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World Views
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Past World Views

Hildegard von Bingen (1150) Thomas Digges (1576)
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Past World Views

Johannes Kepler (1596) Otto von Guericke (1672)
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Past World Views

Thomas Wright of Durham (1750)
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Past World Views

William und Caroline Herschel 
(late 18th century)
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Past World Views
Messier 51

William Parson (1845) Modern Image (1991)
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Hubble Ultra deep field
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Astrophysics Nobel Prizes
Year Winner Titel

1967 Hans Bethe Energy production in stars, nuclear reactions

1974 Martin Ryle, Antony Hewish Radio astronomy, pulsars

1978 Arno Penzias, Robert Wilson Cosmic Microwave Background

1983 Subramanyan Chandrasekhar, 
William Fowler

Structure of stars and chemical enrichment

2002 Riccardo Giacconi
Raymond Davies, 
Masatoshi Koshiba

X-ray astrophysics 
cosmic neutrino

2006 John Mather, George Smoot Cosmic Microwave Background (COBE)

2011 Saul Perlmutter, 
Brian Schmidt, Adam Riess

Accelerating Universe

2017 Rainer Weiss, Barry Barish, 
Kip Thorne

Gravitational Waves

2019 James Peebles
Michel Mayor, Didier Queloz

“theoretical discoveries in physical cosmology“
“for the discovery of an exoplanet orbiting a 
solar-type star“
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Pillars of Cosmology
Relativistic Big Bang Cosmology

Relativistic Big Bang CosmologyRelativistic Big Bang Cosmology

Abundance
of light

elements

Cosmic
Microwave

Background

Expansion Structure
formation

J. Liske
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Cosmological 
Parameters

Planck Collaboration: Cosmological parameters

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters (i.e. the parameters that maximise the overall
likelihood for each data combination) as well as 68% confidence limits for constrained parameters. The first six parameters have
flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration parameters, and foreground parameters
(see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP are given later in Table 5.

Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028
⌦ch2 . . . . . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027
100✓MC . . . . . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063
⌧ . . . . . . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012

�0.014

ns . . . . . . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073
ln(1010As) . . . . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024

�0.027

⌦⇤ . . . . . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012
zre . . . . . . . . . . . . . . . . 11.35 11.4+4.0

�2.8 11.45 10.8+3.1
�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2
109As . . . . . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12

�0.14 2.215 2.196+0.051
�0.060

⌦mh2 . . . . . . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025
⌦mh3 . . . . . . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057
YP . . . . . . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012
Age/Gyr . . . . . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048
z⇤ . . . . . . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54
r⇤ . . . . . . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60
100✓⇤ . . . . . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062
zdrag . . . . . . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58
rdrag . . . . . . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59
kD . . . . . . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063
100✓D . . . . . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034
zeq . . . . . . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60
100✓eq . . . . . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011
rdrag/DV(0.57) . . . . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

changes to compensate. The degeneracy is not exact; its extent
is much more sensitive to other details of the power spectrum
shape. Additional data can help further to restrict the degeneracy.
Figure 3 shows that adding WMAP polarization has almost no ef-
fect on the⌦mh3 measurement, but shrinks the orthogonal direc-
tion slightly from ⌦mh�3 = 1.03 ± 0.13 to ⌦mh�3 = 1.04 ± 0.11.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and
the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

12

Planck Collaboration: Cosmological parameters

Fig. 10. Planck TT power spectrum. The points in the upper panel show the maximum-likelihood estimates of the primary CMB
spectrum computed as described in the text for the best-fit foreground and nuisance parameters of the Planck+WP+highL fit listed
in Table 5. The red line shows the best-fit base ⇤CDM spectrum. The lower panel shows the residuals with respect to the theoretical
model. The error bars are computed from the full covariance matrix, appropriately weighted across each band (see Eqs. 36a and
36b) and include beam uncertainties and uncertainties in the foreground model parameters.

Fig. 11. Planck T E (left) and EE spectra (right) computed as described in the text. The red lines show the polarization spectra from
the base ⇤CDM Planck+WP+highL model, which is fitted to the TT data only.

25
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Cosmological Topics
• Cosmic expansion

– H0, q0

• Expansion history of the universe
– age t0

• (Energy) contents of the universe
– baryons, (cold) dark matter, neutrinos, dark energy, ???

• Space geometry
– metric

• Formation of elements
– Big Bang nucleosynthesis à First Three Minutes

• Formation of structure
– r (T/S)

• Growth of structure
– spectral index
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Expansion of the Universe

Hubble 1936
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The Original Hubble Diagram

Distance
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Hubble 1929
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A modern Hubble Diagram

Freedman et al. 2001
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Expansion history of the universe

• Changes in the expansion rate
– influenced by gravity à geometry
– determined by the different constituents in 

the universe
• neutrinos, radiation, baryons, dark matter, dark 

energy, ???

• Sets the age of the universe
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Expansion History of the Universe
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e.g. Tonry et al. 2003

Riess et al. 2007
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Expansion History

• Note move from velocities to redshifts
• introduction of the density parameters 

– ΩM (all) matter
– ΩΛ cosmological constant/dark energy

• tiny signal à big implications
• uncertainty in the data
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Cosmic Microwave Background

ESA/Planck
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CMB and Geometry
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Age and Geometry
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Cosmic microwave background

• nearly perfect blackbody radiation
• tiny (10-5 K) temperature variations

– isotropy!

• signature of the hot phase of the (early) 
universe

• fluctuations seeded by quantum 
fluctuations during the inflationary phase

• depends on structure and geometry of 
the universe
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22. Big-Bang nucleosynthesis 3
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Figure 22.1: The abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis [14] − the bands show the 95% CL range. Boxes
indicate the observed light element abundances (smaller boxes: ±2σ statistical
errors; larger boxes: ±2σ statistical and systematic errors). The narrow vertical
band indicates the CMB measure of the cosmic baryon density, while the wider
band indicates the BBN concordance range (both at 95% CL).

June 18, 2012 16:19

Big Bang 
Nucleosynthesis
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Big Bang Nucleosynthesis

• Creation of the first elements
– H, D, He, Li, (Be)

• All in the First
Three Minutes
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Large Scale Structure

Sloan Digital Sky Survey
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Simulating the universe
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Simulating the Universe
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Structure in the universe

• Forms out of the smooth background
• Growth of the seeds seen in the CMB
• Need of Dark Matter to form the 

structure of today
• Is the universe homogeneous?
• Interaction between baryons and dark 

matter?
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Composition of the universe

ESA/Planck
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Composition of the universe

• What is Dark Energy?
• What is Dark Matter?
• Neutrinos?
• Radiation?
• Baryons are ‘special’
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Our current picture of (the history of) the 
Universe 
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Our current picture of (the history of) the 
Universe 

Primordial Nucleosynthesis

Structure formation

Cosmic Microwave Background

Late-time clustering 
(of galaxies)

Years active: 1964-Now

Dark Matter

Cosmological 
Constant
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Understand the evolution of the 
Universe

Padmanabhan 2015
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Forces in the Universe

• Gravity is the dominant force
• Nuclear forces only short range

– only importance in the very early universe

• Electromagnetic force is based on 
charges
– in a neutral universe not important
– magnetic fields!

• Need a theory for gravity à relativity
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Metric
• Why do we have to bother with the 

metric? 
– Euclidian (flat space) is not good enough

• Reason: expansion of the universe
• Due to the expansion the coordinates are 

moving 
– need a translation from the coordinates to 

the physical distances 
• Example: coordinates on an inflating 

balloon
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Example of a moving 
coordinate system



TUM WS19/20 Cosmology 1 Wolfgang Hillebrandt and Bruno Leibundgut 38

More formally
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Calculating distances in general

• Simple example of distances in flat space:
• Coordinates x and y
• Distance:dl2=dx2+dy2 (Euclid)
• Coordinates r and Θ
• Distance: dl2=dr2+r2 dΘ2

• (think of crane) or Earth and Sky
• In general:

(dl)2= Σi,j=1,2gijdxi dxj
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An everyday r-Θ system
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Calculating distances

• explicitly: 
–

• in 3 dimensions think of contour lines on 
a map

(dl)2 = dx( dy) 1 0
0 1

!

"
#

$

%
&

dx
dy

!

"
##

$
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&&= dr dΘ( ) 1 0
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Calculating distances

• In 4 dimensions (with time as the 0th

coordinate) this becomes

using the (Einstein summation) convention 
where repeated indices are summed

• or explicitly:
– Minkowski (flat) space

ds2 = gµνµ,ν=0

3
∑ dxµdxν ≡ gµνdx

µdxν

ds2 = cdt dx dy dz( )
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

"

#

$
$
$
$

%

&

'
'
'
'

cdt
dx
dy
dz

"

#

$
$
$
$

%

&

'
'
'
'
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Calculating distances

• Expanding universe with scale parameter a(t)

– called Friedmann-Robertson-Walker (FRW) 
metric for an isotropic and homogeneous 
universe

• ds2 is proper space and the metric gμν is the 
conversion from the coordinates dxμ

ds2 = cdt dx dy dz( )
−1 0 0 0
0 a2 (t) 0 0
0 0 a2 (t) 0
0 0 0 a2 (t)

"

#

$
$
$
$
$

%

&

'
'
'
'
'

cdt
dx
dy
dz
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#

$
$
$
$

%

&

'
'
'
'



TUM WS19/20 Cosmology 1 Wolfgang Hillebrandt and Bruno Leibundgut 44

Calculating a geodesic in an 
expanding universe

• Simple case: Minkowski space (flat):
• movement of a force-free 

particle (geodesic): 
!"#$

!%"
= 0 with 𝑥) = 𝑥, 𝑦 , i.e. Cartesian coordinates

• How would this look like in polar 
coordinates?
– x’i = (r, Θ)

– now                !!!

d 2xi

dt2
≠ 0
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Coordinate transformation

• need to transform to the polar coordinates

– with as transformation matrix from one 

coordinate system to the other

– in this special case: 
• x1 =  x = r cos(Θ);    x2 = y = r sin(Θ)

dxi

dt
=
∂xi

∂ "x j

d "x j

dt
∂xi

∂ "x j
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Coordinate transformation

• Hence

• Putting it all together

∂x1

∂ "x 1
=
∂x
∂r

= cosΘ ∂x1

∂ "x 2 =
∂x
∂Θ

= −rsinΘ

∂x2

∂ "x 1
=
∂y
∂r

= sinΘ ∂x2

∂ "x 2 =
∂y
∂Θ

= rcosΘ

∂xi

∂ "x j =
cos "x 2 − "x 1 sin "x 2

sin "x 2 "x 1 cos "x 2

$

%
&&

'

(
))=

cosΘ −rsinΘ
sinΘ rcosΘ

$

%
&

'

(
)
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Back to geodesics
• Back to the geodesic equation (no force):

• now use

• and substitute in the equation above

d
dt

dxi

dt
!

"
#

$

%
&=

d
dt

∂xi

∂ (x j

d (x j

dt
!

"
#

$

%
&= 0

d
dt

∂xi

∂ "x j

#

$
%

&

'
(=

∂
∂ "x j

dxi

dt
#

$
%

&

'
(=

∂2xi

∂ "x j∂ "x k

d "x k

dt

d
dt

∂xi

∂ "x j

d "x j

dt
#

$
%

&

'
(=

∂xi

∂ "x j

d 2 "x j

dt2
+

∂2xi

∂ "x j∂ "x k

d "x k

dt
d "x j

dt
= 0
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… some algebra …

• Goal: isolate the time derivatives
– multiplying with the inverse of the 

transformation matrix

• leads to

– introduce the Christoffel symbol 

• Finally 

∂xi

∂ "x j

#

$
%

&

'
(

−1

=
∂x
∂ "x
*
+
,

-
.
/

−1#

$
%%

&

'
((
j

i

d 2 !x l

dt2
+

∂x
∂ !x
#
$
%

&
'
(

−1*

+
,,

-

.
//
i

l
∂2xi

∂ !x j∂ !x k

0

1

2
2

3

4

5
5
d !x k

dt
d !x j

dt
= 0

Γ jk
l =

∂x
∂ #x
$
%
&

'
(
)

−1+

,
--

.

/
00
i

l
∂2xi

∂ #x j∂ #x k

1

2
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3
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d 2 !x l

dt2
+Γ jk

l d !x k

dt
d !x j

dt
= 0
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Geodesic

• General equation of a freely moving 
particle

• Note             for Cartesian coordinates
• We need 4 dimension (time and space) 

and a new definition of time derivative

d 2 !x l

dt2
+Γ jk

l d !x k

dt
d !x j

dt
= 0

Γ jk
l = 0
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Geodesic

• Use progress along path (here denoted λ)

• General form 

– moved to greek letters (to indicate the 4 
dimensions)

d 2xµ

dλ 2
= −Γαβ

µ dxα

dλ
dxβ

dλ
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Christoffel symbols

• Can be derived from the metric

• Note 
• Examples:

Γαβ
µ =

gµν

2
∂gαν
∂xβ

+
∂gβν
∂xα

−
∂gαβ
∂xν

$

%
&

'

(
)

gµν = gµν( )
−1

gµν =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

"

#

$
$
$
$

%

&

'
'
'
'

= gµν gµν =

−1 0 0 0
0 a2 0 0
0 0 a2 0
0 0 0 a2

"

#

$
$
$
$$

%

&

'
'
'
''

gµν =

−1 0 0 0
0 a−2 0 0
0 0 a−2 0
0 0 0 a−2

"

#

$
$
$
$$

%

&

'
'
'
''

Flat space (Minkowski) (smooth) expanding universe
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Why all this?

We now have a general form for the force-
free movement of a particle for any metric. 
Since the universe is expanding, we can 
now translate the metric (coordinates) into 
our physical universe. Einstein realised that 
the metric relates to matter and energy and 
hence we are half way to understand the 
dominant force in the universe.
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Einstein’s Field Equations

• Gravity described by the geometry 
(metric) and the energy-momentum

– with Gμν as the Einstein tensor, Rμν the Ricci 
tensor, R the Ricci scalar (R=gμνRμν), 
G Newton constant, c speed of light and Tμν
the energy-momentum tensor.

Gµν ≡ Rµν −
1
2
gµνR =

8πG
c4

Tµν
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The Energy-Momentum Tensor

• Use the form for the ‘perfect fluid’

T µν =

ρc2 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

!

"

#
#
#
##

$

%

&
&
&
&&
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Recap Einstein Equations
• Gravity is the dominant force in the universe 
à General Relativity

• Need the most general form of the metric à
transformations between coordinate 
systems
– find ‘invariant’ parameters

• Equation of motion for a force-free particle 
(�̈� = 0)  in GR leads to affine connections à
Christoffel symbols

• Putting this together with the geometry and 
the energy content à Einstein Equations
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Einstein’s Field Equation

• The (time) evolution of the scale factor 
depends only on the time-time 
component of the Einstein equation:

– T00=ρc2 (energy density)

– time part 𝑅.. −
0
1
𝑔..𝑅 =

3
4"

6̇
6

R00 −
1
2
g00R =

8πG
c4

T00
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Friedmann equation

• The equation governing the expansion of 
the (flat) universe is

• and dividing by the Hubble constant H0

– with

• ρ(t) includes all energy forms in the 
universe

!a
a
!

"
#
$

%
&
2

≡ H 2 (t) = 8πG
3

ρ(t)

ρcrit =
3H0

2

8πG
≈10−26kg /m3

H 2

H0
2 =

ρ
ρcrit

≡Ω
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Curved geometry

• Consider the spatial part

• This is invariant under translations and 
rotations of the coordinate system

• This is also true for the hyperbolic case

• rescale with x’=ax and z’=az

dl2 = dx2

dl2 = dx2 + dz2;x2 + z2 = a2

dl2 = dx2 − dz2;x2 − z2 = a2
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Curved space

• gives

• Differentiating                gives
•
• and in general

• with 

dl2 = a2[dx2 ± dz2 ];z2 ± x2 =1
z2 =1∓ x2 zdz = ∓xdx

dl2 = a2 dx2 ± (xdx)
2

1∓ x2
!

"
#

$

%
&

dl2 = a2 dx2 + k (xdx)
2

1− kx2
"

#
$

%

&
'

k =
+1             spherical
−1    hyperspherical
0     flat (Euclidian)

"

#
$

%
$
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Curved space

• The line element becomes

• The elements of the metric are then

• Consider polar coordinates

• leads to

ds2 = gµνdx
µdxν = −c2dt2 + a2 (t) dx2 + k (xdx)

2

1− kx2
"

#
$

%

&
'

g00 = −1;     gi0 = 0;      gij = a
2 (t) δij + k

xix j

1− kx2

"

#
$

%

&
'

dx2 = dr2 + r2 dθ 2 + sin2θdφ( )

ds2 = −c2dt2 + a2 (t) dr2

1− kr2
+ r2 dθ 2 + sin2θdφ 2( )

"

#
$

%

&
'
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Curved space

• With the (diagonal) metric

• Going through the same steps again to 
calculate the contributions in the Einstein 
equations and then determine the 
Friedmann equation for curves space

g00 = −1;     grr =
a2 (t)

1− kr2 ;      gθθ = a
2 (t)r2;       gφφ = a

2 (t)r2 sin2θ

!a2

a2
+
k
a2

=
8πG
3

ρ(t)
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Gravity in Einstein’s Equations

• Consider an enclosed mass in a sphere

– here we converted the fixed density in 
comoving coordinates first into the density in 
the observed coordinate and then replaced 
it with the expansion factor

– in principle this resulted in 

M (x) = 4π
3
ρ0x

3 =
4π
3
ρ(t)r3(t) = 4π

3
ρ(t)a3(t)x3

ρ0 = ρ(t)a
3(t)
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Gravity in Einstein’s Equations

• Acceleration of a particle on the surface 
of the sphere is 

– now use                to change to the 
expansion factor

• This is the gravitational part of the field 
equations – GR modifies this part

!!r(t) = d
2r
dt2

= −
GM (x)
r2

= −
4πG
3

ρ0x
3

r2
r(t) = a(t)x

!!a(t) = !!r(t)
x

= −
4πG
3

ρ0
a2 t( )

= −
4πG
3

ρ(t)a(t)
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Friedmann equation

• Time evolution of the scale factor is 
described through the time part of the 
Einstein equations

• Assume a metric for a homogeneous and 
isotropic universe (metric is diagonal in 
polar coordinates) and a perfect fluid

!a
a
!

"
#
$

%
&
2

+
k
a2

=
8πG
3

ρ(t)
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