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Data

After            
foreground
subtraction

Planck
Surveyor
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CMB cleaned from foregrounds
• After removing the foreground radiation and adding 

the small scales from other experiments (ACT, SPT)

Red line:
best fit 
cosmological 
model 
(‘ΛCDM’ሻ

residuals
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The final step

• How do we get from the power spectrum to 
cosmological parameters?

• ,  M,  B , , H0, 
...

•
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Cosmological effects in the CMB

• Influence of 
– Curvature 

– Normalisation

– Primordial tilt, spectral index nS

• describes the scale dependence of the fluctuations as 
they are created

– ratio of tensor to scalar modes r

– optical depth to recombination τ
• mostly due to reionization

K 1M    (ignore radiation density)
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Curvature

• The geodesics of a light ray will not be 
straight and the mean angle of the 
fluctuations does not reflect the true 
perturbation scale

• peak at about l≈180 (1 degree) indicates flat 
geometry

TUM WS 19/20 Cosmology 10 Wolfgang Hillebrandt and Bruno Leibundgut 8

Cosmological effects on the CMB 
(cont.)

• Influence of
– Baryon density

– (Dark) Matter density

– Cosmological Constant energy density

• Other parameters
– neutrino mass 

– equation of state of dark energy W

– tensor tilt  

 Bh2

 M h2



nT
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Normalisation, Tilt, Reionization and 
Tensor modes

• Normalisation shifts curves up and down
• Tilt (spectral index) nS decreases the power on small 

scales
• Reionization at late times

changes the optical
depth (due to free e-)
– restores isotropy and 

large l are suppressed
• Tensor modes from 

gravitational waves
– decrease rapidly once 

they enter the horizon
– only contribute to small l

Dodelson
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Dodelson

Baryon and Matter density
• Mass components shift the peaks

– lower mass increases the distances of the peaks

• Baryon density 
affects the strength
of the odd and even
peaks

• Matter density sets
the relative time 
between recombination 
and equality
– smaller mass moves 

time of equality closer 
to recombination 
increasing importance 
of the radiation density
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Cosmological Constant

• Not important at recombination

• Is a late time effect (part of Integrated Sachs-
Wolfe effect)
– affects the free

streaming of the 
photons

– affects largest 
scales (small l)

Dodelson
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Effect of the different parameters on CMB 
spectrum

• From Longair book

Hu & Dodelson 2002

Longair 2008
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Cosmological parameters

Planck 2013
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Planck 2013 parameters
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Planck 2018 parameters
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Degeneracy between 
H0 and ΩM

• Dependence on the spectral index nS

Planck 2013
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Degeneracy with Dark Energy

• Dark Energy and curvature are degenerate in 
the CMB

Planck 2015
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Formation of large scale structure

?

Planck                                                        SDSS
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Structure formation in the Big-Bang model
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After recombination

• Only ‘global’ event is the reionization around z=11

Robertson et al. (2010) 
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Density fluctuations and relevant scales

SDSS collaboration
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Growth of structure

• Gravitational instability (schematically)

Scott Dodelson, Modern Cosmology (2013)

𝛿ሷ + [Pressure  - Gravity] 𝛿 =  0;   𝛿 : overdensity (dark matter) 
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Concept
• Universe isotropic on large scales + GR 

(~72% dark energy, ~24% dark matter, ~4% 
baryons; + radiation)

• Small deviations from homogeneity at early 
times (e.g., quantum fluctuations from 
inflation)

• Perturbations (potential/density) grow 
because of gravity; linear perturbation theory 
as long as their amplitudes are “small”

𝛷ሺ𝑘,𝑎ሻ ൌ  𝛷௉௥௜௠(𝑘) ൈ  𝑇𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 ሺ𝑘ሻ
                          ൈ 𝐺𝑟𝑜𝑤𝑡ℎ 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 ሺ𝑎ሻ
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Dodelson

From original perturbation to todays 
fluctuation

• Transition from original potential perturbation 

• In shaded region: depends                            
on ‘Transfer Function’

• Critical whether
perturbation enters
horizon before or
after equality of                                        
matter and radiation

T (k)  (k, alate )

L argeScale(k, alate )
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Examples of Transfer Functions

Transfer functions for 
various adiabatic models, 
in which Tk → 1 at small k.

(J. Peacock, 
astro-ph/0309240, 2003)
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Power spectrum of matter 
fluctuations

• Peak defined by epoch of equality

– “standard” Cold Dark
Matter (sCDM)

– Cosmological Constant
plus CDM : ΛCDM

M 1

M  0.3
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Influenced by the growth in the 
matter density

• Radiation affects the growth before the time 
of equality

• Note this diagram is 
the matter density
(before was potential)
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Comparison with real data

• CMB sets the normalisation at large scales 
and galaxy distribution the small scales

Dodelson et al. (1996)
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Another example

• Modern version
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Implementation

• Background metric g (FRW) and sources 
T

• Perturbations: g; T

• Linearize Einstein equations

• Lin. differential eq. of 2nd order

ℒ(g)g =  T
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Example: ‘Dust cosmos’

p = 0;     
a(t) = ao(t) + a   (‘o’: unperturbed solution)

Friedmann equation:

௔ሶ ೚ሺ௧ሻ

௔೚ሺ௧ሻ

2 
= 

଼గீ

ଷ
 -

௞బ

௔బ
మ;  

௔ሶ

௔
= 

଼గீ

ଷ
( + ) -

௞

௔మ

Continuity equation:   
ఋఘ

ఘబ
  = -3 

ఋ௔

௔బ

 𝛿ሷ ൅ 2
௔బሶ

௔బ
 = 4G
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• For ko  k = 0: ao  t3/2; o  a0
-3 

(flat Universe)

   t2/3  ao

For radiation dominated cosmos:

  t  ao
2
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More general approach

• Expand solutions in an appropriate orthonormal 
basis (e.g., plane waves in case of a flat 
Universe)   Fourier transform

𝐿෠(𝑘) g(𝑘) = T(𝑘), 𝑘: wave vector

Solutions describe the evolution of independent 
modes (consequence of linearization).

However, equations are no longer covariant.

 Growth rates of modes depend on 
coordinates!
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Ways out

• For  << dH: GR effects small   use 
standard comoving coordinates + Newtonian 
gravity

• But: For every mode there exists a time when

 > dH   Newtonian theory incorrect

• In GR: Choice of coordinates such that an 
interpretation of quantities is “physical”, e.g.,

𝑇0
଴ is the matter (energy) density

• Or: form scalars   independent of 
coordinates but difficult to interpret 
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Qualitative evolution of perturbations

• ‘Dark energy’: cosmological constant

• ‘Dark matter’: WIMPS

• Assumption: Decouple at T = Tweak  1MeV

• Baryons, photons: decouple at  T = Trec  0.26eV

 Different evolution; treat each component

seperately
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Qualitative evolution of perturbations

• Each component (x) has its equation of state

0 (dust)

Px = Wx  xc2; Wx = const. =    1/3 (radiation)

-1 ()

• Then: px = Wx  (xc2)

• Define: ‘velocity dispersion’ 𝑣௫
ଶ  ௣ሶೣ

ఘሶ ೣ
(= 𝑐௦

ଶ)

•    𝑣௫
ଶ = Wxc2
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Qualitative evolution of perturbations

• Solution: For x>0 perturbations grow if

>dH  (Hubble radius)

𝛿𝜌௫

𝜌௫
∝  

𝑎ଶ, 𝑡 ൏ 𝑡௘௤
௫

𝑎, 𝑡 ൐ 𝑡௘௤
௫   

 𝜌 ∝ 𝑎ିସ 𝑟𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛        
 𝜌 ∝ 𝑎ିଷ 𝑟𝑒𝑙. 𝑚𝑎𝑡𝑡𝑒𝑟      

• What happens for  < dH?
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To be continued .........


