
Lecture 4: Power Spectrum
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Outstanding Questions
• Where does anisotropy in CMB temperature come 

from? 

• This is the origin of galaxies, stars, planets, and 
everything else we see around us, including 
ourselves 

• The leading idea: quantum fluctuations in 
vacuum, stretched to cosmological length scales 
by a rapid exponential expansion of the universe 
called “cosmic inflation” in the very early universe

How do we 
analyse the 

data like this?
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Data Analysis
• Decompose temperature fluctuations 
in the sky into a set of waves with 
various wavelengths 

• Make a diagram showing the strength 
of each wavelength: Power Spectrum
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Power Spectrum,  
Explained



Part I: Spherical Harmonics
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Fourier transform?

• The simplest way to decompose fluctuations into waves is Fourier transform.


• However, Fourier transform works only for plane waves in flat space.


• The sky is a sphere. How do we decompose fluctuations on a sphere into 
waves?


• The answer: Spherical Harmonics.
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Spherical harmonics
Wait, don’t run! It is not as bad as you may remember from the QM class…

• Dipole patterns (l=1)
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(l,m)=(1,0) (l,m)=(1,1)
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a`�m = (�1)ma⇤`m : sufficient to consider only m>=0



Dipole Temperature Anisotropy of the CMB
Due to the motion of Solar System with respect to the CMB rest frame

• Temperature anisotropy towards “+” is 
ΔT/T = v/c = 1.23 x 10–3


• Thus, ΔT = 3.355 mK 9

in Galactic coordinates

The Solar System is 
moving towards this 

direction at 369 km/s.

<latexit sha1_base64="DzXFOjULeDw9KICe1jd04HINdHg="></latexit>

a10 = 5.124 mK str1/2,

a11 = 0.3384� 3.215i mK str1/2,

a1�1 = �a⇤11



(l,m)=(2,0) (l,m)=(2,1)

(l,m)=(2,2)

�✓ =
⇡

`

For l=m, a half-
wavelength, λθ/2, 

corresponds to π/l.  

Therefore, λθ=2π/l
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(l,m)=(3,0) (l,m)=(3,1)

(l,m)=(3,2) (l,m)=(3,3)

�✓ =
⇡

`
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[Values of Temperatures in the Sky Minus 2.725 K] / [Root Mean Square]
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• Values of alm depend on 
coordinates, but the squared 
amplitude,             , does not 
depend on coordinates

Angular Power Spectrum
• The angular power spectrum, Cl, quantifies how much 

correlation power we have at a given angular separation.

• More precisely: it is l(2l+1)Cl/4π that gives the 
fluctuation power at a given angular separation, ~π/l. 
We can see this by computing variance:
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COBE 4-year Power Spectrum
Bennett et al. (1996)

What physics 
can we learn 

from this 
measurement? 

14 Φ!!



Gravitational Potential in 3D to Temperature in 2D
More generally: How is a plane wave in 3D projected on the sky?

• Take a single plane wave for 
the potential, going in the z 
direction:
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φ=cos(qz)

rL

<latexit sha1_base64="ciE46FQAfLsnTsfc9vWVrW1JpLA="></latexit>

�T (n̂)

T0
=

1

3
�(tL, n̂rL)

Let’s use the Sachs-Wolfe formula 

for the adiabatic initial condition:
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�(tL,x) / A(tL) cos(qz)
•A(tL): Amplitude

•q: Wavenumber in 3D



Gravitational Potential in 3D to Temperature in 2D
More generally: How is a plane wave in 3D projected on the sky?
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φ=cos(qz)

rL

In the x-axis, the angle θ1 subtends the

half wavelength λ/2, with
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� = 2⇡/q

With trigonometry, we find
<latexit sha1_base64="X4EFaW9VhI0XU906xeHGIJoHoDU="></latexit>

tan ✓1 ' ✓1 =
�/2

rL
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�/2
<latexit sha1_base64="kioQwswNOG0n9Yz3t9xY5U1JAfk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOPCRQX7gCaEyXTSDp08nJkoJeZT3LhQxK1f4s6/cdpmoa0HLhzOuZd77/ETzqSyrG+jtLS8srpWXq9sbG5t75jV3baMU0Foi8Q8Fl0fS8pZRFuKKU67iaA49Dnt+KOrid95oEKyOLpT44S6IR5ELGAEKy15ZvXCCQQmmZOwPLsX3k3umTWrbk2BFoldkBoUaHrml9OPSRrSSBGOpezZVqLcDAvFCKd5xUklTTAZ4QHtaRrhkEo3m56eo0Ot9FEQC12RQlP190SGQynHoa87Q6yGct6biP95vVQF527GoiRVNCKzRUHKkYrRJAfUZ4ISxceaYCKYvhWRIdZRKJ1WRYdgz7+8SNrHdfu0bt2e1BqXRRxl2IcDOAIbzqAB19CEFhB4hGd4hTfjyXgx3o2PWWvJKGb24A+Mzx+mcpRB</latexit>

=
⇡

qrL
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`1 ⇡ ⇡

✓1
= qrL



<latexit sha1_base64="KOT0HQYakgfjUS6ujnQfZaK9/tA="></latexit>

tan ✓2 ' ✓2 >
�/2

rL
=

⇡

qrL

Gravitational Potential in 3D to Temperature in 2D
More generally: How is a plane wave in 3D projected on the sky?
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φ=cos(qz)

rL

In the z-axis, the angle θ2 is subtends bigger  
than the half wavelength λ/2, with
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� = 2⇡/q
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`2 ⇡ ⇡

✓2
< qrL



How do we understand the 
relationship between the 3D 

wavenumber of the gravitational 
potential, Φ, and the 2D 

wavenumber of the temperature 
anisotropy, l?
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�(tL,x) =

Z
d3q

(2⇡)3
�q(tL) exp(iq · x) ?

tL: the time at the last scattering surface



Part II: Flat-sky (Small-angle) 
Approximation
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Fourier transform?

• The simplest way to decompose fluctuations into waves is Fourier transform.


• However, Fourier transform works only for plane waves in flat space.


• The sky is a sphere. How do we decompose fluctuations on a sphere into 
waves?


• The answer: Spherical Harmonics.

20

• But, this seems too complicated for understanding the 
relationship between the gravitational potential in 3D and the 
temperature anisotropy in 2D (i.e., sky). 


• Alternative (approximate) approach?



Fourier transform!
Approximately correct in a small region in the sky

• Take z-axis to anywhere we want in 
the sky. Then, treat a small area 
around the z-axis as a “flat sky”. 


• We then apply the usual 2D Fourier 
transform to analyse temperature 
fluctuations, and relate it to the 3D 
Fourier transform of the potential Φ.

21

Focus here.

“Flat sky”,  
if θ is small

n̂ = (sin ✓ cos�, sin ✓ sin�, cos ✓)



2D Fourier Transform

C.f., 

( )
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• Take the inverse 2D Fourier transform of the Sachs-Wolfe formula for the 
adiabatic initial condition:

a(l) of the Sachs-Wolfe effect

23

<latexit sha1_base64="ciE46FQAfLsnTsfc9vWVrW1JpLA="></latexit>

�T (n̂)

T0
=

1

3
�(tL, n̂rL) rL

1 [flat-sky approximation]

*q is the 3D Fourier wavenumber

• And Fourier transform Φ in 3D:
<latexit sha1_base64="RBD8tr0dpBybgVyGMyemHOVMmPk="></latexit>

�(tL,x) =

Z
d3q

(2⇡)3
�q(tL) exp(iq · x)



Flat-sky Result

• It is now manifest that only the 
perpendicular wavenumber contributes to l, 
i.e., l=qperprL, giving l<qrL

i.e., 

rL

<latexit sha1_base64="J7DM3WyxZs7rsnfW+7jb3zxK794=">AAACEHicbVC7SgNBFJ31GeMramkzGESrsCuKNkLQxsIignlANiyzk7tmcHZ3nLkrhiWfYOOv2FgoYmtp5984eRS+Dlw4nHMv994TKikMuu6nMzU9Mzs3X1goLi4tr6yW1tYbJs00hzpPZapbITMgRQJ1FCihpTSwOJTQDK9Ph37zFrQRaXKJfQWdmF0lIhKcoZWC0o4PUgaez5TS6R31I8147isxyH3sAbLAGxzf6OA8KJXdijsC/Uu8CSmTCWpB6cPvpjyLIUEumTFtz1XYyZlGwSUMin5mQDF+za6gbWnCYjCdfPTQgG5bpUujVNtKkI7U7xM5i43px6HtjBn2zG9vKP7ntTOMjjq5SFSGkPDxoiiTFFM6TId2hQaOsm8J41rYWynvMZsJ2gyLNgTv98t/SWOv4h1U3Iv9cvVkEkeBbJItsks8ckiq5IzUSJ1wck8eyTN5cR6cJ+fVeRu3TjmTmQ3yA877F0d9nV4=</latexit>

`1 ⇡ ⇡

✓1
= qrL
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Flat-sky Result

• It is now manifest that only the 
perpendicular wavenumber contributes to l, 
i.e., l=qperprL, giving l<qrL

i.e., 
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`2 ⇡ ⇡

✓2
< qrL

rL
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The relationship between q and l 
Understood?  

Let’s go to the full sky treatment.
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• Take the inverse spherical harmonics transform 


of the Sachs-Wolfe formula for the adiabatic initial 
condition:

alm of the Sachs-Wolfe effect

27

<latexit sha1_base64="ciE46FQAfLsnTsfc9vWVrW1JpLA="></latexit>

�T (n̂)

T0
=

1

3
�(tL, n̂rL)

rL

• And Fourier transform Φ in 3D:

*q is the 3D Fourier wavenumber

<latexit sha1_base64="RBD8tr0dpBybgVyGMyemHOVMmPk="></latexit>

�(tL,x) =

Z
d3q

(2⇡)3
�q(tL) exp(iq · x)



Spherical wave decomposition 
of a plane wave

• This is the exact formula relating Φ in 3D at the last 
scattering surface to alm. How do we understand this?

• How to obtain a plane wave by combining spherical waves? The answer is

• which is called the “partial wave decomposition” or “Rayleigh’s formula”. Then we obtain



q -> l projection

• A half wavelength, λ/2, at the last scattering surface 
subtends an angle of λ/2rL. Since q=2π/λ, the angle is given 
by δθ=π/qrL. Comparing this with the relation δθ=π/l, we 

obtain l=qrL. How can we see this?


• For l>>1, the spherical Bessel function, jl(qrL), peaks 
at l~qrL and falls gradually toward qrL>l. Thus, a given q 
mode contributes to large angular scales too. We learned this already from 

the flat-sky approximation!



Part III: Power Spectrum of the 
Sachs-Wolfe Effect
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Let’s compute the temperature power spectrum
Temperature Cl

• We use


to compute
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Result
The power spectrum of the Sachs-Wolfe effect?

• We use


to compute

32

• But this is not exactly what we want. We want the 
statistical average of this quantity.



Power Spectrum of φ
• Statistical average of the right hand side contains

two-point correlation function

If does not depend on  locations (x) 
but only on separations between two points (r), then 

where we defined

consequence of “statistical homogeneity”
φ

and used



Power Spectrum of φ
• In addition, if                                              depends only on 

the magnitude of the separation r and not on the directions, 
then

Power spectrum!

Generic definition of the power spectrum for 
statistically homogeneous and isotropic fluctuations



The Power Spectrum of 
the Sachs-Wolfe Effect

• Thus, the power spectrum of the CMB in the Sachs-Wolfe limit is

• In the flat-sky approximation, 

Perpendicular  
wavenumber, (qperp)2



The Power Spectrum of the 
Sachs-Wolfe Effect

• Thus, the power spectrum of the CMB in the SW limit is

• In the flat-sky approximation, 

For a power-law form, , we get



The Power Spectrum of the 
Sachs-Wolfe Effect

• Thus, the power spectrum of the CMB in the SW limit is

• In the flat-sky approximation, 

For a power-law form, , we get

n=1
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COBE 4-year Power Spectrum
Bennett et al. (1996)

What physics 
can we learn 

from this 
measurement? 

38 Φ!!

n=1

n=1.2 ± 0.3  
(68%CL)

1989–1993



WMAP 9-year Power Spectrum
Bennett et al. (2013)

1989–1993

2001–2010



Planck 29-mo Power Spectrum

2001–2010

Planck Collaboration

2009–2013



Planck 29-mo Power Spectrum

2001–2010

Planck Collaboration

2009–2013

Clearly, the SW 
prediction does not fit! 

Missing physics:  
Hydrodynamics  
(sound waves)




