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Theme

® How to falsify inflation?

or

® Why bother measuring the trispectrum?



Motivation

® | will be focused on the local-form non-Gaussianity.

® The local-form bispectrum is particularly important
because its detection would rule out all single-field
inflation models (Creminelli & Zaldarriaga 2004).

o fnL'o >> | (like 30, as suggested by the current data)
ALL single-field inflation models would be ruled out.

But, what about multi-field models?



Motivation

® Can we rule out multi-field models also?

® [f we rule out single-field AND multi-field, then...
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Falsifying “inflation™

® We still need inflation to explain the flatness problem!

® (Homogeneity problem can be explained by a bubble
nucleation.)

® However, the observed fluctuations may come from
different sources.

® 50, what | ask is,""can we rule out inflation as a
mechanism for generating the observed fluctuations?”



Conclusion

® |t is almost possible.
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Strategy

® We look at the local-form four-point function
(trispectrum).

® Specifically, we look for a consistency relation between
the local-form bispectrum and trispectrum that is
respected by (almost) all models of multi-field inflation.

® We found one: TNT, > %(%fNL)Q

provided that 2-loop and higher-order terms are ignored.
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Which Local-form Trispectrum?

® The local-form bispectrum:
¢ Br(ki,ka,ks3)=(217)30(k|+ka+ks3)fNL[(6/5)Pc(ki)Pr(ka)+cyc.]

® can be produced by a curvature perturbation in position space in
the form of:

® T(x)=Cg(x) + (3/5)fNL[Cg(x)]

® This can be extended to higher-order:
® T(x)=Tg(x) + (3/5)1'NL[Cg(X)]2+/(9/25)8NL[lf.g(X)]3

This term (C?) is too small to see, so |
will ignore this in this talk.



Two Local-form Shapes

® For T(x)=Tg(x) + (3/5)fNL[Te(x)]* + (9/25)gnL[Ce(X)]°, we
obtain the trispectrum:
o Tr(ki ko ks ks)=(217)30(k +ka+k3+kas) {gnL[(54/25)P¢ (ki)

P(k2)Pg(ks)+cyc.] +(Fan)*[(18/25)Pg(ki)Pg(k2) (Pe(|ki+ks])
+Pg(|ki+ka|))+cyc.]}

ks K> K3 K>
k4 <\ <\
K| k4 K|




Generalized Trispectrum

® Tr(kika ks ks)=(217)30(k +k2tk3+kas) {gnL[(54/25)
Pc(ki)Pg(ka)Peg(ks)+cyc.] +Tne[Pg(ki)Pg(k2)(Pz(]
ki+ks|)+Pg(|ki+ka|)) +cyc ]}
The single-source local form consistency relation,

TNC=(6/5)(fNL)% may not be respected —
additional test of multi-field inflation!




(Slightly) Generalized

Irispectrum

® Tr(kika ks ks)=(217)30(k +k2tk3+kas) {gnL[(54/25)
Pg(ki)Pe(ke)Pe(ks)+eyc.] +Tre[P(ki)Pe(ka)(P(]
ki +ks|)+Pg(|ki+kas|))+cyc. ]}
The single-source local form consistency relation,

TNC=(6/5)(fNL)% may not be respected —
additional test of multi-field inflation!




Tree-level Result
(Suyama & Yamaguchi)

® Usual ON expansion to the second order

W ON.. 1w PN

27 00100,

I/
gives:
6 local __ > 17 NN N J
57 (NP

_ 21K N 1N gN 1N K E[(EJ NN 5)?

2r(Ng)*F > or(Np)?)?



Now, stare at these.

6 procar _ 2210 NVarsN1 N
5N (N2
ZIJ[\ N IJ\ \II\\[\ Z[(ZJ \IJ\J)

TNL

221 (Np)7) 21 (Ng)?)
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Change the variable...

6 focal _ 21g NraNalNg
57 r(Np)]F
Z[J[\ N [J\ N JK N K Z[(ZJ N [J\ )

TNL

>1(N1)?)? 2 r(Np)?)?
= (615) =X,

N

IS (N TNL:(ZIGIZ)(Zb'Z)M




Then apply the
Cauchy-Schwarz Inequality

(59) (59) = (5]

® |mplies (Suyama & Yamaguchi 2008)

() fl()C al 2
TNL =
._)

But, this is valid only at the tree level! .




Harmless models can violate
the tree-level result

® The Suyama-Yamaguchi inequality does not always hold
because the Cauchy-Schwarz inequality can be 0=0. For

example:

___ON 1 °N
( = 90, 01 > 05 o5

In this harmless two-field case, the Cauchy-Schwarz inequality

becomes 0=0 (both fnL and T result from the second term).
In this case,

TN ~ 103( l()Cil)—l/S

(Suyama & Takahashi 2008)



&

“l Loop”

 ON . 10°N _ .

Fourier transform this,
and multiply 3 times

. (13(1 . (133 _ _ o~ _ -~ _ o~ _ o~
23 | 2n) (dd2(k1 — P)dda(p)dda(ks — q)dd2(q)dda(ks — s)dda(s))

" dPp 1
21)°0 p(ky + ko + k / : - (permutations
(2m)0plia + ks 3)= 27)° ki — p|®|ks + pJ° ( )
- 8In(kyL) [ 1 1 1
27)°6p(ky + ko + k F 5 + 5
(27)"0p (k1 + ko + k) 22 | kiks  kski  kik3

ko=min(ki,ka,k3)
17



Assumptions

® Scalar fields are responsible for generating fluctuations.

® [luctuations are Gaussian and scale-invariant at the
horizon crossing.

® All (local-form) non-Gaussianity was generated
outside the horizon by ON
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Starting point

. ) | o
(%, 8) = Nalt, £)062(x) + 5 Nap(t, 1) ()02 (x)

™ 1 a b C 1 a b S, ~C d
gNabc(SSO* 590*590* aE INadeéga* 590*590*590*

® We need the fourth-order expansion for the complete
calculation at the |-loop level.

® Then, Fourier transform this and calculate the

bispectrum and trispectrum...
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—fNL ~ -NQNQ + TI‘(NQ)P* lll(k’oL)

X NaNbNab+

N

where

~

T™NL -Na 5 -+ Tr(NQ)P* In(koL)

~ ~ ~ ~

+ 2]‘\70,]‘\vfbc]‘\Vfbdjvacd + NaNbNachbcd) P, ln(kOL)-

~

Tr(N3) + zNQNbCNabc) P, n(koL)

N, =N, + %Nabbp* In(kmax L),

1
Nab = Nap + §Nabccp* ln(kmaxL)-

1—3

[Byrnes et al. (2007)]

X Na ab chc + (ZNaNachdNbcd + TI‘(N4)

Whel‘e Nabe = Nape + %Nabcdd,P* ln(kmaxL)
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6 L2
o 2fw = [NuNy 4@ ()P, n(hoD)

a = [NoNo(1 4 Proop)
B = [NoNa(l+ Proop)

a?+ (32> 5 (a+ )

(N N1+ Proop)] "
_ 2
. (NaNbNab + NuNpeNoube P, ln(kOL)>

+ (Tr(N?) + NoNpe abc) P2 1n” (kOL)

73loop =

2[N Nb ab"‘N Nbc abcP lll(k’() )]

X N Ny Nap + (Tr (N3) + 2N Nchabc) P, 111(k0L)
|
| 7% [Tr(N?) + NoNpeNape] PsIn(koL),




~

Tr(NV?
Proop = ff )P n(kL)

6 S —9 N a N a
® 5= (Rl GO Dy

X N Ny Nap + (Tr (N3) + 2N, N abc) P, ln(LOL)
|
|

*[NaNyNap + NoNpeNape Ps In(ko L))
2 [Tr(N?) + NoNoeNape] PeIn(koL),

a = [NoNo(1 4 Proop)
B = [NoNa(l+ Proop)

aQ—I—ﬁQZ%(aJrﬁ)Q

[NoN(1 + Proop)]
< [(NaNyNup + NoNpeNoapePs In(ko L)

2
(TI’(Ng) -|-N Nbc abc) 792 111 (k‘QL) Z % (ngL) 22




>
st term (NaNbNab N, Ny NP, ln(k:oL))
(N N )4(1 - Ploop)4
NyNpaNaaNa + 2NgNaga Nape Noe Py In(ko L)
(NaNo)? (1 + Prooy)’

NabNachcdeNdeP* 111 ( OL)
(NoNg)? (1 + Proop)? |

<

® where we have used the Cauchy-Schwarz inequality:

(Zau aVa)2 =< (Zau az) (ZaVa )

Vg = N(L Ug = NbNba —+ Nbc abcP ln(kOL)



6 . i L —2
® /N~ | NyN,+ TI‘(N )73* hl(k‘oL)

~ ~ ~

l\D

(N N1+ Proop)] "
_ 2
. (NaNbNab + NuNpeNoube P, 1n(/<;OL))

+ (Tr(N?) + NoNpe abc) P2 1n” (kOL)

2[N NbN b+N Nbc abcP 111(]{7() )]

% | NoNy Ny + (Tr(N?’) + 2NaNchabc) P.n(koL)
|
| [Tr(N?’) + N, Ny, a,bc] P In(koL),




2nd term
(TI(NB) + NNy, abc) P2 In? (koL)
(NaNa) (1 + Ploop)
(Tr(N?*) + 2NaeNey Naav Na + NeNeap NavaNa) Ps In(ko L)

<

(N N, ) (1 -|—73100p)

® where we have used the Cauchy-Schwarz inequality: -
Tr*(LM) < Tr(M?)Tr(L?)
with

Lab Nab ]\”i[ab = Nachb + Nchab

® and  Ploop/ (1 4+ Poop) < 1
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Sugiyama, Komatsu & Futamase, arXiv:1 101.3636

Collecting terms, here
comes a simple result

1 /6 ’
TN, T (2 loop) > 5 (ngL)

® where (2 loop) denotes the following particular term:
— | 2T 2
/77* = (H./27)
NabNabeNede Nae P2 In” (ko L)
(NaNg)? (1 4 Ploop)?

/_ Tr(N?) |
Ploop = T Py In(kL) 26

(2 loop) =




Now, ighore this 2-loop term:

® The effect of including all |-loop terms is to change the
coefficient of Suyama-Yamaguchi inequality, Tne= (6fNL/5)2

® This relation can have a logarithmic scale dependence.
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VWWhat we have learned

® The tree-level inequality cannot be taken at the face
value.

® |-loop corrections do not destroy the inequality
completely (it just modifies the coefficient), so it can
still be used to falsify inflation as a mechanism for
generating the observed fluctuations.
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+pone IMplications for Inflation

amplitude :
In(TNL) ~NT S l gf ..
NL > 5 | 5/NL ® [he current limits
3.3x 104 from WMAP 7-year
(aslmz'gf Oe)t are consistent with

single-field or multi-
field models.

® 5o, let’s play around
with the future.

3-point
74 In(fNL) amplitude “

(Komatsu et al. 201 |)



Case A: Single-field Happiness

600

10

In(fNL)

® No detection of
anything (fnL or
TnL) after Planck.
Single-field survived
the test (for the
moment: the future
galaxy surveys can
improve the limits
by a factor of ten).
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(Suyama & Yamaguchi 2008; Komatsu 20 10; Sugiyama, Komatsu & Futamase 201 1)

Case B: Multi-field Happiness(?)

|n(TN|_) | 5
TNL > % (%fm) o fnL IS detected.
Single-field is gone.

® But, TnL is also
detected, in accordance
with TNL>0.5(6fNnL/ 5)2
600 expected from most
multi-field models.
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(Suyama & Yamaguchi 2008; Komatsu 20 10; Sugiyama, Komatsu & Futamase 201 1)

Case C: Madness

L6 \2 ® f\L is detected. Single-
TNL > 5 (FfNL) fleld is gone.

® But, TnL is not detected,
or found to be

Remember: negative, inconsistent
| ' > 2
TNL iS not positive definite with Tne>0.5(6f1/5)”

600 ® Single-field AND
most of multi-field
models are gone.
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