proximation to compute the intensity. The upper panel sttbe's In Fig.[4 we sketch the main atomic loops in hydrogen and

results for hydrogen, the lower those for e Hen when including 3 shells. Foy = 107°, in the case of hy-
drogen the illustrated Lyman-continuum loops work in the-re

shift range 20005 z < 30000, while the Balmer-continuum

With the formulae in Appendix B.112, the spectral distatioloop works for 1600< z < 2000. In the case of Heone finds
can be written in the forml,(2) = F(2) x A. If we useF ac- 8000< z < 1.2 x 10° and 6200< z < 8000 for the Lyman-
cording to Eq.[(B.I0) and ~ w21 + pope — p1se @s derived in - and Balmer-continuum loops, respectively. It is clear thaiv-
Eq. (B.14b), then we obtain the approximation quoted "ati@ly ery closed loop one energetic photons is destroyedsatehst
I'. One can clearly see that this approximation represéms two photons are generated at lower frequencies. Includiogm
global behavior, but is fails to explain the Lymanabsorption shells will open the possibility to generate more photons pe
atz > 30000. In fact within this approximation the Lymarline  loop, simply because electrons can enter through highlifezkc
should always be in emission, even at very high redshiftgesi levels and then preferentially cascade down to the lowesdtssh
thereA ~ 3y x1s¢/32 > 0. via several intermediate levels, leaving the atomic szeailing

If we also take into account higher order terms for the linghe fastest available route back to the continuum. Below lle w
imbalanceA according to Eq.[{B.16) then we obtain the curveiscuss this situation in more detail (see Sect. 5.3.1).
guoted "analytic IlI', which is already very close to thelfsblu- Figure$1 anf3 both show that the pre-recombinational lines
tion and also reproduces the high redshift behavior, butista  are emitted in a typical redshift range/z ~ 1, while the signals
at slightly higher redshift ~ 40000 instead oz ~ 30000). from the considered recombinational epoch are releaséudrwit
This is largely due to the approximations of the integrialdB8 Az/z ~ 0.1 - 0.2. For the pre-recombinational signal the ex-
over the photoionization cross-sections (in particag). Still  pected line-width is\v/v ~ 0.6 — 0.7. However, the overlap of
if one evaluates these integrals more accurately, one dii@s several lines, especially at frequencies where emissidraan
cover the full solution, since the free-bound Gaunt-fazteere sorption features nearly coincide, and the asymmetry optae
neglected. recombinational line profiles, still leads to more narrowdpal
features withAv/v ~ 0.1 — 0.3 (see Seck. 513, Fifl 6).

It is also important to mention that in all cases the actual
recombination epoch is noffacted significantly by the smat
If one takes 3 shells into account, the situation becomes a dhistortion in the ambient photon field. There the deviativom
more complicated, since more loops connecting to the conttBaha-equilibrium because of the recombination dynamios-do

Lines from normal
Hell recombination

I
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I
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5.2. The 3-shell atom
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Fig.5. Contributions to the H (left panels) and He (right panels) recombination spectrum foffdrent values of the initiay-
parameter. Energy injection was assumed to occrar-at4 x 10*. In each column the upper panel shows the bound-bound signal
the middle the free-bound signal, and the lower panel the&umth. The thin red lines represent the overall negativesp the

signals

inate over those directly related to the spectral distortamd in  5.3. The 25-shell atom
particular the changes in the ionization history are tiny.

In this Section we discuss the results for our 25-shell compu
tations. Given the large amount of transitions, it is betibedi-
rectly look at the spectral distortion as a function of fregoy.
However, following the approach of Séctb.1, we have checked
that the basic properties of the first few lines and contirasia
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Fig.6. Main contributions to the H (left panels) and He (right panels) spectral distortion atfidirent frequencies for energy
injection atz = 40000 and/ = 10°°. We have also marked those peaks coming (mainly) from th@mbmation epoch (rec’) and
from the pre-recombination epoch ('pre’) of the consideatamic species.

function of redshift do not change qualitatively in compgarito tion must be computed using the fulfidirential photoionization
the previous cases. In particular, only the Lyman- and Balmeross section (see Appendix A.4).

continuum become strongly negative, again in similar rétish

ranges as for 2 or 3 shells. In absorption the other contiplaya ) )

no important role. 5.3.1. Dependence of the distortion on the value of y

Note that for the spectral distortion now the impact of eledn Fig.[3 we show the contributions to the recombination spec
tron scattering has to be considered and the free-boundlmont trum for different values of the initia}-parameter. In addition,
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Fig.[8 shows some of the main contributions to the total hydrdable 1. Approximate number of photons and loops per nucleus

gen and Ha spectral distortion in more detail. for z = 4 x 10* and diferent values oy.
y=0 y=107 y=10° y=10"
Bound-bound transitions NQI 0x NH -0.028x NH -0.28x NH -2.74x NH

-c
NG, 042X Ny 0.47x Ny 0.92x Ny 5.37x Ny

; ) P N 2.49x Ny 2.59% Ny 3.45% Ny 1204 x Ny
- S_hb
Focusmg first on the contributions due to bound-bound tran po 0x Ny 0.032x N 032x N, 324% N,

tions, one can see that the standard recombination sigeaiodu ~loop
hydrogen is not very stronglyfizcted whery = 1077, whereas NSF_I:; O0XNhe —0.27xNye —267XNpye —26.6X Nye
the helium signal already changes notably. Increasingdheev Ny,  0.55X Nye 106X Nye  5.68xNye 518X Nye
of yin both cases leads to an increase in the overall amplitude 8" 2.48x Nue 349x Nye 125X Nge 103x Npe
the distortion at low frequencies, and a large rise in thession ~ Nigep 0% Nhe 028X Nhe 291X Nye  301x Npe
and variability atv > 100 GHz. For H at low frequencies the

level of the signal changes roughly 5 times when increasieg t
value ofy from 0 to 10°°, while for Hen the increase is even
about a factor of 40. This shows that in the pre-recombinatio

epoch Her indeed behaves similar to hydrogen, but with an amilso in the total spectra (see lower panels in Fig. 5) one can
plification ~ 8 (see Seckl4). clearly see a strong absorption feature at high frequenaldsh

. . _ . is mainly associated with the Lyman-continuum and Lyman-
At high frequencies, a strongmission-absorption feature  caries forn > 2 (see Fig[B also). Foy = 10°5, in the case

appears in the range~ 500 GHz- 1600 GHz, which is com- ¢ hyqrogen it exceeds the Lymantine from recombination
pletely absent foy = 0. Withy = 10™ from peak to peak (, 1750 GHz) by a factor of 4 aty ~ 1250 GHz, while for
this feature exceeds the normal Lymardistortion (close t0 [ia. it is even~ 20 times stronger, reaching80% of the cor-
v ~ 1750 GHz for H andy ~ 1680 GHz for Her) by a fac-  reqponding hydrogen feature. Checking the level of emisato

tor of ~ 5 .folr ';I' andhabout 30 timﬁg for HeIThe absorpt(ijon low frequencies, as expected (see éct. 4), one can find ¢hat H
partis mainly due to the pre-recombinational Lym@nry, and - j,qeed contributes abouf2 to the total level of emission.

¢ transition, while the emission part is dominated by the pre- As illustrated in the upper panels of Fig. 6, the emission-

][ecombmé;ltltor)lal emission in the Lymantine (see also Fid.16 absorption feature at high frequencies is due to the ovefltpe
or more detail). pre-recombinational Lymaa-ine (emission), and the combina-

It is important to note that in the case of Henost of the re- tion of the higher pre-recombinational Lyman-series anthay-
combinational Lymarnx emission ¢ ~ 1750 GHz) is completely continuum (absorption). At intermediate frequencies (ited
wiped out by the pre-recombinational absorption in the aighPanels), the main spectral features are due to the Bainere-
Lyman-series, while for Honly a very small part of the Lyman- 'fécombinational Balmer-series from> 3 and the Paschemn-
a low frequency wing is fiected. This is possible only becausd&ansition, with some addltlonql broad cqntnbutlon_s te tver-
the pre-recombinational emission in the iHeyman-series is so all amplitude of the bump coming from higher continuua.

strongly enhanced, as compared to the signal producedgdurin The lower panels of Fig.16 show, the separate contributions
the recombinational epoch. to the bound-bound series for the 10th shell as an exampke. On

can notice that in the case of hydrogen the recombinatiordl a
pre-recombinational emission have similar amplitude |evfor
Hen the pre-recombinational signal is more than one order of
magnitude larger (see Selct. 4 for explanation). In bothsctse

) o _ pre-recombinational emission is much broader than themneco
Now looking at the free-bound contributions, one can ageé shinational signal, again mainly due to the time-dependerice

that the hydrogen signal changes much less with increasiigVv the photon emission process (see Sect. 5.1and 5.2), buti® so

free-bound signal decreases at low frequencies, whilgatfihe-
quencies a strong and broad absorption feature appearsh whi

is mainly due to the Lyman-continuum. Fpr= 1075 this ab- Number of photons and loops
sorption feature even completely erases the Balmer-aauntin
contribution appearing during the actual recombinaticoobpf
the considered species. Itis 2 times stronger than theykhan-
a line from the recombination epoch, and in the case ofi ke
exceeds the normal HeLyman- line by more than one order
of magnitude.

Total distortion

Free-bound transitions

Using the free-bound spectrum, one can also compute thie tota
number of loopsMoop, that were involved into the production
of photons. This is possible, since only during the recoratidm
epoch electrons will terminate in the 1s-state. Therefozadtal
number of photons emitted in the free-bound spectrum is very
close to~ 1y per nucleus, while when looking at the positive or
However, except for the absorption feature at high frequeegative part of this contribution one should findNoop + 1)y
cies the free-bound contribution becomes practicallyuieat and~ —Nioopy per nucleus, respectively.
less when reaching = 10°°. This is due to the strong over-  In Tablell we give a few examples, also comparing with the
lap of different lines from the high redshift part, since the chapumber of photons emitted fgr= 0. One can see that the num-
acteristic width of the recombinational emission incrediiee  ber of loops per nucleus scales roughly proportional to ttees
Av/v ~ KTe/hvic (see middle panels in Fifl 5). In addition, theédf ¥, i.e. Mg, ~ 32 x [y/10°] and Nj& ~ 30 [y/107). If
photons are released in a more broad range of redshifts (see would consider a lower injection redshift the proparéib
Sect[5.1 anfi5l2), also leading to a lowering of the contrastity constant should decrease. Also when including morelshel
the spectral features from the recombinational epoch. Nioop should become larger. Furthermore, the number of loops



10 Chluba and Sunyaev: Pre-recombinational energy refeasaarrow features in the CMB spectrum

T Ty ——— — 1 : : : — :
z= 40000 A ] HI + Hell bb+fb-spectra z= 40000
= 10000 . § i 4 S _ —mm 2= 15000 4
i N ] Max=25 2=10000
[ 5 z=8000 !
og- Y=10 ———= 7=4000 4
— Signal fory = 0 ‘]
) f—
A a
aw "
N -
N
HI I 06
Nw T‘m
e By
- €
© bl
D &
S o 0.4
— —
2 -
< 3
0.2
HI bb+fb-spectra
r nmax :_525 bl
2F y=10 A
C | IR | | IR | I IR | P -
1 10 100 1000 3000 0
GH;
v[GHz] v[GHz1
[ T T 4
2+ A
E ] 8 2= 40000 1

-+ z=15000
7777777 z=10000 1
z=8000
——== z=4000 7
Signal fory=0 _|

Al [16%°3m? st HZ s
o

Al [16%°3m? st HZ s
o

Hell bb+fb-spectra HI + Hell bb+fb-spectra

n_.=25 1 Fon =25
2f y=10° | | | ] L ]
1 10 v[GHz]lOO 1000 3000 A o T w 500
Fig.7. Hr (upper panel) and He (lower panel) recombination giq 8. Total Hi + Hen recombination spectra for fiérent en-
spectra for dierent energy injection redshifts. ergy injection redshifts. The upper panel shows detailshef t

spectrum at low, the lower at high frequencies.

per nucleus is about one order of magnitude larger forn He
than for hydrogen. As explained in Selct. 4, this is due to the

amplification of transitions in the case of hydrogenic heliat _
high redshifts. Comparing the number of photons absorbed%now a compilation of dierent cases for the totalitand Hen

the Lyman-continuum, one can see that in practically alésass'gnal' In Fig[B we also present the sum of both in more detalil
~ 90% of all loops are ending there.

If we take the total number of photons per nucleus emitted fyatures at high frequencies
the bound-bound transitions and subtract the number obpisot
emitted fory = 0, we can estimate the loogiieiency,eq0p, Or For all shown cases the absolute changes in the curves are
number of bound-bound photons generated per loop priorto #trongest at high frequencies £ 100 GHz). Generally speak-
recombination epoch. For hydrogen one fiegds, ~ 2.9 - 3.1, ing, one can again find a rather broad bump at 100 GHz
while for Herr one hasgoop ~ 3.3 — 3.6. Similarly one obtains v < 400 GHz, followed by an emission-absorption feature in
an loop dficiency of egop ~ 1.7 — 1.8 for both the H and the frequency range 500 GHg v < 1600 GHz. In particular
Hen Lyman- lines. As expected these numbers are rather ithe strength and position of this emission-absorptioneate-
dependent of the value gf since they should reflect an atomigends strongly on the redshift of energy injection.
property. They should also be rather independent of the-inje  Regarding the broad high-frequency signature, it is more im
tion redshift, which mainly fiects the total number of loops ancbortant that the variability is changing, rather than theréase
thereby the total number of emitted photons. However, tbe loin the overall amplitude. For example, in the frequency eang
efficiency should still increase when including more shellign t 100 GHz< v < 400 GHz the normal recombinational signal has
computation. ~ 2 spectral features, while for injection zat~ 4000 roughly
4 features are visible, which in this case only come from bydr
gen, since atz ~ 4000 Heu is already completely recombined.
Note that also neutral helium should add some signal, whah w
not included here. Nevertheless, we expect that this darion
To understand how the pre-recombinational emission depeiis not strongly amplified like in the case of Hdsee Sec{]4),
on the redshift at which the energy was released, in[Fig. 7 wad hence should not add more thar-D% to the total signal.

5.3.2. Dependence of the distortion on the redshift of energy
injection
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Fig.9. Comparison of the variable component in the HHen bound-bound and free-bound recombination spectra folesing
energy injection at dierent redshifts. In all cases the computations were peddrimcluding 25 shells ang = 107°. The blue
dashed curve in all panel shows the variability in the norkhak Heu recombination spectrum (equivalent to energy injection
belowz ~ 800 ory = 0) for comparison.

Variability at low frequencies variability of the signal is mainly due to the non-trivialmerpo-
sition of many broad neighboring spectral features. Mogtim
Focusing on the spectral distortions at low frequenciesotrer- tantly, very little variability will be added by the high rehift
all level of the distortion in general increases for highed-r wing of the pre-recombinational lines and in particular bee
shifts of energy release. However, there is also some chiangginning of the injection process. This is because (i) at Highe
the variability of the spectral distortions. In order to study thi@mission is much smaller (cf. Fig. 1 dad 3), and (ii) elecsoat-
variability in more detail, in each case we performed a simoatering broadens lines significantly, smoothing any broaduie
spline fit of the total H + Hen recombination spectrum andeven more (see AppendixA.4).
then subtracted this curve from the total spectrum. The iema
ing modulation of the CMB intensity was then converted into
variations of the CMB brightness temperature using thdicgla

AT/To = Al/B,, whereB, is the blackbody intensity with tem- gjaciron scattering in the case of single momentary enasgy r

peraturelo = 2.725K. lease does not smooth the step-like feature due to the kirginn
Figure® shows the results of this procedure for severakcasef the injection process as strongly, and (ii) the total eiois

It is most striking that the amplitude of the variable comgoin amplitude and hence the step-like feature increases (g8 Fi

decreases with increasing energy injection redshift. Tarsbe and[3). Once the injection occurs very close to the redshift a

understood as follow: we have seen in Seci] 5.1[and 5.2 tkdtich the Lyman-continuum is becoming optically thick (see

for very early energy injection most of the pre-recombimadl Sect[5.1), i.e. where the pre-recombinational emissianam

emission is expected to arise at~ 3000 for hydrogen, and extremum, this therefore should lead to a strong increasfeeof

Z ~ 11000 for helium, (i.e. the redshifts at which the Lymanvariability. On the other hand, for energy injection welffdxe

continuum of the considered atomic species becomes dgticdhis epoch the atomic transitions lead to an increase intbe o

thick) with a typical line-widthAv/v ~ 1. In this case the total all amplitude of the distortions rather than the variafilit

On the other hand, when the energy injection occurs at lower
redshift this increases the variability of the signal besea()
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Fig. 10. Comparison of the variable component in the stande ~ *°[ ™1
(y = 0) H1 + Hen bound-bound and free-bound recombinatic
spectrum fomnmax = 100 and 25. 10

Indeed this can be also seen in Fiyy. 9, wherezfor 4000 SH| i
the variable component is 3 — 8 times larger than the nor- _ [ 5
mal recombinational signal, with a peak to peak amplitude
~ 50 - 70nK instead of~ 10— 15nK at frequencies arounc &
~ 1.5GHz. Even forz > 15000 the amplitude of the variable < A
componentis still 52 times larger than in the case of standa 5[ '}
recombination, but it practically does not change anymdrerw E
going to higher injection redshifts. Far ~ 11000 one expects

d

okl Y

a similarly strong increase in the variability as fpr~ 4000, R HI & Hell bb+fb-spectra
but this time due to He. In addition to the change in ampli- L Mna = 25

tude of the variable component, in all cases the signal feeshi | ‘ Sy

with respect to the normal recombinational signal. Thesiéssh 1 viohz 50

should also make it easier to distinguish the signatures frce-
recombinational energy release from those arising becafisd=ig. 11. Comparison of the variable component in the-HHen
normal recombination. bound-bound and free-bound recombination spectra forlesing
It is important to mention that the total amplitude of thenergy injection (black solid curves) and energy injectire
variable component, should still increase when includiragem to long-lived decaying particles with flierent lifetimes (red
shells into the computation. As shownlin Chluba étlal. (2p07alashed-dotted curves). In all cases the computations vegre p
fory = 0 in particular the overall level of recombinational emisformed including 25 shells and a maxinygbarametey = 10°°.
sion at low frequencies strongly depends on the complesasfes
the atomic model. Similarly, the variability of the recométion
spectrum changes. We illustrate this fact in Eigl. 10, wheee Wherefore it is important to investigate the potential sigmes
compare the variability in the H+ Hen recombination spec- of other injection mechanisms.
trum for 25 Shellsj = O), with the one obtained in our 100 shell Forthe Signa's under discussion |Ong lived decaying paH|C
Computations (Chluba etial. 20()73 Rubino-Martin et al7aOO are most interesting_ In Sem:]_ we have given some S|mp|
As one can see, at low frequencies{1-3 GHz) the amplitude fied analytic description of this problem. In Fig.11 we shbwe t
of the variable component increases by more than a factor ofigriable component for the CMB spectral distortion due ® th
when including 100 shells, reaching a peak to peak amplidfidepresence of hydrogen and Hat low frequencies, in the case
~ 30nK. This is due to the fact that for a more complete atomit single injection and for energy release due to long-lided
model additional electrons are able to pass through a pé&atic caying particles. It is clear that fa = 4000 the variability
transition between highly excited states. is significantly smaller than in the case of single energgdnj
tion. This is due to the fact that the inset of the atomic trans
tions is much more gradual than in the case of single injactio
However one should mention that for energy injection due to
decaying particles theffectivey-parameter ar = 4000 is still
Until now we have only considered cases for single momentaogly ~ 1/3 of the maximal value, so that the level of variabil-
energy injection. However, physically this may not be vegy r ity cannot be directly compared with the case of single energ
alistic, since most of the possible injection mechanisntesase injection. Nevertheless, the structure of the variable ponent
energy over a more broad range of redshifts. Also the dismussstill depends non-trivially on thefiective decay redshift, so that
in Sect[5.3.R has shown that for single injection a large @iar one in principle should be able to distinguisHieient injection
the variability can be attributed to the inset of the enesdgase. scenarios.

5.3.3. Dependence of the distortion on the energy injection
history
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Similarly, one could consider the case of annihilating ipar 16
cles. However, here energy iffectively released at higher red-
shift§] and also within a much broader redshift interval. In th
case, one has to follow the evolution of the CMB spectrumd 10
to this heating mechanism from an initjaitype distortion to a
partialy-type distortion in more detail. Also one can expect th
the redistribution of photons via electron scattering Wwétome 10*
much more important (see Appenflix A.4), and that the free-fia™  _
process will strongly alter the number of photons emitteal vz~ *°
atomic transitions (see Appendix_A.5). In addition, cadlisal 10°
processes may become significant, in particular thoserigadi
transitions among éierent bound-bound level, or to the contin
uum, since they are not associated with the emission of pkotc ¢
This problem will be left for some future work.

£
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6. Discussion and conclusions 10

In the previous Sections we have shown in detail how intripsi
type CMB spectral distortions modify the radiation relahdae
to atomic transitions in primordial hydrogen and idat high
redshifts. We presented the results of numerical communsiti
including 25 atomic shells for both Hand Her, and discussed
the contributions of several individual transitions inalkte.g.
see Fig[b), also taking the broadening of lines due to aactr
scattering into account. As examples, we investigate thke o& N . ) o
instantaneous energy release (SEBSZ) and expdrm}tia the addl.tlonal distortions should reash10% of the |nt|’_|nS|C )
ergy release (Sedf_5.8.3) due to long lived decaying pestic y-Q|st0rt|0n, gnd a Iower frequency may even exceed it. But in
separately. this context it is more important that due to the processes di
Our computations show that several additional photons &réssed here newarrow spectral features appear, which have
released during the pre-recombinational epoch, whichrimge @ unique variability (e.g. see Figl 9), that is even strortgan
of number can strongly exceed those from the recombindtioffathe case of the recombinational lines from standard réom
epoch (see Sedt. 5.8.1). The number of loops per nucleussscAption { = 0). Such variability is very hard to mimic by any

roughly proportional to the values pfi.e. {1, ~ 3.2x[y/10°7] astrophysical foreground or systematic problem with tisérin
and e~ 30 [y/10°9] for hydrogen and He respectivel ments. As emphasized earlier for the cosmological recoabin
loop Y ydrog p- Y tion spectrum|(Sunyaev & Chluba 2007, 2008), this may allow
where éfectively about 3 photons per loop are emitted in thgs 1o measure thedifferentially, also making use of the fact that
bound-bound transition. _ _ practically the same signal is coming from all directionstoa
Due to the non-trivial overlap of broad neighboring presyy For intrinsicy-distortions direct dierential measurements
recombinational lines (from bound-bound and free-bouad-tr 516 mych harder, since it has so broad spectrum. Furthermore
sitions), rather narrow\y/v ~ 0.1-0.3) spectral features ontop 55 pointed out in the introduction, by measuring the narrow
of a broad continuum appear, which both in shape and amplitughectral features under discussion one could in princigsind
depend on the time-dependence of the energy injection $S0CEuish pre- and post-recombinational energy release, anebs

and the value of the intrinsig-type CMB distortion. At high s that cannot be achieved by directly measuring the aeera
frequenciesy ~ 500 GHz—- 1600 GHz) an em|SS|0n-absorpt|0rS,_distortion of the CMB.

fea_tulreols fc;rrrshed, which |S_Eompfletely abserilatymt&_ 0, aln(_j IS Above it was pointed out, that there is no principléidulty
mainly du€ to the SUpErposition of pre-recombinationassmn computing the spectral distortions due to pre-recontimnal

in the Lymane line, and the higher Lyman-series and Lyma : o : o
continuum. Looking at Fid. 12 it becomes clear that this gipso '_atom|c transitions in H and Hex for more general energy in

. : ection histories, if necessary. In particular very eanljection,
tion feature (_clo_se lo ~ 14.OOGHZ) in all ssh_own cases eVednvolvingy-type distortions, may be interesting, since stimulated
exceeds the intrinsig-distortion. Fory = 107 it even reaches

. i ! emission could strongly amplify the emission a low frequen-
~ 10% of the CMB bIac_kbody intensity. Unfortunately, it @Pties, and hence the total number of emitted photons per atom.
pears in the far Wien-tail of the CMB spectrum, where esp

cially the cosmic infrared background due to dusty stamiag Blowever, to treat this problem one has to follow the detagheat
galaxies is dominant (Fixsen et al. 1998; Lagache et al. |00 tion ofthe CMB spectral distortion due to the injectionpess

Sill h 0 be able ract h tral fod ee e.0. Hu & Silk 1993a). Also théfect of electron scattering
th(lafa?uerénay ope 1o be able fo extract such spectral Teauré, , the distortions due to the pre-recombinational atonaiodi-

One should stress that still the discussed additional pre tions, in particular because of the recaileet, has to be treated
T : . . ; ‘more rigorously. Simple estimates show (see Appendik A& t
recombinational spectral distortions are in gensrall in com- 9 y P ( Ph

) ith the intrinsig-distortion. As FigLTR sh th at low frequencies also the modifications due to the free-die
parison wi e intrinsig-distortion. AS rig SNOws, eam'sorption will become significant. Furthermore, one has to ac
plitude of the additional distortions is typically well log¥ 1% of

i ; X count for collisional processes, since they should become i
the CMB y-distortion. However, at low frequencies< 1 GHz) portant at very high redshifts, even for shells with rattoev ih.

5 This conclusion depends also on the temper&um’gy depen_ An additional dfﬁculty arises due to the fact that both at Very

dence of the annihilation cross section. We assusagdve annihilation low and at very high frequencies the back-reaction of the pre
(e.g. see McDonald etal. 2001). recombinational distortion on the ambient radiation fieldym

Fig. 12. Spectral distortions relative to the CMB blackbody spec-
trum, B,. The thin blue curves show the absolute value of a
y-type distortion. At low frequencies we indicate the expelct
level of emission when including more shells in our computa-
tions.
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not be negligible (see Fi§. 112). This could also stilleat the

Chluba and Sunyaev: Pre-recombinational energy refeasaarrow features in the CMB spectrum

At high redshifts £ > 3000) the electron temperature is always equal to the

details of the results presented here, but the main comclssi Compton equilibrium temperature (Zeldovich & Sunyaev 969

should not change. We defer all these problems to anotherpap
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Appendix A: Computational details

A.1. Formulation of the problem

Details on the formulation of the problem for a pure blackp&MB radia-
tion field are given in_Rubifo-Martin etlal. (2006) and refeces therein. We

shall use the same notation here. The maifetgénce with respect to the stan-

dard recombination computation is due to the possibilityaafon-blackbody

ambient radiation field, whichfiects the net bound-bound and free-bound rates

as explained in Sedf] 3. Also the temperature of the elestiomeneral is no

longer equal to thefeective temperature of the photons, as we discuss below

(see Secf_Al3). Since we consider only small intrinsic spedistortions all
the modification to the solution for the level populatione aather small, and
most of the diferences will appear only as pre-recombinational emissientd
atomic transitions, but with practically ndfect on the ionization history.

One additional modification is related to the Lyman-contimu As was re-
alized earlier|(Zeldovich et 8l. 1968; Peebles 1968), duthe recombination
epochs photons cannot escape from the Lyman-continuumetdoynat high red-
shifts the number of neutral atoms is very small, so that §mdn-continuum
becomes optically thin. In order to include the escape of@i®in the Lyman-
continuum we follow the analytic description lof Chluba & $aav (20077), in
which an approximation for escape probability in the Lyntamtinuum was
given by

1

Ly—c
Pe)éc (Z) ~ 1+Tesc*
C

(A1)

Ted_ ke T, [ x*n,(x) dx
7 h 4 [ x3n,(x) dx

(A2)

within the given ambient radiation field. Due to the extreyriegh specific en-
tropy of the Universe (there are1.6x 10° photons per baryon) this temperature
is reached on a much shorter time-scale than the redistiibof photons via
Compton scattering requires. Fopdype distortionT¢" is always very close to
the dfective photon temperature, whereas fgrigpe distortion withy < 1 one
hasTe ~ T,[1 + 5.4y] (lllarionov & Syunyaey 1975a). This simplifies matters,
since there is no need to solve the electron temperaturetalkquation, and
the photoionization and recombination rates can therdfergre-calculated.

At redshifts belowz ~ 3000 we solve for the electron temperature account-
ing for the non-blackbody ambient radiation field. In thisedhe photon tem-
perature inside the term due to the Compton interaction dvéxe treplaced by
Te%as given by Eq[TAR), such that the temperature evolutiaraton reads

oTe Ty Xe
0z H@L+7 1+ fre+ Xe

2Te

Te-Te
[Te eq]+1+z,

(A3)

wherexc = 4.91x 1072251 K™.

Since for small intrinsic CMB spectral distortions the @ation to solution
for the temperature of the electrons is rather small, ivisgb possible to use the
standard Rcrast solution forTe as a reference. Tabulatitgth the photoioniza-
tion and recombination rates, and their first derivativethwéspect to the ratio
of the electron to photon temperatye= Te/T,, it is possible to approximate
the exact rates with high accuracy using first order Tayldyrmmmials. To save
memory, we only consider all these rates in some range ohifeslsround the
current point in the evolution and then update them from timéme. At high
redshifts we typically used 200 points per decade in lolganit spacing. At
low redshift ¢ < 5000) we use 2 points peéfz = 1. Another improvement
can be achieved by rescaling the reference solutioif favith the true solution
whenever the tabulated rates are updated. With thesegsettie found excellent
agreement with the full computation, but at significantlwés computational
cost.

with 785¢ = mlsTchs % Hereo i is the threshold photoionization cross sec-

tion of the 1s-stateN;s is the number density of atoms in the ground stateA

and v, is the threshold frequency. For the standard cosmology theykhan-
continuum becomes optically thin aboze- 3000— 4000, while for Har this

4. Inclusion of electron scattering

As has been mentioned by Dubrovich & Stolyarov (1997) andvshmore de-

occurs az » 12000- 16000. As our computations show, it is crucial to include;| by [Rubino-Martin et 811(2007), the broadening due tat&ging of photons

this process, since at high redshifts almost all loops begiterminate in the
Lyman-continuum (see Sefl. 5).

A.2. High redshift solution

At high redshifts, well before the actual recombination@pof the considered
atomic species, one can simplify the problem when realittirag the ionization
degree is actually not changing significantly. Although iti@usion of intrinsic
CMB spectral distortion does lead to some small changesédnptpulations
with respect to the Saha values, the total number of electiivet are captured
by protons and helium nuclei is tiny as compared to the totmhlver of free
electrons. Therefore one can neglect the evolution equdtiothe electrons,
until the actual recombination epoch is entered. Fowd use this simplification
until z ~ 3500, while for Har we follow the full system belovz ~ 20000. Before

by free electrons has to be included for the computation @tbn recombina-
tion spectrum. Similarly, one has to account for thiget, when computing the
spectral distortions arising from higher redshifts. Heeeomly consider redshifts
z< 5x 10% and hence the electron scattering Compgeparametd

_ z kTe CNeo T
Ye@ ‘fo m HZ)(1+2)

is smaller than~ 0.12, so that the line-broadening due to the Doppféeat is
significant Av/v|poppler ~ 0.58), but still rather moderate in comparison with the
width of the quasi-continuous spectral features, arisingithigh redshifts (see
Sect[G.1l anB5]2). However, alreadyat 2.5x 10* one hag/e < 0.03, such that
Av/vlpoppler $ 0.29.

Regarding the line-shifts due to the recdileet one finds that they are not

dZ ~ 4.8x 107111+ 72 (A.4)

we simply use the Reast-solution forNe (Seager et al. 1999, 2000). In severalVery important, since even for theiHyman-continuum one hasv/vlecoil <

different cases we checked that these settings ddfeat $he spectra.
Furthermore, one should mention that at high redshiftsfer2 we use the
variable AN; = N; — Ni2S instead ofN;, sinceAN;/N; becomes so small. Here
Ni2S is the expected population of levieh Boltzmann-equilibrium relative to the
2s-level. We then change back to the variakjet suficiently low redshifts.

A.3. Recombination and photoionization rates

The computation of the photoionization and recombinatairg for many levels
is rather time-consuming. In an earlier version of our cddielyba et al. 2007a)
we tabulated the recombination rates for all levels befoeeactual computation

and useddetailed balance to infer the photoionization rates. This treatment is

possible as long as the photon and electron temperature tddepart signifi-
cantly from each other, and when the background spectruimés ¢y a black-
body. Here we now generalize this procedure in order to adcfou the small
difference in the electron and photon temperature, in pantietllbw redshifts
(z < 800), and to allow for non-blackbody ambient photon disttitms.

0.14 atz < 5 x 10*. Although for the Har Lyman-continuum the shifts due to
the recoil-éfect is four times larger, we shall not include it in our resudne
therefore expects that at frequencies 57 GHz the presented distortions may
still be modified due to this process, but we will consides rioblem in a future
paper.

For the bound-bound spectrum we follow the procedure dasriin
Rubino-Martin et al. [(2007), where the resulting spectratatdtion at ob-
serving frequencyy for one particular transition is given by (see also
Zeldovich & Sunyaev 1969)

v3 Alij(vo)

V_S VanYe

6 Note thaty, differs fromy as defined in EqL{1), since it describes the
redistribution of some photon over frequency because atrele scat-
tering rather than the global energy exchange with the amibi@ck-
body radiation field.

_ (In[v/vo] +3ye)®
X e 4ye ﬂ .

Al ij (V)|Doppler = (A'S)
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HereAl;j(vo) denotes the spectral distortion for the considered tiansévalu-
ated at frequencyy and computed without the inclusion of electrons scatterin
(e.g. see Rubino-Martin etlal. 2006), but accounting Herron-blackbody am-
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Appendix B: Analytic solution

g
B.1. The 2-shell atom

bient radiation field. Note thai(2) has to be calculated starting at the emission

redshiftzem = vij/vo — 1, wherev;j is the transition frequency.

For the spectral distortion resulting from the free-bourathsitions one in
addition has to include the frequency-dependence of thémzation cross
section. We shall neglect the line broadening because cfretes scattering for
the moment. Then, following Chluba & Sunyaev (2006) andgigtie definitions
of Sect[3:P, in the optically thin limit the spectral digton of the CMB at
observing frequency due to direct recombinations to leviék given by

N oi(v2)

2h [
Alic(v) = C—ij: ny(vz,2) HOA+2

g
with vz = v(1 + 2), 1+ z = vic/v andx; = hvz/KT, = hv/KTo. Furthermore,
n, (vz, 2) denotes the intrinsic CMB occupation number at redstiiftluding the
spectral distortion and evaluated at frequengyFor the Lyman-continuum one
would in addition multiply the integrand of E§_{A.6) BE.%(2), to obtain the
approximate solution for the resulting distortion.

Now, to include the broadening because of scattering bytrelex one has
to solve the 2-dimensional integral

Ne N

N P ﬁ(Te) geri+lexllp _ 1|gz,
|

(A.6)

2hy3 [ AN(V,, Z _ (In[v/7]+3ye)? dv
Alic(v)|DoppIer: _:f dzfﬁ € Ae Tvs (A7)
¢ Jo \4nye v
wherev; = v (1 + 2) and
_ CNiai(v) [NeNo & b 3 couto+Due—x1/p
ANn(v,2)=n,(v,2) RO+ 3| N fi(Te) €° 1. (A.8)

In the numerical evaluation of these integrals it is adisab make use of the
knowledge about the integrand, since otherwise they mayetga very slowly.

A.5. Estimate regarding the free-free process

The free-free optical depthy, is given by

Ne o1 cdz

A&+ ) -

mezz)= [ * Ke(x.2)

HereNg is the free electron number density arg) is the Hubble factor, which
in the radiation dominated era & 3300) is given byH(z) ~ 2.1 x 10°2°[1 +
7%s71. The free-free absorption cieient Kg(x, 2) is given by

ald [1-e7

No gl (x.6,).
2vEr 32

Ki(x,2) = (A.10)

wherele = h/meC = 2.426x 10 %cm is the Compton wavelength of the elec-
tron, o ~ 1/137 is the fine structure constag*lgf'+ is the free-free Gaunt factor
for hydrogen. We also introduced the dimensionless tenyreraf the photon
field 6, = kgT,/mec® ~ 4.6 x 1071°[1 + Z. For simplicity we again shall as-
sumeTe = T,. Furthermore we approximated the Hefree-free Gaunt factor

by gE!eH ~ 4gsp and assumed thatz 8000, since in the considered frequency

range most of the free-free absorption occurs well beforaiHe He1 recom-
bination (see below).

Using the conditionry ~ 1 one can estimate the frequengy(z), below
which one expects free-free absorption to become impor&inte aiz > 8000
all the atoms are ionized, the number density of free elpsti® given byNe =
(1= Yp/2)Np ~ 2.2x 1077 (1 + 2% cm3. Here we usedNpo = 2.5x 10°7 cm~3
as the present day baryon number density. ¥gor 1 one then findsg(x, z =
0, Zem) ~ 9.6 x 107/ [g /5] VI + Zem X 2, Wherezem, is the redshift of emission.
Here we are only interested in photons that can be observeg &02, i.e.v >
1 GHz today. At this frequencyg > 1 for zem > 1.7 x 10°. Below this redshift
one can neglect the free-free process in the computatidredfaund-bound and
free-bound spectra. However, a more complete treatmehbwipresented in a
future paper.

Assuming thaizey,, ~ 8000 one finds thatg < 0.21 for x > 0.02. This
justifies the approximations that were made above, sincedhiibutions to the
free-free optical depth coming fromg 8000 are not very large.

Including only 2 shells one can analytically derive the solufor the Lyman-
a line under quasi-stationary evolution of the populatidfst this we need to
determine the net radiative rataRyy, = Ax1(1 + nz1) Npp[1 — WNzs/Npp X
n21/(1 + n21)], with w = 3 andnzg = ny(v21, T,). The ratioA = np1/(1 + npy)
is directly determined by the given ambient radiation fieldluding the spec-
tral distortion. Since the distortions are considered tosbll we can use
Aoi(L + M) Nop =~ Agg(1 + ngcl‘)NgS for the term in front of the brackets.

Heren5] and Nzeg are equilibrium values for the photon occupation number and

the 2p-population, respectively. Therefore we only havedtermine the ratio
& = WN1s/Npp in order to compute the Lymamdine intensity analytically.

We shall first consider the situation in the case of hydrogérigh redshifts
(z = 3000- 4000). There the escape probability in theltlyman« line and the
Hr1 Lyman-continuum are very close to unity. Therefore the 24wlo-photon
transition does not play any important role in defining thenber density of
atoms in the ground state. Furthermore, one can assuméaéi2é{population is
always in Saha-equilibrium with the continuum, and heNgg~ NeNp a2s/2s
where everlN, ~ Ny, since the total fraction of neutral atoms is tiny.

For the 1s- and 2p-states the rate equations read

(B.1a)

NeNp a2p — B2p Nop — A2a(1 + n21) Ngp[1 — éA] = 0, (B.1b)
where we substitutet;s = éNap/wandA = nz1/(1 + nz1). Solving this system
with] N, ~ Ny for & one finds

_aagBop + Ana(aas + azp)[l + N2a
a2pB1s/W + Aga(a1s + azp) N1

With appropriate replacements the same expression caredegasompute the
Hen Lyman- line.

NeNp @15 - %ls Nzp + A21(1 + n21) Nop[1 — €A] ~ 0

(B.2)

B.1.1. Including the Lyman-a and continuum escape

In order to include the escape probability in the Lymatine, P,1, and the
Lyman-continuum,P;1¢, one simply should replacéz; — P21 A1, a1s —
P1ca1s andBis — P14B1s, Where the escape probabilities can be computed using
equilibrium values foN;s andNpp. As long as the 2s-1s-two-photon transition
can be neglected this yields a very accurate approximatiothé Lymane line
(cf. Sects[ B11).

Around the region where the Lyman-continuum is becomingcafty thick
(z ~ 3000 for Hr andz ~ 11000 for Har), for simple estimates one can use

72x10%4e4s[1+2*  forH1

esc
fly—c ™ {3.1 x1024e4s[1+ 2772 for Hen (B:3)
L5 3.0x10¥eus[1 + 73 for H1 (B.4)
We = 15.0x 10729 eXs[1 — e345/4][1 + 752 for Hen ’ ’

with x;s ~ 5.79x 10 Z?[1 + Z~1.

B.1.2. More approximate behavior

In order to understand the solution for tha Hyman- line we now turn to

the corresponding intensity as a function of redshift (RoBvartin et al. 2006,

e.g.). This yields

_hc ARy, (@ hc Axx(1+n21) Ng[l - £A]

T4 HE@NM+A®  4n HE@L+2°

Using the approximatio (Bl 2) farone can then find

A~ a2pB1s/W (1 + N21) — a15B82p N2t
[a2pB1s/W + Az1(a1s + 2p) Npa](1 + Nn21)

With this one then has

_he AnNgyp a2pB1s(1 + Np1)

T 47 HD[L + 2° azpBis+ WA (a1s + azp) N1

Al (B.5)

1-

(B.6)

Al,,

@12 e (rtrz1) |
a2pBis

Here we usedo1 = hvo1/KT, and (1+ nag)/npy = e*21*#21, with the frequency
dependent chemical potentjal; = u(x21).

x|1-w (B8.7)

" Note that even if one (more correctly) ugés= Ny—Ns— Nas—Nap
in Eq. [B.1) the solution fo¥ does not change.
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First factor To lowest order, Eq[{B.124b) shows that the main reason feretimission in

the Lymane line is the deviation of theféective chemical potential from zero

at the Lymane resonance, and the Lyman- and Balmer-continuum frequency.
However, the averages over the photoionization crossesestill lead to some
notable corrections, so that also the smafiedience in the electron and photon
temperature plays a role.

If we again use the Kramers-approximation for the photaation cross-

We can now simplify the expressiofl_(B.7) when realizing teatept for
the term inside brackets, in the case of small intrinsic CMBcéral distor-
tions, one can just use equilibrium values. At high redshifhe hasH(z& o
1+ 22 FurthermoreN2eq 3Njje” ~ 3NNy ajie /s and g7

e e/ fi(Te). Also with rather high accuracy one finaﬁég ~ aj/3 and

V3 . .
"Znﬁls < Agi(args + azp) N2, SO that section,oi(v) ~ oi(vic)ﬁ, looking at Eq.[(B) foi in the case of a smajttype
distortion, one can write
F@) = hc  AoiNgp a2pB1s (1 + np1)

T 4r H?[1 + Z]3 a2pBis + w A2 (a1s + a'zp) no1 <np| >i ~ ki M_1(Xic) (B.15a)
Che 3NeNw O (1egi? . (M1 ), ~ ki Y4 Mo(Xic) — S(%c)] (B.15b)

Y4 HQIL+ 28 4+ 150 4+ 1eE ' A
7 H(2)[L +7] Tly-c Tly-c (o), ~ f[Mo(m)—mM,l(m)], (B.15¢)

Here we have also included the escape probabilities in timeabyy line and

continuum as explained in AppendiX B.IL.1. Note that the Lymascape prob- Wherek = const and the integra8 andM are defined in Append[XIC. Keeping
ability drops out of the expression, so that only the Lymantinuum escape only the leading order terms, we have

probablhty is strongly ffecting the pre-recombinational line shape. We have also

useda; = & fi(Te) €%c 17, with the integral

oo 2
e [T 2T0) 4l ) v M (o).
I Vie e-1 |C

(B.9a)

w3 . . )
where we have assumed(v) ~ o (vic)%. The integralM;(x) is defined and

discussed in AppendiX]C. For the 2p-state one has(v2pc) Vgpc ~ 7.54 x
10?724 cm=2s73,
We checked the scaling & numerically and found
F(2) ~5.6x 102 % IJm2stHz tsrt (B.10)

Ly 0/4

within < 20% accuracy in the important redshift range.

Second factor

1-w 1582 e (Xe1+u21)

azpPis
~ -y X1sc[6.3 = 0.9375x15c + 4.7 €71se — 1.175e 904
e +1
+yXx21(9.4- Xﬂm (B.16a)

It is important to mention that this is still a rather roughpegximation, since
already applying the Kramers-formula for the photoion@atcross-section in-
troduces some significant simplification. However, thisragation may be
useful for simple estimates.

Appendix C: Some integrals
C.1. Integrals M;

In the evaluation of the recombination and photoionizatites, integrals of the

form M; = f):: X dx/[e — 1] appear. Below we now discuss those which are of

Using the definitions of; andg; as given in SecE 31 afid3.2 one directly finddmportance for us here.

A (xo1H121) = gt i
w TauPis € = e 121 G(2) with

< n eU(X)Jr(Xlsc*X)AP/P >1 (n >2p
S

G(2 = . (B.11)
< n () +(x2pc=X)Ap/p >2p< N1s
HereAp = 1 - p and we introduced the notation
(fO)y = f V2oi(v) f(v) dv (B.12)
Xic

C.1.1. Integral M_;

Fori = —1 one can write
hyje>KTy X
! e e
Ei(k P9 C.1
| g Z 0%c) (1)
hyjc<kTy
1 11-6y >Sc

x —|1- q —I C.1b
e o Xe~ 15t n(%ic)| » (C.1b)

for the average of some functidi(v) over the photoionization cross-section of

leveli.
In full thermodynamic equilibrium one haB®Yz) = 1, a property that
can be verified using Eq[(B.l1) with = 0 andp = 1, since then
neX+(ic=X)do/p > = (np| >i. Therefore we can writ€& = 1 + AG. Using
() = (89 + (Af);, for small intrinsic CMB distortions (i.&.Af ) /{ f )i <
1) one finds

G~ (o =41 )y (i~ 143 )y , (B.13)

< Mol >1s < Mol >2p

(X — Xic)Ap/p. Putting things together we then have

wherey!’ =

@182 g (e1+u21)

a2pBis
("o )zp
~ (ot 115 >2p

< Mol >2p

X p21 + f2pc —

1-w ——

B <np|y>1s

< Mol >ls

< Npl /‘ll)s >1s

< Mol >1s

~ p21+

(B.14a)

Misc, (B.14b)

wherey ~ 0.5772 is the Euler constant and we made used of the exponential
integral Eif) = fxm e tdt/t. In the limit hvie < KT, the given approximation is
accurate to better than 1%. Hofic > KT, the first five terms in the full sum also
yield similar accuracy.

Sincexic ~ 5.79x 10*Z2n2[1 + 771, it is clear that az < 1.45x 10* Z2
both Lyman- and Balmer-continuum are still in the exporantail of the
CMB blackbody. In the redshift range4b x 1072 < z < 5.79 x 10* Z?
the Lyman-continuum is still in the exponential tail of theévi8, while the
Balmer-continuum is already in the Rayleigh-Jeans patt@tpectrum. Only at
z > 5.79% 10* Z2 one can use the low frequency expansion of Eql(B.9) for both
cases. However, to withig 30% one may also apply Eq.(Cl1a) in the whole
range.

C.1.2. Integral Mg

Fori = 0 one can write

Mg = f dx/[e* - 1] = Zf e = ek
Xic k=1 vXic k=1

= Xc ~ In(ee - 1), ©2)

2
which for xc < 1 can be approximated &8y ~ % - %
Xic > 1 one hadVlp ~ e%c [1 + g7%c/2].

- In(xic), while for
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C.2. Integral S

In the evaluation of the recombination and photoionizatiates one also en-
countersS(x) = f):: dx x [e‘ilel]z. The first part of this integraly xe*/[e* — 1]2,
can be directly taken yieldin@: dx xe*/[e*—1]2 = xce¥c /[e¥c—1]-In(eNc —1).
Introducing the polylogarithm l(x) = 2, XK/k™ and realizingx/[e¥ — 1]2 =
T, kxe DX one can find

ghic +1
S(Xic) = Xic o1 + Xic(1 = Xic)

= (2= Xic)In(e"e — 1) - Lia(e ™)

iczkTy me5

1 2k-1 —kx;
XD T Mk et (C.33)
k=1
hvicskTy 2 2
. :
52— e % - 2In(%c) » (C.3b)

The given approximations are accuratestt%.
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