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ABSTRACT

Depending on the topology of the magnetic field and characteristics of turbulent
motions, diffusion can significantly affect the distribution of elements, in particular
helium, in the intracluster medium (ICM). As has been noted previously, an incorrect
assumption about the helium abundance will lead to an error in the iron abundance
determined from X-ray spectroscopy. The corresponding effect on the temperature
measurement is negligibly small. An incorrectly assumed helium abundance will also
lead to a systematic error in angular distance measurements based on X-ray and
Sunyaev–Zeldovich (SZ) observations of clusters of galaxies. Its magnitude is further
amplified by the associated error in the metal abundance determination, the impact
being larger at lower ICM temperatures. Overall, a factor of 2–5 error in the helium
abundance will lead to an ≈ 10–25% error in the angular distance.

We solve the full set of Burgers equations for a multi-component intracluster
plasma to determine the maximal effect of diffusion on the interpretation of X-ray and
microwave observations of clusters of galaxies. For an isothermal cluster, gravitational
sedimentation can lead to up to a factor of ∼ 5–10 enhancements of helium and
metal abundances in the cluster center on a ∼ 3–7 Gyr timescale. In cool-core clusters
on the contrary, thermal diffusion can counteract gravitational sedimentation and
effectively remove helium and metals from the cluster inner core. In either case, a
significant, up to ≈ 40%, error in the metal abundances determined by means of X-
ray spectroscopy is possible. The angular distance determined from X-ray and SZ data
can be underestimated by up to ≈ 10–25%.

Key words: X-rays: galaxy clusters. Cosmic microwave background. Intergalactic
medium. Distance scale.

1 INTRODUCTION

Clusters of galaxies are an important tool of observa-
tional cosmology. The key role in fulfilling their potential
as cosmological probes belongs to X-ray observations. X-
ray imaging and spectroscopy, combined with the assump-
tions of hydrostatic equilibrium, symmetry and uniformity,
yield the total gravitating masses of clusters of galaxies
and their gas fractions. Another opportunity for cosmo-
logical measurements with clusters of galaxies is provided
by the Sunyaev–Zeldovich (SZ) effect (Sunyaev & Zeldovich
1972). New-generation space- and ground-based SZ ex-
periments, such as Planck, SPT, ACT and CARMA,
are capable of mesuring electron pressure in the intra-
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cluster medium (ICM) independently of X-ray data (e.g.
Plagge et al. 2010; Reese et al. 2012; Plagge et al. 2012;
Planck Collaboration, et al. 2013). Combined observations
in the microwave and X-ray bands allow one to mea-
sure the angular distances to clusters of galaxies and
thus to determine the Hubble constant (Silk & White
1978; Sunyaev & Zeldovich 1980; Carlstrom et al. 2002;
Motl et al. 2005; Bonamente et al. 2006; Kravtsov et al.
2006; Planck Collaboration, et al. 2012).

Interpretation of X-ray and SZ observations of clusters
of galaxies is subject to a number of uncertainties. The na-
ture of many (but not all) of these uncertainties are related
to the physical state of the ICM, for example to the as-
sumptions of hydrostatic equilibrium or symmetries in the
ICM distribution, the role of non-thermal pressure, abun-
dance distributions of elements etc. Many of these uncertain-
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ties have been extensively discussed and are taken into ac-
count by sophisticated data interpretation procedures (e.g.
Bonamente et al. (2006)). However, the effects of possible
non-solar abundance distributions of elements remained so
far largely ignored.

Diagnostics of element abundances in the ICM is
based on measurement of their line emission, which, given
the characteristic ICM temperatures, is in the X-ray
band. This works reasonably well in principle for most
of the cosmically abundant elements. However, X-ray
spectroscopy provides no information on the helium-to-
hydrogen ratio in the ICM, because both elements are fully
ionized at these temperatures and produce no spectral
lines. Therefore in practice, the helium abundance is
usually assumed to be equal to its primordial value. The
latter is known quite accurately from the theory of Big
Bang nucleosynthesis which predicts the He fraction in
the total baryonic mass density of Y = 0.2482 ± 0.0007
(Walker et al. 1991; Kneller & Steigman 2004). However,
abundances of elements in the ICM may differ significantly
from the primordial values. It has been shown that sedi-
mentation of helium and heavy elements (Fabian & Pringle
1977; Gilfanov & Sunyaev 1984; Chuzhoy & Nusser
2003; Chuzhoy & Loeb 2004; Ettori & Fabian 2006;
Shtykovskiy & Gilfanov 2010) may take place in the central
regions of clusters. If transport processes are not signif-
icantly suppressed in the ICM, helium abundance may
increase by a factor of 2 or more in the cluster center. For
comparison, helium enrichment by stars is not expected to
be significant.

An incorrect assumption about helium abundance in
interpreting observations of clusters of galaxies will lead to
several important consequences. Firstly, the incorrect calcu-
lation of the continuum level, per particle, will result in an
incorrect measurement of the metal abundances and emis-
sion measures by means of X-ray spectroscopy (Drake 1998;
Ettori & Fabian 2006). That in turn will result in incorrect
estimates of the gravitating and gas masses of the cluster
(Ettori & Fabian 2006). Secondly, incorrectly assumed he-
lium abundance will affect the results of angular distance
measurements based on X-ray and microwave observations
(Markevitch 2007; Bulbul et al. 2011).

Although different aspects of the helium abundance
problem have already been discussed, the amplitude of its
effects having been estimated and their potential impor-
tance for cosmological measurements with clusters of galax-
ies stressed out, none of the previous treatments included
the full consideration of the diffusion problem. In particular,
the effect of thermal diffusion was not taken into account.
The importance of the latter in considering cool-core clusters
has been demonstrated by Shtykovskiy & Gilfanov (2010).
In particular, it was shown that the temperature gradients
in cool-core clusters are large enough for thermal diffusion
to counteract gravitational sedimentation and to reverse the
flow of heavy particles, resulting in the effective removal of
helium and metals from the cluster inner core.

The goal of the present paper is to consider the full set
of Burgers equations for a multi-component ICM plasma in
order to estimate the maximum possible impact of diffusion
of elements in the ICM on the interpretation of X-ray and
microwave observations of clusters of galaxies. In the follow-
ing we will consider both isothermal and cool-core clusters.

As a representative example of a cool-core cluster we will
use Abell 2029. The paper is organized as follows. In Sec-
tion 2, we revisit the problem of bias in the observationally
derived ICM parameters caused by incorrectly assumed he-
lium abundance. In Section 3, we describe our treatment of
the diffusion problem and present the results of computa-
tions for A2029 and an isothermal cluster of the same mass.
Finally, in Section 4 we discuss implications of our results
for observational cosmology.

2 BIAS IN X-RAY AND SZ DERIVED

QUANTITIES DUE TO INCORRECTLY

ASSUMED HELIUM ABUNDANCE

For a spherically symmetric gas distribution, the X-ray sur-
face brightness in the direction of the cluster center is given
by:

Sx =
2

4π(1 + z)4
Da

θc
∫

0

n2
e(θ)Λ(A(θ), Te(θ))d θ. (1)

Here, z and Da are the cluster redshift and angular distance,
respectively, ne(θ) and Te(θ) are the electron number density
and temperature at distance r = Daθ from the cluster center
along the line of sight, Λ is the X-ray cooling function of
the ICM integrated over a given energy band, and θc is the
cluster angular size. Note that we define Λ relative to n2

e.
The amplitude of the nonrelativistic Sunyaev–Zeldovich

effect is proportional to the Comptonization parameter. The
Comptonization parameter for the same (central) line of
sight as in equation (1) is given by (Sunyaev & Zeldovich
1972)

y = 2Da
kσT

mec2

θc
∫

0

Te(θ)ne(θ)d θ, (2)

where me, c, σT , k are the electron mass, speed of light,
Thomson cross section and Boltzmann’s constant, respec-
tively.

2.1 X-ray derived quantities

At typical ICM temperatures of T ∼ 107–108 K, hydro-
gen and helium are fully ionized and radiate mostly by
bremsstrahlung. Hence, the helium abundance cannot be
determined directly from X-ray observations. Analyzing the
X-ray spectrum of the ICM, an observer has to make some
assumptions about the helium–hydrogen ratio in order to
determine the abundances of heavy elements and the tem-
perature and density of the gas.

To estimate the bias in these quantities caused by an
incorrect assumption about helium abundance, we carried
out the following simulations. Using the VAPEC model
(Smith et al. 2001) in XSPEC (Arnaud 1996), we gener-
ated X-ray spectra for different gas temperatures, fixing
the abundances of heavy elements to their solar values and
varying the helium abundance from 0.1 to 2 in solar abun-
dance units. The simulated spectrum was then fit by the
same model with the helium abundance fixed at the solar
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Figure 1. Bias in the determination of the temperature (top and
middle panels) and metal abundance (bottom) as a function of
the helium abundance. The helium abundance was assumed to
be solar in spectral fitting. Top: Temperature bias for gas with
kT = 6 keV and different compositions: solar abundances of ele-
ments heavier than helium (blue solid line); plasma consisting of
H, He and solar-abundance Fe (black dashed line); H–He plasma
(black dash-dotted line). Middle: Temperature bias for gas with
solar abundances of elements heavier than helium and different
temperatures: 4 (red), 5 (green) and 6 (blue) keV. The blue dash-
dotted line corresponds to the bias for spectra generated with the
XMM-Newton instrumental response (T = 6 keV). Bottom: Bias
in the metal abundance determination for gas with solar abun-
dances of elements heavier than helium and temperatures of 4
(red) and 6 (blue) keV.

value and other element abundances characterized by a sin-
gle number z — the abundance ratio to the solar value,
which, along with the temperature, were free parameters of
the fit. In the simulations and spectral fitting, the Chandra
(ACIS-I3 Cycle 15) response was used; the spectral fitting
was performed in the 0.5–10 keV energy band. Poisson noise
was not included in simulated spectra.

The results of these calculations are presented in Fig. 1.
In the top and middle panels, we compare the bias in the
determination of temperature for plasmas of different com-
position and temperature. The bias is significantly stronger
in the case of pure H–He plasma compared to gas enriched by
metals and increases with temperature. However, its over-
all amplitude is negligibly small, less than 1%. Replacing
the Chandra response function with that of XMM-Newton
EPIC MOS has practically no effect on this result. Hence,
the error in the helium abundance assumption does not sig-
nificantly affect the determination of gas temperature. This
can be explained by the fact that the inferred gas temper-
ature is determined by the shape of the spectral continuum
and relative intensities of spectral lines. Changing the he-
lium abundance affects the continuum shape only slightly
because the energy dependence of the Gaunt factor weakly
varies with the ion charge Z (see, e.g., Hummer 1988), so
that hydrogen and helium have only slightly different shapes
of bremsstrahlung spectra.

In the bottom panel of Fig. 1, we show the relative er-
ror in the determination of heavy element abundances as a
function of the true helium abundance for different gas tem-
peratures. The error in the determination of heavy element
abundances resulting from the assumption of solar helium
abundance can reach ∼ 40% if the true helium abundance
is zero. For a factor of 2 error in the assumed helium abun-
dance, the error on the heavy element abundances is about
≈ 20%. Similar results were previously obtained by Drake
(1998); Ettori & Fabian (2006). The error in the heavy ele-
ment abundances arises because, due to incorrectly assumed
helium abundance, the spectral model incorrectly calculates
the continuum level per hydrogen atom, which affects the
ratio of the emission line intensities to the continuum. As
increasing helium abundance leads to increasing the contin-
uum level per particle, the heavy element abundances are
underestimated when the helium abundance is underesti-
mated. The effect depends weakly on the gas temperature,
being larger for lower temperatures.

2.2 Angular distance

The X-ray brightness and SZ decrement depend on differ-
ent powers of the electron density. Therefore, a combina-
tion of X-ray and SZ observations provides an opportu-
nity to determine this density and convert it to the cluster
distance using equations (1) and (2) (Silk & White 1978;
Sunyaev & Zeldovich 1980):

Da =
y2

Sx

θc
∫

0

n2
e Λdθ

(

θc
∫

0

ne Tedθ

)2

m2
ec

4

2k2σ2
T 4π(1 + z)4

, (3)

where y and Sx are the Comptonization parameter (deter-
mined from the observed SZ decrement) and X-ray surface
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Figure 2. The bias in the distance to a uniform cloud of hot
plasma derived from a combination of SZ and X-ray (Chandra)
data, as a function of helium abundance. In the simulated data,
the abundances of all elements heavier than helium were set equal
to their solar values. The simulated data were interpreted assum-
ing solar helium abundance, whereas the abundances of heavy
elements were determined from X-ray spectral fitting. The green,
red and blue solid lines show the distance bias computed using
the precise expression, eq. (4), for the plasma temperature of 2,
4 and 6 keV. For comparison, the black dashed and dash-doted
lines show the bias for H–He plasma derived from the precise ex-
pression, eq. (6), and approximate relation, eq. (7), respectively.

brightness, both measured in the direction towards the clus-
ter center. Whereas both y and SX are directly measured
quantities, the radial temperature profile T (θ) and the shape
of the density profile ne(θ) can be inferred from observations,
e.g., from the radial brightness profiles in different X-ray
bands. Note that in order to determine the normalization of
ne(θ) one would need to know the distance to the cluster,
however, the density normalization is not required for the
angular distance calculation as it cancels out in eq.3. The
cooling function Λ depends, apart from the temperature T ,
on the assumed helium abundance x and metal abundances
z, the latter usually being determined from X-ray spectral
fitting, i.e. Λ = Λ(x, z, T ). Note that the cooling function is
normalized to the square of electron density n2

e.
To investigate how distance measurements can be af-

fected by an error in the assumed helium abundance, we
considered an isothermal spherical gas cloud of constant den-
sity and homogeneous chemical composition with an angular
size of θc located at distance Dtrue

a from the observer. In this
case, eq.(3) can be reduced to:

Dfit
a

Dtrue
a

=

(

T true

T fit

)2
Λ(xas, zfit, T fit)

Λ(xtrue, ztrue, T true)
≈

Λas

Λtrue
, (4)

where T true and xtrue, ztrue are the true temperature and
abundances of the gas, T fit and zfit are the corresponding
best-fit values obtained from X-ray spectral fitting and xas

is the assumed helium abundance and Dfit
a is the angular

distance inferred from the analysis.
For hydrogen–helium plasma (z = 0), the cooling func-

tion is given by:

Λ(x, z = 0, T ) = ǫep(T )
1 + 4x gff (ZHe)/gff (ZH)

1 + 2x
, (5)

where ǫep(T ) is the bremsstrahlung emissivity for a pure
electron-proton plasma, x = nHe/nH is the helium abun-
dance by the number of particles with respect to hydrogen
and gff (Z) is the frequency-averaged Gaunt-factor for the
element with charge Z. The relative error in the distance
determined from equation (4) is then

Dfit
a

Dtrue
a

=

(

T true

T fit

)2
1 + 4g̃ xas

1 + 4g̃ xtrue

1 + 2xtrue

1 + 2xas
. (6)

where g̃ ≡ gff (ZHe)/gff (ZH). If we neglect the weak de-
pendence of the Gaunt-factor on Z (Hummer 1988) and the
related weak temperature bias (see Fig. 1), we can simplify
the above expression as follows:

Dfit
a

Dtrue
a

≈
1 + 4xas

1 + 4xtrue

1 + 2xtrue

1 + 2xas
, (7)

This approximation was previously derived by Markevitch
(2007). The distance bias described by equations (6) and
(7) is shown in Fig. 2. We see that the difference between
equations (6) and (7) is small.

If the gas contains heavy elements, the dependence of
the distance bias on xas becomes more complicated. The
heavy elements contribute to the total X-ray luminosity
by continuum emission (recombination, bremsstrahlung, 2-
photon emission) and line emission. As was shown in Sec-
tion 2.1, for xas 6= xtrue, bias also appears in measuring the
heavy element abundances. Hence, there is an additional
bias in Dfit

a due to the incorrectly accounted contribution
of heavy elements to Λ in equation (3).

To investigate this quantitatively, we used the results of
simulations performed in Section 2.1. From the best-fit val-
ues of temperature and metal abundances obtained there,
we computed the cooling function Λas in eq.(4) and the ra-
tio Dfit

a /Dtrue
a . The result is shown in Fig. 2. Replacing the

Chandra response with that of XMM-Newton yields practi-
cally the same results.

As can be seen from Fig. 2, for helium–hydrogen plasma
there is no significant difference between the accurate eq.(6)
and approximate eq. (7). However, these formulae underesti-
mate the effect for a plasma of solar abundance by ≈ 5–10%,
the difference becoming larger at lower temperatures.

3 REDISTRIBUTION OF HELIUM AND

HEAVY ELEMENTS BY DIFFUSION IN

CLUSTERS OF GALAXIES

The element abundance distribution in the ICM is de-
termined by a number of physical processes. The ini-
tial composition of the ICM will change with time due
to ejection of heavy elements by supernovae, turbu-
lent mixing and diffusion in the gas. The role of dif-
fusion in shaping ICM abundance profiles has been dis-
puted for a long time. As is well known, transport
processes in the ICM may be supressed by magnetic
fields (e.g. Gilfanov & Sunyaev 1984; Ettori & Fabian 2000;
Markevitch et al. 2003; Komarov et al. 2013). However,
the chaotic fluctuations of the magnetic field produced
by turbulence can make the large scale transport co-
efficients big enough to make the diffusion important
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Figure 3. The profiles of the ICM density (blue), temperature

(green) and total mass density (red) in Abell 2029 that were used
in the diffusion calculations. For the temperature profile, we com-
bined the models of (Vikhlinin et al. 2006) and (Lewis et al. 2002)
outside and inside 20 kpc (vertical dotted line), respectively. The
radius of 20 kpc corresponds to about 14′′.

(Narayan & Medvedev 2001). On the other hand, turbulent
mixing can counteract diffusion, its effect on the distribu-
tion of elements depending on the turbulence spatial scale
and velocity (Ascasibar & Markevitch 2006).

We considered the problem of diffusion of elements in
the ICM in full detail but ignored the complexity introduced
by the magnetic fields, turbulent mixing and enrichment of
the ICM by supernovae. The goal of this exercise was to
estimate the maximal effect that diffusion can have on vari-
ous cosmologically important measurements with clusters of
galaxies.

3.1 Calculation method

Diffusion of elements is driven by the force of gravity
and by density and temperature gradients. Density gradi-
ents tend to restore a homogeneous distribution of the el-
ement abundances in plasma, whereas gravitational sedi-
mentation tends to concentrate plasma’s heavy particles to
the cluster center; the equilibrium state distribution of el-
ements of mass mi is proportional to the Boltzmann fac-
tor n ∼ e−miφ(r)/kT , where φ is the gravitational po-
tential (Gilfanov & Sunyaev 1984; Chuzhoy & Loeb 2004;
Abramopoulos, Chanan & Ku 1981). The presence of tem-
perature gradients in plasma gives rise to thermal diffusion,
which tends to remove heavy and more highly charged parti-
cles from colder regions (Burgers 1969; Chapman & Cowling
1970; Monchick & Mason 1985; Shtykovskiy & Gilfanov
2010).

To take into account all these processes, we considered
a full diffusion problem by solving the system of Burger’s
equations (Burgers 1969). We used the numerical scheme
from Shtykovskiy & Gilfanov (2010); the interested reader
is referred to that paper for the details. Here we describe
the main simplifying assumptions:

(i) We consider a 4-component plasma consisting of hy-
drogen, helium, a heavy element (A, Z) and electrons. The

hydrogen and helium are assumed to be fully ionized. In
all of the calculations presented here, the heavy element
is Fe+24. As was demonstrated in Shtykovskiy & Gilfanov
(2010), adding other heavy ions does not lead to noticeable
differences in the diffusion picture, moreover, distributions
of all metals change in an approximately identical manner.

(ii) We use a spherical model of a cluster in hydrostatic
equilibrium. Because of the non-negligible helium abun-
dance, diffusion changes the total pressure: p = ΣnkbT ,
hence hydrostatic equilibrium is violated and a net flow of
particles appears. However, because the sound speed in the
ICM is much higher than the diffusion velocity, hydrostatic
equilibrium restores quickly and stationary Burger’s equa-
tions remain valid. The (small) net flow velocity is calculated
using the Euler equation.

(iii) All velocities, temperature and density gradients are
required to vanish at the inner point r = 0. At the outer
boundary, a constant density boundary condition is set. This
is equivalent to assuming that the galaxy cluster is imbed-
ded in an infinite reservoir of gas. In our baseline model, the
cluster outer boundary is located at a distance of 1500 kpc
from the cluster center. We have verified that the solution
in the inner regions of the cluster is insensitive to this con-
dition (see also Shtykovskiy & Gilfanov 2010). Furthermore,
we also considered the case of an opaque boundary condition
by setting the speeds of all species equal to zero at the outer
boundary. The resulting solution at t = 7 Gyr differs by less
than a few per cent from the solution for our default bound-
ary conditions almost everywhere out to a radial distance of
∼ 1000 kpc.

(iv) The evolution of the temperature profile is not self-
consistently included in the calculations. The temperature
profile is fixed, T (r, t) = T (r, 0), and heat transport in the
plasma is switched off, i.e. there is no heat flux term in our
equations. This is equivalent to assuming that heat trans-
port and the activity of the central AGN are fully compen-
sated by the radiative cooling of gas. The possibility of a
stable configuration of this type has been demonstrated e.g.
in Guo, Oh & Ruszkowski (2008).

3.2 Cluster models

We conducted our calculations for cool-core and isother-
mal cluster models. To build the cool-core cluster model,
we use data for the A2029 cluster of galaxies. This clus-
ter, located at z = 0.0767, is known to have regu-
lar X-ray morphology and has been studied extensively
in X-rays with ROSAT (Sarazin et al. 1998), Chandra
(Lewis et al. 2002; Vikhlinin et al. 2005, 2006) and XMM-
Newton (Snowden et al. 2008).

We use the best-fit model from Vikhlinin et al. (2006)
to describe the temperature profile of A2029. This model is
defined outside of 20 kpc from the cluster center. To continue
the temperature profile inward of 20 kpc, we use the best-
fit model from Lewis et al. (2002), which is defined down to
1 kpc from the cluster center. We smoothly stitched the two
models at 20 kpc using a 5-degree polynomial. Within 1 kpc
of the cluster center, we extrapolated the temperature profile
using a 3-degree polynomial with a vanishing derivative in
the cluster center. The central temperature is fixed at 2 keV.

For the total mass, we use a NFW
(Navarro, Frenk & White 1997) profile
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ρ =
ρs

r/rs(1 + r/rs)2
, (8)

with rs = 337 kpc (Vikhlinin et al. 2006). The normaliza-
tion value, ρs = 1.7 × 10−25 g/cm3, was determined using
the best-fit gas density profile from Vikhlinin et al. (2006),
the aforementioned temperature profile and the condition of
hydrostatic equilibrium, ∆p

ρ
= −g. Using the temperature

profile, the normalized NFW profile and the condition of
hydrostatic equilibrium, we finally determined the gas den-
sity distribution. The resulting profile is close to that from
Vikhlinin et al. (2006). The gas mass fraction is 15% inside
r500 = 1360 kpc (recall that the outer boundary is fixed at
1500 kpc). The final profiles of the total mass density, gas
density and temperature are shown in Fig. 3.

For the isothermal cluster models, we assume the same
dark matter distribution as in A2029. We considered two
isothermal models with temperatures of 3 and 6 keV. Simi-

lar to the cool-core model, the gas density distribution was
calculated assuming hydrostatic equilibrium. The gas mass
fraction in these models is also 15%. The isothermal clus-
ter models allow us to isolate the effect of thermal diffusion,
effectively switching it off in Burger’s equations.

In all the considered cluster models, the mean free path
for protons at the outer radius is ∼ 10–20 kpc, hence the
diffusion approximation is valid over the entire cluster.

3.3 Evolution of element abundance profiles

We start our calculations with the solar mass fractions
of 0.75, 0.25, 1.8 · 10−3 for H, He and Fe, respectively
(Anders & Grevesse 1989). The initial abundance profiles
are assumed to be flat. The initial profiles of the diffusion
velocity of H+, He+2 and Fe+24 for A2029 and the isother-
mal cluster are shown in Fig. 4; Fig. 5 zooms in on the
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velocities in the central part of the cluster. Positive velocity
corresponds to outflow and negative to inflow.

In the central 20 kpc region of A2029, helium and iron
have positive velocities and only hydrogen flows towards the
cluster center. Such behavior is caused by the large temper-
ature gradient in the central part of the cluster (from the
center to ∼ 300 kpc, Fig. 3). Thermal diffusion tends to
evacuate heavy elements from the cool core, counteracting
gravity. On the other hand, the outward decrease of tem-
perature beyond r > 500 kpc acts in the same direction as
gravitational sedimentation and increases the diffusion ve-
locity as compared to isothermal cluster models.

Fig. 6 shows the accumulated effect of the diffusion af-
ter 3 and 7 Gyr. After 7 Gyrs, the thermal diffusion com-
pletely removes iron from the central part of A2029. The
same is true for helium, albeit to somewhat lesser extent.
The combined effect of gravitational sedimentation and ther-
mal diffusion increases the concentration of both elements
at ∼ 100–200 kpc from the cluster center. The hydrogen
distribution changes in the opposite sense, in order to keep
hydrostatic equilibrium. As a result, complex abundance dis-

tributions of elements are formed. The particular shape of
these distributions is determined by the detailed shape of the
temperature profile, as the net diffusion velocity depends on
the amplitude of the temperature gradients. Although the
temperature profiles vary significantly from cluster to clus-
ter, a picture qualitatively similar to that for A2029 arises
for other cool-core clusters: the abundance of elements heav-
ier than hydrogen is suppressed in the cluster center and
peaks at intermediate radii, ∼ few hundred kpc, due to the
combined effect of thermal diffusion and gravitational sep-
aration (see Shtykovskiy & Gilfanov (2010) for a few other
examples).

For the isothermal cluster model, the gravitational sed-
imentation modifies the element distributions in a more
monotonic fashion, increasing their concentrations towards
the cluster center. As demonstrated in previous work
(Gilfanov & Sunyaev 1984; Chuzhoy & Loeb 2004), the en-
hancement is most significant for helium and is somewhat
smaller for iron and other metals. In particular, the helium
concentration in the cluster center can increase by up to a
factor of ≈ 2.4–3 after 3–7 Gyrs. Because of the factor of
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∼ 2–3 decrease of the hydrogen concentration in the cen-
ter, the increase in the helium abundance is larger and can
achieve a factor of ∼ 5–9. As the diffusion velocity depends
on temperature as v ∝ T 3/2, the effect is stronger for higher
temperature clusters.

3.4 Outflow and inflow of particles through the

cluster outer boundary

Both theory and cosmological simulations predict that the
temperature profiles of clusters are approximately self-
similar (for a detailed discussion see, e.g., Katz & White
1993; Loken et al. 2002; Bryan & Norman 1998). This pre-
diction is confirmed by observations (e.g. Vikhlinin et al.
2005). A prominent feature of the predicted and observed
temperature profiles is that the ICM temperature decreases
outwards in the outer regions of clusters, beyond several
hundred kpc. As was demonstrated in the previous sections,
the combined effect of gravitation sedimentation and ther-
mal diffusion will lead to inflow of elements heavier than hy-
drogen and outflow of hydrogen through the outer boundary
of the cluster of galaxies. This will result in a long-term in-
crease of the cluster-averaged abundances of elements heav-
ier than hydrogen. Below, we calculate the net flux of par-
ticles through the outer boundary in order to evaluate the
amplitude of this effect. Recall that in our standard A2029
model, rout = 1.5 Mpc.

In our cool-core cluster model, the ICM mass inside rout
obtained by integrating ρg (Fig. 3) is 1.4×1014 M⊙. At t =
0, the hydrogen, helium and iron mass fractions take their
solar values of 0.75, 0.25 and 1.8 × 10−3, respectively, and
the corresponding diffusion velocities at the outer boundary
are vH = +13.8, vHe = −41.2 and vFe = −31.8 km s−1

(Fig. 4). Hence, the initial mass flow rates are qH = −1190,
qHe = 1185 and qFe = 5 M⊙ /year, where positive sign
means that the total mass of the given element in the cluster
is increasing. Thus, at the time t = 0 the abundances will
be increasing at rates of:

ȦHe/AHe ≈ 4.8 · 10−2 Gyr−1 (9)

ȦFe/AFe ≈ 3.9 · 10−2 Gyr−1 (10)

In the isothermal cluster model, these rates are correspond-
ingly smaller.

The detailed long-term evolution of the cluster-averaged
abundances computed from results of our numerical calcula-
tions is shown in Fig. 7. After 7 Gyr, 4.5% of the hydrogen
initially present in the cluster will have outflown through
the outer boundary, whereas the total masses of helium and
iron in the ICM will have increased by 28% and 22%, respec-
tively. This will result in an increase of their cluster-averaged
abundances by 33% and 27%, respectively. For the isother-
mal cluster (T = 4.4 keV), the cluster-averaged abundances
of helium and iron will have increased by 19 and 11%, respec-
tively, after 7 Gyr. Due to outflow of hydrogen and inflow
of helium and heavier elements through the outer bound-
ary of the cluster, the mean molecular weight of the ICM
increases with time. We note that due to our assumption of
hydrostatic equilibrium at t = 0, there is no net mass flow
through the outer boundary at the initial moment. Once
diffusion starts to operate, the total pressure changes and
the gas is pushed out of the equilibrium which is restored
via net gas motion. As a result, there is net inflow of mass
through the outer boundary and the total mass of the ICM
increases at the average rate of ∼ 0.5% per Gyr.

We conclude that the cluster-averaged abundances of
helium and metals can significantly increase due to the com-
bined effect of thermal diffusion and gravitational sedimen-
tation at the outer boundary of the cluster, provided that
these elements are present in sufficient amounts in the in-
tergalactic medium (IGM), outside this boundary. In the
above calculations we assumed that their abundances are
solar in the IGM. This is true for helium, but metals are
not expected to be present in significant amounts outside
clusters of galaxies. Therefore, eq.(10) may strongly overes-
timate the effect for iron. We finally note that the topology
of the magnetic field and characteristics of turbulence may
be different in the central parts of clusters of galaxies and
in their outskirts. Therefore, diffusion may be suppressed in
the center of the cluster but operate at sufficient strength in
its outer regions and vice versa.

4 EFFECT OF DIFFUSION ON THE

INTERPRETATION OF X-RAY AND SZ

DATA

Thermal diffusion can thus significantly affect the distribu-
tion of helium and heavy elements in galaxy clusters. This,
together with the bias in the determination of heavy element
abundances introduced by the standard assumption of solar
helium abundance (Section 2), can have important conse-
quences for the interpretation of X-ray and SZ observations
of clusters. We now use results of previous sections to es-
timate the expected biases in the determination of cluster
parameters.

We divided the model cluster into concentric spherical
shells and generated the X-ray spectrum of emission from
each shell using the APEC model in XSPEC and the elec-
tron number density, temperature and element abundances
resulting from the diffusion calculations in Section 3.3. We
then fitted the generated spectra by APEC assuming the so-
lar abundance of helium. The results are shown in Fig. 8. In



Impact of thermal diffusion 9

1 10 100 1000

0

0.2

0.4

0.6

0.8

1

1.2

1.4

−2
−1
0

+1
+2

−2
−1
0
+1
+2
0

2

4

6

8

10

12

14

T
, k

eV
∆

T
/T

 ×
 1

0-2

z
∆

z/
z   ×

 1
0-1

radius, kpc

ztrue
z$t

Ttrue

∆z

∆T

1 10 100 1000

0

0.5

1

1.5

2

2.5

3

3.5

-2

0

+2

5.9

5.925

5.95

5.975

6

6.025

6.05

6.075

−1

0

+1

∆
z/

z   ×
 1

0-1

∆
T

/T
 ×

 1
0-2

 

z

T
, k

eV

radius, kpc

T$t

Ttrue

z$t

ztrue

∆z

∆T

T$t

Figure 8. Abundance and temperature biases in X-ray spectral analysis for A2029 (left) and for an isothermal cluster with kT = 6 keV
(right) at t = 7 Gyr (cf. Fig. 6). Top: The blue solid line shows the true metal abundance, while the blue dashed line shows its best-fit
value obtained under the assumption of solar helium abundance. The corresponding red lines show the true and best-fit temperature
profiles. Bottom: The relative error in the metal abundance (blue) and temperature (red) determination.

the top panel, we compare the true radial profiles of metal
abundance and temperature with those determined from the
fits. Their fractional difference is shown in the bottom panel;
it illustrates the bias in the determination of ICM param-
eters from X-ray spectroscopy. These results are presented
for spherical shells, rather than for projected quantities, i.e.
we implicitly assume that the X-ray data are of sufficient
quality to enable the de-projection analysis.

We see that the assumption of solar helium abundance
results in a significant, up to ≈ 20–35% bias in the metal
abundance determination. For the isothermal cluster it leads
to a significant, more than a factor of ∼ 2, underestimate of
the effect of the gravitational sedimentation for metals. The
total mass of heavy elements in the ICM is underestimated
by 5.7% and 5.5% for A2029 and the isothermal cluster,
respectively. The total mass of gas is underestimated by 7%
and 8%, respectively. On the other hand, the temperature is
only weakly sensitive to the helium abundance assumption
and bias in its determination is thus small.

The redistribution of elements in the ICM also modi-
fies the electron density profile (due to the electroneutrlity
condition) and consequently the amplitude of the SZ effect.
In the left panel of Fig. 9, we show the change in the radial
profile of electron density after 7 Gyr of diffusion for the
isothermal cluster with kT = 6 keV and for A2029. Com-
parison with Figs. 6 and 9 indicates that the change in the
electron density is primarily caused by the diffusion of hy-
drogen. In the right panel of Fig. 9, we show the resulting
changes in the Comptonization parameter as a function of
the projected radius.

We can finally estimate the bias in the determination
of the angular distance, using equation (3). To this end,
we again assume that the observer has performed a de-
projection analysis of the X-ray data and determined the
temperature, metal abundance(s) and emission measure for

each spherical shell. We replace the integral in equation (3)
by a sum over spherical shells. We find that the assumption
of solar He abundance leads to an underestimate of the an-
gular distance by ≈ 13% and ≈ 15% for the cool-core and
isothermal cluster models respectively, at t = 7 Gyr and us-
ing the 1500 kpc aperture. The bias increases almost linearly
with time and weakly depends on the aperture for apertures
exceeding ∼ 0.5 Mpc in radius. Its detailed dependence on
time and aperture are shown in Fig. 10.

5 SUMMARY

We have considered the role of abundance anomalies in the
intra-cluster medium in interpretating X-ray and microwave
observations of clusters of galaxies in the cosmological con-
text. In particular, we investigated the role of diffusion of
elements in the ICM. As is well-known (Gilfanov & Sunyaev
1984; Chuzhoy & Nusser 2003; Chuzhoy & Loeb 2004;
Ettori & Fabian 2006; Shtykovskiy & Gilfanov 2010), it is
the density distribution of helium which can be affected by
gravitational sedimentation of elements most strongly. How-
ever, since helium is fully ionized in the ICM, its abundance
(to the contrary to metal abundances) cannot be directly
measured from equivalent widths of emission lines. There-
fore, in practice, it is usually assumed that helium abun-
dance in the ICM equals to its primordial value. Should
this assumption be incorrect, significant biases in estimat-
ing the metal abundances, emission measure and total mass
of the gas may arise (Section 2; see also Drake 1998;
Ettori & Fabian 2006).

The role of diffusion in the ICM of clusters of galax-
ies is still debated. The two well-known factors that can
potentially significantly reduce its importance are magnetic
fields and the mixing effect of large-scale turbulence. We



10 P. Medvedev et al.

radius, kpc

n
/n

0

1 10 100 1000
0.70

0.75

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

1.20

projected radius, kpc

y/
y 0

1 10 100 1000
0.88

0.90

0.92

0.94

0.96

0.98

1.00

1.02

A2029

isothermal
isothermal

A2029

Figure 9. Left: The change in the radial profile of electron density after 7 Gyr of diffusion for A2029 (black line) and for the isothermal
cluster with kT = 6 keV (red line) as a function of the radial distance to the cluster center. Right: The corresponding change in the
Comptonization parameter, i.e. of the amplitude of the SZ-effect, as a function of projected radius.

200 400 600 800 1000 1200 1400
0.7

0.75

0.8

0.85

0.9

0.95

1

0 1 2 3 4 5 6
0.7

0.75

0.8

0.85

0.9

0.95

1

aperture, kpctime, Gyr

D
!

t/
D

tr
ue

D
!

t/
D

tr
ue

isothermal
A2029

isothermal

A2029

after 7 Gyrfor aperture of 1500 kpc

Figure 10. The bias in the angular distance determined from the combined analysis of SZ and X-ray data. The black lines show results
for a cool-core cluster, the red lines are for the isothermal cluster. The distance bias is shown as a function of time for an aperture of

1500 kpc (left panel) and as a function of aperture at t = 7 Gyr (right panel).

ignored this complexity and investigated the maximum pos-
sible effect of diffusion on the cosmological measurements
with clusters of galaxies. To this end, we considered the full
set of Burger’s equations for a multi-component plasma and
solved them for two cluster models: (i) a cool-core cluster,
which was represented by the temperature and mass profiles
of A2029, and (ii) an isothermal cluster with the same mass
distribution and temperature of T = 3 and 6 keV. In the
case of the isothermal cluster, canonical gravitational sedi-
mentation of elements occurs leading to a factor of ∼ 5–10
enhancement of helium and metal abundances in the clus-
ter center on a ∼ 3–7 Gyr time scale. In the case of the
cool-core cluster model however, thermal diffusion counter-
acts the gravitational sedimentation, significantly reducing
the abundances of all elements heavier than hydrogen in the
cluster inner core, r 6 10–20 kpc and producing an up to

a factor of ∼ 1.5–2 enhancement of their abundances at the
intermediate radii ∼ 100–500 kpc.

There is a significant flux of helium and metals and out-
flow of hydrogen through the outer boundary of the cluster.
This will lead to a noticeable increase in the cluster averaged
abundances of the elements heavier than hydrogen at a rate
of ∼ 5% per Gyr. Of course, for the metals, this depends on
their actual abundance in the IGM.

Such a significant redistribution of elements will lead
to a number of biases in the cluster parameters determined
from X-ray data. The key role in these biases is played by an
incorrect assumption about the helium abundance. In par-
ticular, the metal abundances can be underestimated by up
to ≈ 10–40% and the total gas mass can be underestimated
by ≈ 7%. When X-ray data are combined with microwave
measurements to measure the angular distance to clusters
of galaxies, the diffusion of elements can lead to an underes-
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timate of the latter by ∼ 10–15% for apertures of the order
r500, with the effect being stronger for isothermal clusters.
Furthermore, in the case of an isothermal cluster with tem-
perature kT = 6 keV, the effect can reach ≈ 20–25% for
small apertures of ∼ 100–200 kpc.
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