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Cosmology

TUM WS 2019/2020

Lecture 12
Wolfgang Hillebrandt and Bruno Leibundgut

(http://www.eso.org/~bleibund/Cosmology)
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Structure formation - Summary

• DM perturbations grow first (a > aeq)

• Baryons gather in potential wells of the

DM (a > adec)

• Small-scale perturbations in the DM grow first 
(and strongest): merge to form larger 
structures (“hierarchical clustering”)
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Matter distribution in todays universe
• 2MRS (CfA, infrared)

Sloan Digital Sky Survey
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• Galaxies are not randomly distributed but correlated

• Network of structures (filaments, sheets, walls)  “cosmic 
web”

The spatial distribution of galaxies
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Matter distribution in todays universe
• SDSS galaxy map

Sloan Digital Sky Survey
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Example of a simulation
• Springel et al. (Virgo consortium)

– snapshots at z=6, z=2, and z=0

Box size: 100 Mpc/h

redshift lookback time 
(Gyr)

fraction of age of 
universe

6 12.6 0.93

2 10.2 0.76
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A voyage through a CDM universe
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https://wwwmpa.mpa-garching.mpg.de/galform/virgo/millenium/

Simulating the Universe

• Millenium simulation (MPA)
– matching the observations

extremely well

– specific use of 
cosmological 
parameters

– ΛCDM

– Too many ‘small’

galaxies predicted?!
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After recombination

• The only ‘global’ event is the reionization around z10

• The rest is formation and evolution of galaxies: 
“Extragalactic Astrophysics”

Robertson et al. (2010) 
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Dark matter

• Evidence for its existence

• What is it ???
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Gravity in the solar system

• Use Newton’s law for gravity

• Centripetal force

• Hence the orbital velocity is
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99.9987% of the mass in the 
Solar System is in the Sun
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Solar System

• Hence Kepler’s Third Law

(which uses enclosed mass M)
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ESO

Solar Orbit in the Milky Way

• Sun orbits the 
Galactic 
Centre in 220 
million years
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Rotation curve of the Milky Way
• Measure rotation curves like in the solar system (HI data)

Merrifield 1992

Kepler
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How about other galaxies?
• Measure rotation curves like in the solar 

system
– example: Andromeda Nebula (M31)

Rubin & Dunlap
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More rotation curves of  galaxies
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More rotation curves of  galaxies
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In general for (spiral) galaxies

• Rotation curve increases beyond the 
observable light
– can only happen if there is more enclose mass!

– but there is no more light, i.e. no more (bright) stars

– mostly diffuse matter, which is dark

• Alternative would be to change the law of 
gravity or the Newtonian force
– Modified Newtonian Dynamics MOND

𝑭𝑵 ൌ 𝑚𝜇 ௔

௔బ
a, 𝑎଴ ൎ 1.2 ൈ 10ିଵ଴ ms-2

𝜇 ௔

௔బ
ൌ 1/ 1 ൅ ௔బ

௔
 ଶ (M. Milgrom, 1983)
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Galaxy Clusters

X-ray radiation Coma cluster (Kent & Gunn 1982)
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Galaxy Clusters

• First done by Fritz Zwicky 
for the Coma cluster in 
1933. 

• Use virial theorem

• Apparently 400 times 
more mass than seen in 
the stars

potkin EE
2
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More evidence of dark matter: 
“X-ray clusters” 
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Gravitational lensing                    
(Solar eclipse 1919)

• Proof of General Relativity
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Gravitational lenses

• Deflections of photons in 
the gravitational potential
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Example for light bending

“Einstein Cross” - G2237+0305
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Gravitational lenses

• The deflection scales with the total mass of 
the lens, i.e. galaxy cluster, although it really 
measures the gravitational potential. 

• The measurement indicates that there are 
several times the visible mass in the clusters

Dark Matter
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Dark Matter maps
• By measuring the system of lensed images 

around a cluster a map of the dark matter 
density can be constructed

Jee et al. 2007 Clowe et al. 2007
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‘Microlensing’: Can we see MACHOs ?

• Gravitational lensing:

• If foreground object has only little mass, the image 
split is too small to be observed

• But the amplification (brightening) is observable
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How can we see MACHOs ?
• How likely is it for a star in the Milky Way to get amplified ?

• Once every 10 million years !!!
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How did this work ?

• Monitor 10 million stars simultaneously !
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Light curve of a MACHO event

Achromatic (!) 
magnification due to 
gravitational lensing

There seem to be not 
enough brown dwarfs (or 
dark objects of similar 
mass) to account for the 
dark matter in the Milky 
Way !

TUM WS19/20 Cosmology 12 Wolfgang Hillebrandt and  Bruno Leibundgut 36

Other MACHO candidates
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An OGLE MACHO candidate
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Data:

• Found (since 1990): ~ 1-3 candidates per year

• Most probable mass:  0.5 ( 0.3) Msun !?

• Brown dwarfs are excluded

• Could make up for up to 0.3% of the critical 
density

• But: problems with stellar evolution
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Dark Matter trouble

• Still a number 
of problems

• no direct 
detection of
the dark matter
particle
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Dark Matter trouble?

• Indications of a 
new particle?

• Not confirmed!
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Dark Matter trouble

• Collision-less dark matter predicts too much 
structure at small scales

Testing the cold dark matter paradigm
Is this “picture” correct? 

• Are galaxies like the Milky Way embedded in dark matter halos like those predicted by 
the cosmological model?

Testing the cold dark matter paradigm
Is this “picture” correct? 

• Are galaxies like the Milky Way embedded in dark matter halos like those predicted by 
the cosmological model?

Amina Helmi
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Summary
• Dark matter becomes more dominant with 

increasing mass scale

• Low-mass axions seem to be the best bet
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Dark Energy - Background

• Discovered only in 1998

• ‘Cosmological constant’ added by Einstein 
(1917) to his equations to allow for a static 
solution 

𝑅ఓఔ െ
1
2

𝑔ఓఔR െ Λ𝑔ఓఔ ൌ
8𝜋𝐺
𝑐ସ 𝑇ఓఔ

• Alternatively one could add a (constant) 
vacuum energy to the energy-momentum 
tensor 𝑇ఓఔ
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Dark Energy - Background

The corresponding Friedmann-Lemaître equation is
௔ሷ మ

௔మ ൌ 𝐻ଶ 𝑡 ൌ
଼గீ

ଷ
𝜌 𝑡 െ

௞

௔మ

with the density summed over all components:
𝜌 𝑡 ൌ 𝜌ெ ൅𝜌ோ ൅ 𝜌௩௔௖

The vacuum density is related to the cosmological 
constant through

𝜌௩௔௖ ൌ
Λ

8𝜋𝐺
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Acceleration

The dynamics of the expansion is given by 
(Lectures 3 and 4)

௔ሷ

௔
ൌ െ

ସగீ

ଷ௖మ 𝜌𝑐ଶ ൅ 3𝑝

(from the time part of the Einstein equations)

Acceleration (𝑎ሷ ൐ 0) means 𝜌𝑐ଶ ൅ 3𝑝 ൏ 0
 Negative pressure can lead to acceleration!

TUM WS19/20 Cosmology 12 Wolfgang Hillebrandt and  Bruno Leibundgut 46

Equation of state

Using the equation of state formalism for a 
perfect fluid we have 𝜔 ൌ

௣

ఘ௖మ and the density 

then relates to the scale parameter through 
ఘሶ

ఘ
ൌ െ3 1 ൅ 𝜔

௔ሶ

௔
, which leads to 𝜌 ൌ 𝑐𝑜𝑛𝑠𝑡.ൈ

𝑎ିଷ ଵାఠ

(Pressure-less) Matter: 𝜔 ൌ 0 and 𝜌 ∝ 𝑎ିଷ

Radiation: 𝜔 ൌ 1/3 and 𝜌 ∝ 𝑎ିସ

Cosmological constant: 𝜔 ൌ െ1 and 𝜌 ൌ 𝑐𝑜𝑛𝑠𝑡.
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Equation of state

For full generality allow for a changing equation of 
state parameter 𝜔 ് 𝑐𝑜𝑛𝑠𝑡.
The distance then becomes
𝐷௅

ൌ
𝑐 1 ൅ 𝑧

𝐻଴ Ω௞

𝑆 Ω௞ න
𝑑𝑧ᇱ

Ωெ 1 ൅ 𝑧ᇱ ଷ ൅ Ωோ 1 ൅ 𝑧ᇱ ସ ൅ Ω௞ 1 ൅ 𝑧ᇱ ଶ ൅ Ω௑𝑓௑ 𝑧ᇱ

௭

଴

As before S ൌ ቐ
sin 𝑥          𝑘 ൐ 1

  𝑥                    𝑘 ൌ 1   
sinh 𝑥       𝑘 ൏ 1

      

and  𝑓௑ 𝑧 ൌ 𝑒ଷ ׬  
భశഘ೉ ೥ᇲ

భశ೥ᇲ  ௗ௭ᇱ
೥

బ
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Distances today

• Radiation density very low Ωோ ൏ 10ିହ

• Curvature Ω௞ ൎ 0 (flat space - from CMB)

• Assume cosmological constant
– Mostly for simplicity

𝐷௅ ൌ
𝑐 1 ൅ 𝑧

𝐻଴
න

𝑑𝑧ᇱ

Ωெ 1 ൅ 𝑧ᇱ ଷ ൅ Ωஃ

௭

଴
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Dark Energy

• Measure the expansion rate of the universe 
to determine its content

• Luminosity distance (Lecture 4)

• Measure luminosity over several redshifts will 
give the combination of the densities

DL  a0r1(1 z) c(1 z)

H0 k

S k

dz '

matter (1 z ')3 rad (1 z ')4  k (1 z ')20

z












S 
sin x                 k  0

x                     k  0

sinh x               k  0












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
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Measuring distances

• Type Ia Supernovae are the best 
cosmological distance indicators

• Measure them over a range of redshifts (out 
to z≈1) and then plot the Hubble diagrams
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Measure acceleration

acceleration
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Mean distance 
between galaxies

today

fainter

Redshift

0 = 1

time

closed

open 0 < 1

0 = 0

- 14 - 9 - 7
Billion years

0 > 1
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The Supernova Hubble diagram
• Two teams pursuing this research
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The SN Ia Hubble diagram today

• Now over 700 SNe Ia measured

• Clear evidence
of an additional
late acceleration
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To be continued ....


