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ABSTRACT

1 INTRODUCTION

The strength and structure of the large-scale magnetic field in protoplanetary discs
are still unknown, although they could have important consequences for the dynamics
and evolution of the disc. Using a mean-field approach in which we model the effects
of turbulence through enhanced diffusion coefficients, we study the time-evolution of
the large-scale poloidal magnetic field in a global model of a thin accretion disc, with
particular attention to protoplanetary discs. With the transport coefficients usually
assumed, the magnetic field strength does not significantly increase radially inwards,
leading to a relatively weak magnetic field in the inner part of the disc. We show that
with more realistic transport coeflicients that take into account the vertical structure
of the disc and the back-reaction of the magnetic field on the flow as obtained by
Guilet & Ogilvie (2012), the magnetic field can significantly increase radially inwards.
The magnetic-field profile adjusts to reach an equilibrium value of the plasma [ pa-
rameter (the ratio of midplane thermal pressure to magnetic pressure) in the inner
part of the disc. This value of 8 depends strongly on the aspect ratio of the disc and on
the turbulent magnetic Prandtl number, and lies in the range 10* — 107 for protoplan-
etary discs. Such a magnetic field is expected to affect significantly the dynamics of
protoplanetary discs by increasing the strength of MHD turbulence and launching an
outflow. We discuss the implications of our results for the evolution of protoplanetary
discs and for the formation of powerful jets as observed in T-Tauri star systems.

Key words: protoplanetary discs — accretion, accretion discs — magnetic fields —
MHD - ISM: jets and outflows.

ing of a magnetocentrifugal outflow from the inner parts
of the disc that could explain the powerful collimated jets

The conditions prevailing in protoplanetary discs and their
evolution with time are crucial ingredients in the theory of
the formation of planetary systems. Magnetic fields have
an important impact on the dynamics of protoplanetary
discs: they are thought to cause MHD turbulence through

the magnetorotational instability (Balbus & Hawley [1991)),

and can launch an outflow through the magnetocentrifugal
mechanism (Blandford & Paxnd m; Ferreira et al] M)
Both of these processes transport angular momentum and
therefore largely determine the mass accretion rate and the
time-evolution of the disc until its dispersal. The presence
of a magnetic field could furthermore directly influence the
structure of planetary systems by changing the rate and/or
direction of migration of planets embedded in the disc (e.g.
[Terquent [2003; Baruteau et all[2011; [Guilet et all[2013)
The presence of a large-scale poloidal magnetic field is of
particular importance for this dynamics. A strong large-scale
poloidal magnetic field is indeed necessary for the launch-

observed in T-Tauri star systems (Ferreira et all 2006). A

weaker poloidal field could also enable the launching of a
wind at larger radii that could significantly contribute to
driving accretion (Suzuki & Inutsuka 2009; [Fromang et al!
m Bai & Stone 1201 ;3dJE Suzuki & Inutsuka [2 M) The
strength of the large-scale poloidal field is furthermore a
key ingredient determining the intensity of MRI-driven tur-
bulence, which is generally more vigorous in the presence of
a significant poloidal field GHMM [1995; Bai & Stond

). Numerical simulations of MRI turbulence in the
presence of ambipolar diffusion have even suggested that
a net vertical magnetic field in the outer parts of protoplan-
etary discs is necessary to explain observed mass accretion

rates 201d).

Despite its crucial consequences, the strength of the
magnetic field remains very uncertain, both from an ob-
servational point of view (since direct measurements of its
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strength are still lacking) and from a theoretical perspective.
The evolution of a large-scale magnetic field in an accretion
disc has indeed been a long-standing theoretical problem
since [ILubow et all (1994) and [Heyvaerts et al! (1996) found
that the (outward) diffusion of this field was much more ef-
ficient than its (inward) advection in a geometrically thin
disc. Their analysis was based on a kinematic mean-field
approach in which turbulence is modelled by effective dif-
fusion coefficients: a viscosity v and a resistivity n. The
radial diffusion of magnetic flux is driven mostly by the
vertical diffusion of radial magnetic field across the verti-
cal scaleheight H of the disc, at a typical speed n/H. On
the other hand, advection is driven by viscous transport
of angular momentum at a typical speed v/r (where r is
the radius) if the magnetic flux is assumed to be trans-
ported at the same velocity as mass. The ratio of advec-
tion to diffusion velocities is therefore Zg = Ph where
P = v/n is the turbulent magnetic Prandtl number and
h = H/r is the aspect ratio of the disc. For a realistic mag-
netic Prandtl number of order unity as expected from MHD
turbulence (Pouquet et al! [1976; [Lesur & Longaretti |2009;
Fromang & Stond2009;/Guan & Gammid2009), this ratio is
very small if the disc is geometrically thin. As a consequence
of this inefficient advection, the magnetic field strength is al-
most uniform, leading to a negligibly weak magnetic field in
the inner parts of the disc, which is problematic for magnet-
ically driven jet models.

Since then, several ideas have been put forward that
could increase the advection speed or decrease the diffu-
sion rate of the magnetic field (Spruit & Uzdensky 2005;
Bisnovatyi-Kogan & Lovelace 2007; |Guilet & Ogilvid [2012).
It was realized, in particular, that the vertical averag-
ing of the induction equation should not be density-
weighted as is usually done for hydrodynamical variables,
but rather conductivity-weighted, where the conductivity
is the inverse of the effective resistivity (Ogilvie & Livig
2001; |Guilet & Ogilvid 2012, 12013). The vertical struc-
ture of the disc (in particular of the resistivity and
radial velocity) could therefore significantly change the
transport rates compared to the crude estimates of
Lubow et all (1994). Bisnovatyi-Kogan & Lovelace (2007)
and [Rothstein & Lovelace (2008) have for example proposed
that a non-turbulent surface layer could reduce the diffu-
sion rate of the magnetic field. |Guilet & Ogilvie (2012,12013)
have performed a radially local calculation of the transport
rates taking into account the vertical structure of the disc
and the back-reaction of the mean magnetic field on the
flow. They have found that a non-turbulent surface layer is
ineffective at reducing the diffusion, unless it extends into
MRI-unstable regions of the disc which are in fact expected
to be turbulent. They also found that for strong magnetic
fields such that the magnetic pressure is comparable to the
midplane thermal pressure, the estimates of [Lubow et al.
(1994) were a good approximation. On the other hand, for
weaker fields they showed that the vertical structure of the
disc leads to a faster advection by up to a factor 10 com-
pared to the advection of mass, and a slower diffusion of the
magnetic field by a factor up to 4 compared to the estimate
of ILubow et all (1994). Indeed, the diffusion rate decreases
with decreasing magnetic field strength because the mag-
netic field lines can bend over a larger height, while the ad-
vection velocity increases because of the faster radial veloc-

ity in the low-density region away from the midplane. This
encouraging result suggests that the magnetic field could be
efficiently advected and therefore increase radially inwards,
which could therefore potentially solve this long-standing
problem. Determining the radial structure and intensity of
the magnetic field requires however the study of a global
model of an accretion disc, which is the subject of this pa-
per.

The theory of star formation suggests that protoplane-
tary discs may actually form in a highly magnetized state.
In fact, if magnetic flux is conserved during the collapse,
the magnetic field is too strong and too efficient at remov-
ing angular momentum for a rotationally supported disc to
form. In the star-formation community the main interest is
therefore in how to expel the magnetic flux in order to en-
able disc formation (e.g. [Li et all[2014), in contrast to the
accretion-disc community which tries to find a way for ad-
vection to be more efficient. While part of the magnetic flux
may already diffuse out during the collapse itself (for exam-
ple due to a turbulent resistivity (Santos-Lima et all[2012;
Joos et all 2013)), it is likely that some significant flux re-
mains in the disc when it forms. We will therefore also study
the evolution of a protoplanetary disc from a highly mag-
netized initial condition, and determine on what timescale
any initial strong magnetic flux can be diffused out.

To better understand the global structure and time-
evolution of the large-scale magnetic field in protoplane-
tary discs, we study a global one-dimensional model of a
thin accretion disc. We use a mean-field approach with
the effects of turbulence being modelled by diffusion coef-
ficients and we neglect any additional dynamo effect caused
by MRI-driven turbulence. The time-evolution of the mag-
netic field is determined by transport rates (with contribu-
tions from both advection and diffusion) for which we con-
sider different prescriptions. We start by considering sim-
ple transport rates following [Lubow et all (1994), which are
kinematic and therefore independent of the magnetic field
strength. These transport rates do not allow much mag-
netic field advection if a realistic magnetic Prandtl number
is used; however, increasing this parameter to larger val-
ues enables us in a simple way to study general properties
of the magnetic-field structure in a thin accretion disc when
advection is efficient. This part of our study is similar to that
of [Takeuchi & Okuzumi (2013) and |Okuzumi et all (2013),
who considered the limit of very efficient advection, except
that we also study the regime in which advection and diffu-
sion velocities are comparable. We then use the more real-
istic transport rates computed by |Guilet & Ogilvid (2012),
which take into account the vertical structure of the disc and
the back-reaction of the mean magnetic field on the flow. In
contrast to the transport rates used previously, these depend
on the strength of the magnetic field and we will show that
they allow a significant advection weaker magnetic fields for
a realistic turbulent magnetic Prandtl number.

The plan of this paper is as follows. The physical and
numerical setup used in this paper is described in Section
In Section [3 we study the time-evolution of the magnetic
field when the simple transport coefficients of [Lubow et al.
(1994) are used. We then use the more realistic transport
coefficients of IGuilet & Ogilvie (2012) in Section @ Finally,
in Section Bl we summarize our results and discuss their con-
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sequences for protoplanetary disc evolution and the launch-
ing of an outflow.

2 PHYSICAL AND NUMERICAL SETUP
2.1 Formalism

We study the time-evolution of the large-scale poloidal mag-
netic field surrounding a thin accretion disc (with a small as-
pect ratio H/r = h < 1). We use a mean-field approach to
describe the time-evolution of the magnetic field, and model
the effects of turbulence inside the disc by isotropic effec-
tive diffusion coefficients: a viscosity v and a resistivity 7.
Our neglect of any anisotropy of the diffusion coefficients,
as well as of any dynamo « effect that may be generated
by MRI-driven turbulence, prevents dynamo action and im-
plies that the evolution of the magnetic field is governed by
an advection-diffusion equation. We consider the mean mag-
netic field averaged spatially in the azimuthal direction and
over a time of the order of the dynamical timescale (i.e. the
Keplerian orbital period). It is therefore axisymmetric and
steady on a short dynamical timescale, and we consider its
evolution over a longer viscous or resistive timescale.

2.1.1 Magnetic-field structure

We assume that no outflow is launched from the disc; there-
fore outside the disc the density vanishes and the magnetic-
field configuration is poloidal and force-free, which implies
that it is also current-free. We further neglect the currents
present in the star, so that the magnetic field originates only
from currents located inside the disc and from currents lo-
cated at infinity that create a uniform background magnetic
field. We describe the poloidal component of the magnetic
field with a magnetic flux function v as defined by |Ogilvie
(1997). Using a cylindrical coordinate system (r, ¢, z), this
magnetic flux function is related to the poloidal magnetic
field by

B=Vixe, (1)
or

__ 1% _ 1oy
B'f'_ 7'827 Z_T8T7 (2)

where ey is the unit vector in the azimuthal direction, while
B, and B, are the radial and vertical components of the
magnetic field. The magnetic flux threading a disc of radius
r is proportional to this flux function and equals 271p. This
definition of the magnetic flux function v is the same as in
Ogilvid (1997) or [Heyvaerts et all (1996) (where it is called
A) but differs by a factor of r from that used in|Lubow et all
(1994).

The azimuthal component of the magnetic field is as-
sumed to vanish outside of the disc, in agreement with our
assumption that no outflow is launched and therefore that
the magnetic torque at the disc surface vanishes. We there-
fore follow the evolution of the poloidal component of the
magnetic field only, which is fully determined by the mag-
netic flux functiond. With our assumption of axisymmetry,

1 Note that an azimuthal magnetic field can be present inside

the poloidal magnetic field comes only from azimuthal cur-
rents. The azimuthal current density j is given by

O (1ov) 0 (109
Kol = "%, <7‘82> or (7'87')' (3)

Outside of the thin disc, the azimuthal current density van-
ishes, and the flux function then satisfies the equation

o0 (10 g (10
9 (1ov +Z 10¢ -0. (4)
0z \r 0z or \r Or

The flux function is separated into a component ¥q due
to currents in the disc and a component ¥y due to currents at
infinity. This second term corresponds to a uniform vertical

magnetic field By across the whole domain, and therefore

2
vo = 5 Bo. (5)

The flux distribution created by the currents inside the
disc can be written as (Ogilvid 1997)

(2 — KK (k) — 2E(k)

1 [ rr!
r,z) = —
'éz}d( ) 71_/r1 /7(7"—&—7")2—&-22 k2

(6)
where k > 0 is defined by

4rr’

= .. L
(r+171)2+ 22’

(7
K and E are the complete elliptic integrals of the first and
second kind respectively:

/2
K(k:):/o (1—K?sin® )" ? da, (8)

/2
E(k) =/ (1 — k*sin®z)"/? du, 9)
0

and Jj is the azimuthal current surface density (i.e. az-
imuthal current integrated over z). It is related to the radial
magnetic field at the surface of the disc, Bys (actually the ra-
dial magnetic field extrapolated to z = 07 from the exterior
force-free field) by pi0J5 = 2Bys.

The flux function is therefore fully determined by the ra-
dial distribution of azimuthal current density inside the disc,
and by the assumed background magnetic field By. Equa-
tion (@) can actually be inverted to obtain the azimuthal
current density inside the disc J3 as a function of the ra-
dial distribution of the magnetic flux function in the disc
midplane 1q(r,0) (Lubow et all|[1994; (Ogilvi€ [1997). In the
end, the evolution of the 2D magnetic-field structure there-
fore reduces to a 1D problem where one computes the time-
evolution of the magnetic flux function in the disc midplane.

Heyvaerts et all (1996) proposed a simpler integral for-
mula to determine Bys (or equivalently J;) from 4. Their
equation (126) avoids the need for elliptic integrals and for
the inversion of a matrix. It has been used by them and by
subsequent authors (e.g. [ Reynolds et alll2006). However, we
have found that the procedure of [Heyvaerts et al! (1996) is

the disc and can have dynamical effects that indirectly affect the
transport of magnetic flux. This has been taken into account in
the analysis of |Guilet & Ogilvid (2012), whose results are used in
Section [
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invalid and should not be used. Their equation (123) appar-
ently assumes that the variables r and x are nearly equal,
which is not true in general; this means that their equa-
tion (126) gives an inaccurate description of the magnetic
interaction between different radii in the disc, which should
indeed involve elliptic integrals. Furthermore, their approach
requires the flux function to be known for 0 < r < oo and
allows the poloidal field to bend at the midplane at any ra-
dius; it does not allow for the disc to be of finite extent or to
have an inner hole in which currents cannot be supported.

2.1.2 Time-evolution of the magnetic flux

The time-evolution of the magnetic flux function in the disc
midplane is determined by transport processes in the accre-
tion disc, and may be stated in general as

3¢+ oy _ 9
ot Car T ot

where v, is the transport velocity of the magnetic flux,
which is driven both by the advection of the magnetic field
by the accreting matter, and by the diffusion of the magnetic
field by an effective turbulent resistivity. The calculation of
the transport velocity vy for a model of a turbulent thin
disc is described in |Guilet & Ogilvie (2012) and generally
involves numerical computations of the vertical structure of
the disc; vy, depends on the strength, inclination and radial
gradient of the magnetic field as well as on several parame-
ters of the disc. Before implementing these results we discuss
analytically some aspects of that problem in order to gain
some physical understanding.

The transport velocity of the magnetic flux can be eval-
uated at any height in the disc as

0B, 0B,
vy = Ut 9z  or

where v, is the radial velocity. However, this expression is
of limited value in itself because the right-hand side de-
pends on how the field lines bend as they pass through the
disc, and also on the vertical profile of the radial velocity,
which can be strongly influenced by the magnetic field. Us-
ing a conductivity-weighted average of this equation up to a
height z allows one to obtain an expression which does not
depend explicitly on the vertical profile of current density
but rather on the vertically integrated current density which
can be computed from the flux distribution (Ogilvie & Livig
2001):

Ul 0B _
vy = g (BT- — ) + Uy, (12)

where 7 is an average resistivity defined in the following way
(it is actually the inverse of the height-averaged conductiv-

ity):
z

77 fz Tz 1 3., dz /0 (13)

+rvy B, =0, (10)

(11)

and v, is the average of the radial velocity weighted by the
conductivity (1/n):

1 Zue L,
by = — %y, 14
S sz’/ T o

Note that in a thin accretion disc the vertical magnetic field

and therefore the term BOB; are independent of height be-
cause of the constraint that the magnetic field is divergence
free. The term B, — 2,853: = fozjdz’ corresponds to the
vertically integrated current density. This averaging proce-
dure shows that the advection speed of magnetic flux can
be different from the advection velocity of mass, since it is
conductivity-weighted rather than density-weighted.

This averaging procedure nevertheless has some draw-
backs. First, it depends implicitly on the vertical profile of
current density because of the dynamical effect of the mag-
netic field on the velocity profile. As a result v, cannot be
simply identified as the advection velocity of magnetic flux
but can also be partly due to a diffusion effect. More impor-
tantly, choosing the height up to which the average should
be performed is far from obvious. Integrating to ‘infinity’
(i.e. up to a height large compared to the scaleheight of
the disc) so that B, — zaa'iz can be safely identified with
the total current surface density (actually to poJ3/2) is not
a good solution (Guilet & Ogilvid [2012). Indeed, the first
term of equation ([2) then vanishes, while the average ve-
locity is dominated by the magnetically dominated region.
The result of the average is then the obvious (and useless)
result that the radial velocity in the magnetically domi-
nated region equals the advection velocity of the magnetic
field. |Guilet & Ogilvie (2012) have shown that it is more
relevant to perform the average up to the height zp where
the magnetic pressure of the vertical magnetic field equals
the thermal pressure. Above zp the magnetic field becomes
force-free such that the current vanishes, while below it the
magnetic field is approximately passive such that the ra-
dial velocity is that of a hydrodynamical disc. They showed
that neglecting the effect of the transition region where the
magnetic field is neither passive nor force-free leads to a
qualitatively good result, with a difference of order unity
with the full solution. In that case the two terms of equa-
tion (I2) can be identified as a diffusion due to the current
surface density, and an advection velocity. |Guilet & Ogilvie
(2012) also provided an analytical solution including the ef-
fect of the transition region, which is valid in the limit of
weak magnetic fields.

Using an asymptotic expansion of the equations of resi-
tive MHD in the limit of a thin disc and under the assump-
tion of a small inclination of the magnetic field lines with re-
spect to the vertical direction, |Guilet & Ogilvid (2012) have
shown that the transport velocity of magnetic flux can be
decomposed into several terms proportional to gradients in
the disc and non-vanishing horizontal magnetic field at the
disc surface. Following this decomposition, the transport ve-
locity may be expressed a:

B, 0lnb.
B. PB gy

where vaqyv is the advection velocity of magnetic flux, vaig
is the diffusion velocity coefficient resulting from turbulent
resistivity acting on the azimuthal current surface density,
By is the radial magnetic field at the surface of the disc (ac-
tually the radial magnetic field extrapolated to z = 0 from
the exterior force-free field) which is related to the azimuthal
current surface density through B, = poJj/2, and finally

Uy = Vadv T Vdift (15)

2 We assume here that the azimuthal magnetic field vanishes at
the surface of the disc as explained in Section 21,11
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vpp is a transport velocity coefficient of magnetic flux in-
duced by a radial gradient of vertical magnetic field strength
(but no current surface density). Using this decomposition,
equation (I0) can then be written as

0 0B.
_1/} +r (vadez + vdiffBrs +vpB ) =0. (16)

ot Olnr

As already discussed, the transport velocities of mag-
netic flux vaqv, vaig and vpp depend on the vertical struc-
ture of the disc in a non-trivial way. In this study, we
will use two different prescriptions for these transport co-
efficients. In Section [3] we use the transport velocities de-
rived by [Lubow et all (1994), and widely used later on (e.g.
Heyvaerts et all [1996; Reynolds et al! 2006). These trans-
port velocities are kinematic (since they do not take into
account the back-reaction of the magnetic field on the flow)
and are based on a crude vertical averaging. As noted in
the introduction, if a turbulent magnetic Prandtl number
of order unity is assumed, these transport rates do not lead
to significant magnetic field advection. Although we do not
believe them to be realistic, by artificially increasing the
turbulent magnetic Prandtl number we can obtain a simple
reference model where general properties of the magnetic-
field evolution in a global disc model can be studied. In
Section @] we then use the more realistic transport veloci-
ties computed by |Guilet & Ogilvie (2012). These transport
velocities take into account the vertical structure of the disc
and the back-reaction of the mean magnetic field on the
flow. We summarize below these two prescriptions for the
transport velocities.

In the crude vertical averaging considered by
Lubow et al| (1994) the transport rates are independent of
the magnetic field strength. The advection velocity is as-
sumed to be the same as that of mass (i.e. a density-weighted
average velocity), which for a steady-state disc far from the
inner boundary is

3v
2
where v is the effective turbulent viscosity. The diffusion
velocity of the magnetic field is

vaiff = %7 (18)

where 7 is the effective turbulent resistivity and H is the ver-
tical scaleheight of the disc. Finally, the last term in equa-
tion ([I6]) proportional to the radial gradient of vertical mag-
netic field is neglected as it is expected to be subdominant
in a thin disc, i.e. one assumes vpp = 0.

Guilet & Ogilvie (2012) computed transport rates of
the magnetic flux using an asymptotic expansion of the
equations of resistive MHD in the limit of a thin accretion
disc and of small inclination of the magnetic field lines with
respect to the vertical. This allowed them to solve for the
vertical structure of the magnetic field and velocity, assum-
ing a simple locally isothermal disc for the vertical ther-
mal structure. The transport velocities appearing in equa-
tion (0] can be written in the following way:

(17)

Vadv =

H
Vadv = (uxk +upaDu +upusDus) puicl (19)

Vdiff =  UbrsCs, (20)

H
Upp = UppCs, (21)

where uk, upH, UDpys, Usrs and upp are the dimensionless
transport velocity coefficients computed by |Guilet & Ogilvie
(2012), and gradients are expressed using the following def-
initions:

_ OlnH

bu = Gy (22)
_ Olnvy

Du= = Olnr’ (23)
_ OlnB,

Dy = S0 (24)

In this paper we use the values computed numerically
by Guilet & Ogilvie (2012) assuming a turbulent magnetic
Prandtl number of P = 1. These transport velocities depend
on the strength of the magnetic field through the dimension-
less parameter

_ Mo 3
~ B2 H’
which corresponds roughly to the midplane value of the

plasma ( parameter (the ratio of the thermal pressure to
the magnetic pressure); more precisely, the two are related

by B(¢ =0) = v/2/7 fo.

Bo (25)

2.2 Numerical method

In order to evolve the magnetic flux function in time, we
solve equation (I6)) using a second-order finite differenc-
ing numerical algorithm. The magnetic flux function is dis-
cretized on a grid with n, grid cells distributed logarith-
mically between rmin and rmax. The numerical calculations
presented in this paper used n, = 200. We checked that the
results converged with second-order accuracy and that with
the fiducial resolution numerical errors remained smaller
than 1%.

The time-integration is done using a second-order
Runge-Kutta method. The vertical magnetic field involved
in the advection term is evaluated from the flux function
and equation (@) by using a second-order upstream finite
differencing. The term involving the derivative of the verti-
cal magnetic field, which has the form a diffusion term, is
evaluated using a centred finite differencing. The evaluation
of the radial magnetic field at the surface of the disc, re-
lated to the current in the disc, deserves further comments.
Similarly to|Lubow et all (1994), this is done by writing the
integral of equation (@) in a matrix form such that the mag-
netic flux function coming from the currents in the disc is
expressed as

() = 3 Qi % (Brs, (26)

where (10q); is the value of ¥4 = ¥ — 1o at the centre of grid
cell 4, (Brs); the value of Bys at the centre of grid cell j, and
Qij is a matrix yet to be defined. Evaluating the coefficients
of Qi; at the centres of the grid cells leads to singular diago-
nal elements, which was avoided by [Lubow et all (1994) by
using a smoothing procedure. For better accuracy, we adopt
a different method in which the matrix coefficients are ob-
tained by numerically evaluating the following integral over
one cell:

_ 2 [Tz rir’ (2 — k*)K (k) — 2E(k) &

oo rji—1/2 'V (ri +17)? k?
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(27)
where k? = %,
cell 4, while r;_, /5 and 74,2 are the radii of the inner and
outer edges of the grid cell j, respectively. The matrix Q;
is then inverted in order to determine B,s from 4. Note
that the matrix Q;j, being a property of the grid, needs
to be computed and inverted only once. Therefore a more
precise determination of the matrix as done here does not
increase significantly the computational cost, while it does
give significantly better accuracy.

To ensure the stability of the numerical algorithm we
use the following CFL condition on the timestep (with a
safety factor of 0.5):

Sr 26r or? )

b b
Vadv TUdiff 2TUDB

r; is the radius of the centre of the grid

0t < min ( (28)
where the three terms correspond to the three transport
terms of equation (I6), and we followed [Lubow et all (1994)
for the CFL condition of the second term.

A discontinuous profile of the surface current density
leads to a logarithmic singularity of the flux function because
of the singularity in the integral of equation (6]). Physically,
this comes from the fact that close to an infinitely thin ring
current the magnetic field it creates scales like the inverse of
the distance from this ring. In order to avoid such a singular-
ity at the inner and outer edges of the disc, we use two buffer
zones located in the radius ranges [rmin, 7in] and [Fout, Tmax),
where the advection velocity goes smoothly from its value
in the disc at rin and rout to zero at rmin and rmax. For this
purpose, a smoothing function of the following form is used:

. 3x?
T 14223

which varies smoothly between 0 for z = 0 to 1 for x = 1,
with a vanishing derivative at both ends. The variable z is
set to £ = (r — Tmin)/("in — Tmin) in the inner buffer zone,
and to £ = (7 — Tmax)/(Tout — 'max) in the outer one.

Finally the last term of equation (6], which has the
form of a diffusion term, required a special treatment. In-
deed, vpp as computed by |Guilet & Ogilvie (2012) is pos-
itive, which corresponds to an antidiffusion and can lead
to an instability growing on scales smaller than H. How-
ever, variations of B, on such length-scales contradict the as-
sumptions made in the analysis of |Guilet & Ogilvie (2012),
and the effects of this term at such small scales are not be-
lieved to be physical. We have therefore smoothed the second
derivative of B, on a scale of H using a Gaussian function.
This removed the instability at small scales observed with-
out this smoothing procedure.

smooth(z) (29)

3 TRANSPORT RATES INDEPENDENT OF
MAGNETIC FIELD STRENGTH (CRUDE
VERTICAL AVERAGE)

In this section we describe the time-evolution of the mag-
netic field calculated using the simple transport rates of
Lubow et all (1994). We use a simple disc model in which the
aspect ratio h = H/r is uniform, and the effective viscosity
is either uniform or given by an « prescription, v = aH2Q,
with uniform «. The effective resistivity is then determined
by the magnetic Prandtl number P, which is also assumed

to be uniform. The transport velocities of the magnetic flux
are then obtained from equations (I7)) and (8). The surface
density does not need to be specified as the transport rates
of the magnetic flux do not depend on the magnetic field
strength through 8 (contrary to Section [ below). A steady-
state disc would however correspond to ¥ o r~1/2 for the
a disc model, and ¥ uniform for the uniform viscosity disc
model. The disc extends between ri, = 1 and 7.4t = 1000,
and the numerical domain including the buffer zones extends
between rmin = 0.75 and rmax = 1250. The magnetic field
strength is normalized by the uniform background magnetic
field Bo.

3.1 Final stationary state

We find that the magnetic-field configuration tends towards
a stationary state, which is independent of the radial profile
of effective viscosity assumed. The time-evolution towards
this stationary state does however depend on the radial
profile of the effective viscosity as will be described in Sec-
tion First, we describe the properties of the stationary
state obtained. As noted by [Lubow et al! (1994) it depends
only on the product of parameters Ph, which determines
the inclination of the magnetic field line at the surface of
the disc in a steady state. Indeed, in a steady state the ad-
vection and diffusion of the magnetic flux compensate each
other such that

B'rs _ Vadv 3

- — 2ph.
B. Vaift QP (30)

Figure [I] shows the radial profiles of various quantities
(vertical magnetic field at the midplane, magnetic flux func-
tion at the midplane, radial magnetic field at the disc sur-
face, inclination of the magnetic field lines at the disc sur-
face) in the stationary state and for different values of the
parameter Ph ranging from 0.05 to 10. All these quanti-
ties have a power-law dependence on the radius with some
deviations close to the boundaries. For small values of the
parameter Ph, the radial inclination of the magnetic field
lines is small as expected, and the vertical magnetic field in-
creases inwards only slowly. The magnetic flux is not much
affected by the disc and remains close to its initial distribu-
tion corresponding to a uniform magnetic field. The inward
advection of magnetic flux is therefore not efficient because
the diffusion of magnetic field is more efficient than the ad-
vection (Lubow et al!l1994). When Ph is increased, the ra-
dial profile of the vertical magnetic field becomes steeper and
steeper, while the magnetic flux distribution departs signif-
icantly from the profile corresponding to the background
magnetic field. The magnetic flux decreases inwards in a
much shallower manner, and the magnetic flux (and mag-
netic field) in the inner part of the disc is significantly ampli-
fied compared to the background magnetic field. The mag-
netic flux at the outer edge of the disc is increased compared
to the flux corresponding to the uniform background mag-
netic field only by a factor ranging between 1 (for low Ph i.e.
weak advection) to 2 (for high Ph i.e. efficient advection).
This interesting upper limit for the increase of the magnetic
flux at the outer boundary is consistent with the analytical
calculation of |Okuzumi et al! (2013), which is valid when
Ph > 1.

It is interesting to note that the magnetic field at the
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self-similar solution: 72 B /1 = b+ 2 (from equation ([AS)).
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outer edge of the disc is always smaller or comparable to the
background magnetic field. The current sustained in the disc
owing to the magnetic field advection can only increase the
magnetic field in the inner part of the disc but not near the
outer edge. This can be understood by considering a ring of
current located at some radius inside the disc. If the mag-
netic field is inclined outwards, as expected when diffusion
compensates an inward advection, then this current ring acts
to increase the vertical magnetic field at smaller radii, and
to decrease the magnetic field at larger radii than its own
radius. Near the outer edge of the disc, the cumulative effect
of all current rings in the disc is dominated by rings located
at smaller radii that act to decrease the magnetic field.

Interestingly, we find that, except for the vicinity of the
disc edges, the steady-state profiles correspond to the self-
similar solution obtained in Appendix [Al with a power-law
dependence of the magnetic field strength with radius. The
left panel of Figure 2l shows the power-law index of the ver-
tical magnetic field b = aal‘l‘rff as a function of the ratio
of advection to diffusion velocities — Z:‘:ff . The numerical re-
sults agree very well with the analytical prediction (obtained
by combining equation ([B0) and equation [ATQ])):

Ppy1(0) _ Waav _ 3

b4 1)y = —Ph. 31
b+ )Pb/+1(0) Vaiff 2 (31

The magnetic field is close to uniform when the advection
velocity is small compared to the diffusion velocity, scales
like 7 ~! when the two velocities are equal in magnitude, and
scales like 7~2 when the advection velocity is large compared
to the diffusion velocity. This is again in agreement with
the analytical results of [Okuzumi et all (2013) who found a
maximum magnetic field scaling like =2 in the limit of large
advection velocity.

The self-similar solution predicts a local relation be-
tween the magnetic field strength at a given radius and the
magnetic flux enclosed inside this radius (equation (AS)).
The fact that the magnetic-field profile follows the self-
similar solution inside the disc does not guarantee that this
relation will also be verified because the magnetic flux de-
pends on the profile of magnetic field down to the origin
while the disc is truncated at some inner radius 7r;n. The
right panel of Figure 2l shows that this relation is neverthe-
less verified inside the disc. This means that the magnetic
field strength inside the inner disc radius adjusts in such a
way as to contain the same magnetic flux as if the power-law
distribution of the magnetic field strength were continued
down to the centre. This is the reason behind the large val-
ues of magnetic field strength at r < ri, observed for steep
magnetic-field profiles (see the upper left panel of Figure[I).

3.2 Time-evolution towards the stationary state
3.2.1 Advection of an initially uniform magnetic field

In this subsection, we study the time-evolution of the
magnetic-field profile towards the stationary state, when the
initial condition is the uniform background magnetic field
(i-e. no current is present in the disc). Figure [3] shows the
time-evolution of the profiles of vertical magnetic field and
magnetic flux function for an o disc model with Ph = 0.5.
At intermediate times, the magnetic-field profile shows two
separate regions: in the inner disc it has a power-law depen-

dence with the same slope as the final stationary state, while
in the outer disc it is still unaffected by the advection and
remains uniform. The radius separating these two regions
increases with time, and a stationary state is achieved once
it has reached the disc’s outer radius. The power law present
in the inner disc suggests that a quasi-steady state has been
reached in this region, in the sense that it is steady com-
pared to the local typical timescale of magnetic flux trans-
port. This quasi-steady state nevertheless evolves on a much
longer timescale corresponding to magnetic flux transport at
larger radii.

Following this idea, we propose a simple analytical
model to describe this time-evolution. We assume that the
inner disc is following the self-similar stationary solution,
while the outer disc is still in its initial state. The transition
radius between these two regions is estimated by stating that
at this radius a significant fraction of the initial magnetic
flux has had time to be advected inwards. This advection
time at a radius r is given by

r 27?2
tadav () = oo =3 (32)
which, for an « disc model, can be written
fade (1) = —2—. (33)
3ah2Q)

At a given time ¢, the radius such t.qv = t is then

3ah? Qout \ 7/ t 218
adv — Tou = Tou ’ 34
o fout ( 2 Fout tadv (rout) ( )

where o4t is the radius of the outer edge of the disc which
we take here as a reference, and oyt is the Keplerian an-
gular velocity at that radius. Assuming that the magnetic
flux profile is the stationary self-similar solution described
in Appendix [A] for r < 7.4, and that it connects smoothly
to its initial profile %Bor2 for r > ra4v, we find the following
expression for the magnetic flux at r < raqy :

1 b
U(r < raav) = 5 Bor® (T’; > . (35)

From this equation and equation (B4]), one can deduce the
value of the magnetic flux at the inner edge of the disc as a
function of time :

1 re b t —2b/3
) = =Bor? [ 2> -
\II(TID) 2 Borln < Tout ) <tadv (rout) ) ’ (36)

Using equation ([AS]), we obtain the strength of the vertical
magnetic field at the inner edge of the disc as a function of
time:

o b+2 Tin b t —2/3
BZ (rm) B 2 BO (rout> (tadv(rout)> ' (37)

These two predictions are compared with the numeri-
cal results in Figure [ for two values of the turbulent mag-
netic Prandtl number Ph = 0.5 and 5. As predicted, a nice
power-law behaviour is observed in the numerical results
for both values of the magnetic Prandtl number, indicative
of some self-similar behaviour. Furthermore, the power-law
index agrees with a good accuracy with the analytical pre-
diction, as shown in Figure Bl The agreement for the nor-
malization of the power law is reasonable (Figure M), but
not very precise, which is not surprising given the simplicity
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(approximately the viscous timescale at the inner edge of the disc) and ¢t = 1.5 tyisc(rout) (by which the profile has reached a stationary
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Figure 4. Time-evolution of the vertical magnetic field at the inner edge of the disc (left panel) and of the magnetic flux at the inner
edge of the disc (right panel) for the o disc model initialized with the background magnetic field. The time is normalized by the viscous
time at the outer edge of the disc, defined as tyisc = 7’2/1/. The full lines show the result of the simulations with Ph = 0.5 (blue) and
Ph =5 (red), while the dashed lines show the corresponding analytical predictions (equations (36) and (37)).

of the model. In particular, the assumption that the mag-
netic flux function still has its initial value at the radius
radv leads to a slight underestimate since in reality it should
already have increased somewhat (similarly to the increase
of the magnetic flux function at the outer edge of the disc
in the stationary state by a factor in the range 1 — 2). The
departure from a pure power law near the inner edge of the
disc also leads to some discrepancy, in particular in further
underestimating the magnetic field.

Following the same reasoning for a disc model with a
uniform viscosity, we obtain the following expressions:

Tadv = \/E7 (38)

b —b/2
1 2 Tin t
Y(rin) = 5 Borin ) 39
(T ) 2 or (Tout> (tadv(rout)> ( )

o b+2 Tin b t b
BZ (rm) N 2 BO (rout> (tadv(rout)> ' (40)

A similar agreement with the numerical results is found as
for the case of an « disc model. In particular the power-law
index, which is different than for the case of an « disc, agrees
very well with the prediction as shown in Figure[5l Overall,
the results of this section show that an initially uniform
magnetic field distribution evolves towards the stationary
solution over a timescale set by the advection velocity of the
magnetic field.

8.2.2  Diffusion of an initially steep magnetic-field profile

In this subsection, we study the time-evolution of the
magnetic-field profile when the initial profile is steeper than
the final stationary profile. In that case, the magnetic field is
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edge of the disc (right panel) for the a disc model initialized with the steep magnetic-field profile. The time is normalized by the viscous
time at the outer edge of the disc. The full lines show the result of the simulations with Ph = 0.5 (blue) and Ph =5 (red). The dashed

lines show the analytical prediction (equations (36]) and (37)).

expected to diffuse away, and the timescale over which this
happens is relevant to protoplanetary discs as they are likely
to form in a rather highly magnetized state. The magnetic-
field profile is initialized using the self-similar solution of
Appendix [Al as

B.(r) = Bo< 4 )b (41)

Tout

r?B.(r)

bi+2 "’
where the power-law index of this initial condition is chosen
as bt = —1.75.

The time-evolution of the profiles of magnetic field and
magnetic flux function is shown in Figure [0l in the case
Ph = 0.05 (i.e. a realistic magnetic Prandt]l number and as-
pect ratio for protoplanetary discs). At intermediate times,
the outward diffusion has decreased the magnetic field in
the inner disc, leading to an almost uniform magnetic field

(42)

in this region, as expected for a (quasi-)stationary solution
with this value of the parameter Ph. In the outer disc the
magnetic-field profile is still in its initial state, while in an in-
termediate range of disc radii the magnetic field is temporar-
ily increased because the magnetic flux initially threading
the inner disc has been diffused into this region. As in the
last subsection, at intermediate times the profiles show two
distinct regions: in the inner disc the profiles have a shape
close to the stationary solution (i.e. almost uniform mag-
netic field, magnetic flux scaling like 7“2)7 while in the outer
disc the profiles remain close to their initial state because
diffusion has not yet had time to operate.

We therefore build an analytical model in a similar vein
to the last subsection, where the transition radius is esti-
mated by stating that a significant fraction of the initial
magnetic flux has had time to diffuse out. The diffusion time
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can be estimated as

r rH 2
tdiﬁ'("') = = — =Ph—, (43)
Vdiff n v
which is shorter than the viscous timescale by a factor Ph.
For an « disc model, this can be written

tdiff(T) = % (44)

At a given time t, the radius such tqig = t is then

ahQout \ 2/* t 2/3
L Y UL S I T
= t( P > Font taig (Tout) (45)

Assuming that the magnetic flux profile is the stationary
self-similar solution described in Section B.1] for » < raqv
(with a power law index of the magnetic field profile bf
given by equation (BI])) and that it connects smoothly to its
initial profile given by equation ([@2) for r > raqv, one can
deduce the value of the magnetic flux and magnetic field
strength at the inner edge of the disc as a function of time :

\I/(T- ): —BOT?“ Tin . 71;
" bi + 2 Tout tdiff(rout)

Bu(ra) = 25 (T_>bf< t _>2(be)/3
=am bi + 2 0 Tout tdiff(rout) '

(47)

—2(bi—bf)/3
) . (46)

As shown in Figure [ this analytical model compares
favourably with the numerical results, which indeed show
a very clear power-law dependence. The numerical results
give slightly lower values than the analytical model, which
can be interpreted by the fact that the magnetic flux at the
transition radius rg;g has had time to decrease somewhat.
Overall the results of this section show that any excess
magnetic flux initially present in the disc is diffused out on a
diffusive timescale given by equation (@3)). For a thin accre-
tion disc and a turbulent magnetic Prandtl number of order

unity, this timescale can be much shorter than the viscous
timescale. This is visible in Figure [t for Ph = 0.05, the
excess magnetic flux has been expelled and the stationary
state is reached within 10% of the viscous timescale at the
outer edge of the disc.

4 TRANSPORT RATES TAKING INTO
ACCOUNT THE VERTICAL STRUCTURE
OF THE DISC

In this section, we study the time-evolution of the magnetic
field calculated by using the transport velocities obtained by
Guilet & Ogilvie (2012ﬂ. Their analysis takes into account
the vertical structure of the disc and the back-reaction of
the magnetic field on the flow. As a result the transport ve-
locities differ significantly from those of [Lubow et all (1994)
used in Section Bl and they depend on the strength of the
magnetic field. Figure [§ compares the advection and dif-
fusion velocities of |Guilet & Ogilvié (2012) with those of
Lubow et all (1994) for varying magnetic field strength (pa-
rameterized by By defined by equation (25]), which is roughly
the ratio of the midplane thermal pressure to the mag-
netic pressure). The two prescriptions roughly agree for a
strongly magnetized disc with Sy ~ 1. As the magnetic field
strength decreases (o increases), however, the advection ve-
locity predicted by |Guilet & Ogilvie (2012) increases signifi-
cantly, while the diffusion velocity decreases. As a result the
ratio of advection to diffusion velocities (which sets the sta-
tionary magnetic-field profile; see Section [J) can be larger
than that predicted by [Lubow et all (1994) by up to a factor
of 50. As an example relevant to protoplanetary discs, for a
turbulent magnetic Prandtl of P = 1 and a disc aspect ratio
of h = 0.05, [Lubow et all (1994) predict a very inefficient
advection with —vadv/vaig = 0.075 while |Guilet & Ogilvie
(2012) find that —vaav > vaig if the magnetic field is suffi-
ciently weak with 8o > 10°.

Note that the transport velocities of |Guilet & Ogilvie
(2012) used here are based on the assumption that the dif-
fusion coefficients are independent of height in the disc.
Guilet & Ogilvid (2013) studied different vertical profiles of
the diffusion coefficients, and found that the ratio of ad-
vection to diffusion velocities of the magnetic flux was not
much affected (both for a fully turbulent disc and a disc
containing a dead zone). Since the stationary state of the
magnetic field mainly depends on this ratio, we expect that
the results presented in Section [£.1] would not be much af-
fected by considering a more complicated vertical structure
of the diffusion coefficients. The time it takes to reach this
stationary state may, however, be somewhat different with

3 Note that in their calculation, the value of « is computed by
assuming marginal stability with respect to the largest-scale MRI
mode, which gives larger values of a than what is believed to be
realistic. Nevertheless all the transport velocities (advection and
diffusion velocity of magnetic field, advection velocity of mass) are
expected to be proportional to a, such the ratio of these velocities
remains relevant. As a consequence the stationary magnetic-field
profile (which depends mostly on the ratio of advection to dif-
fusion velocity of the magnetic field) as well as the ratio of the
diffusion time to the viscous timescale (studied in Section F2)
should not be affected by these unrealistic values of a.
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Figure 8. Comparison of the transport velocities of |Guilet & Ogilvid (2012) and |[Lubow et al! (1994) as a function of the parameter SBo
(roughly the ratio of midplane thermal pressure to magnetic pressure). Left panel: advection velocity as computed by |Guilet & Ogilvie
(2012) divided by the prescription of [Lubow et al! (1994). Middle panel: diffusion velocity as computed by |Guilet & Ogilvie (2012)
divided by the prescription of [Lubow et all (1994). Left panel: ratio of the advection to diffusion velocities for a disc with an aspect
ratio of h = 0.05 and a magnetic Prandtl number of P = 1. The result of |Guilet & Ogilvid (2012) is shown with a full line, while the
prescription of [Lubow et all (1994) is shown with a dotted line. The red dashed line shows the approximate ratio of transport velocities

corresponding to the equilibrium value of By (see Section [A.T).

the transport coefficients of |Guilet & Ogilvie (2013) as will
be discussed in Section

We consider a simple disc model with a uniform as-
pect ratio, taken in the range h = 0.03 — 0.1, orbiting
around a solar-mass star. The magnetic Prandtl number
is set to P = 1, which is expected to be representative of
MHD turbulence (Pouquet et all [1976; [Lesur & Longaretti
2009; [Fromang & Stone 2009; |Guan & Gammié [2009). The
surface-density profile is held fixed and corresponds to a
steady-state o disc model far from the boundaries: ¥ =
50 (r/10 AU) "2 gecm™2. This would correspond to a mass
accretion rate of 107" Mg yr~* if A = 0.1 and a = 1072,
The disc extends between riy, = 0.1 AU and 7wt = 100 AU,
and the numerical domain including the buffer zones extends
between rmin = 0.075 AU and rmax = 125 AU.

Note that this particular normalization of the surface-
density profile is chosen only as a reference model of a pro-
toplanetary disc, but because the only relevant parameter in
our setup is the magnetization So (in addition to the aspect
ratio and turbulent magnetic Prandtl number), the results
can be rescaled to obtain the magnetic-field profiles corre-
sponding to any other normalization of the surface-density
profile by using the relation

1 [pmShGMs
B.= =5 — (48)

4.1 Stationary magnetic-field profile

The magnetic-field profile evolves towards a stationary state,
which is independent of the initial profile. In this subsec-
tion we describe this stationary state and leave until the
next subsection the description of the time-evolution from
the initial state. With our choice of a turbulent magnetic
Prandtl number of P = 1, the stationary magnetic-field pro-
file depends only on the aspect ratio of the disc and on the
uniform background magnetic field. In Figure [@ we show
the stationary profile of several quantities for an aspect ra-
tio of h = 0.05, and for different values of the background
magnetic field. In contrast to Section [B] the magnetic field
does increase significantly inwards for a realistic turbulent
magnetic Prandtl number (the curve corresponding to the
same aspect ratio and turbulent magnetic Prandtl number in

Figure[is the black line, which is almost flat). This was ex-
pected because the ratio of advection to diffusion velocities
is larger than unity if the magnetic field is weak enough (see
Figure [B)). In the case corresponding to the weakest back-
ground magnetic field, the magnetic field strength increases
by almost five orders of magnitudes between the outer and
the inner edge of the disc. For stronger background magnetic
fields, the magnetic field strength increases less steeply in-
wards, as could be expected from the fact that the ratio of
advection to diffusion velocities is smaller for stronger mag-
netic fields. It is indeed clear from Figure[d that smaller val-
ues of By correspond to smaller inclinations of the magnetic
field at the disc’s surface and to less steep magnetic-field pro-
files, as could be expected from the results of Section [3] and
from the dependence of the ratio of advection to diffusion
velocities on So.

It is interesting to note that the magnetic field strength
at the outer edge of the disc is comparable to or smaller than
the background magnetic field. As in Section[3] the steepest
magnetic-field profiles correspond to the smallest ratios of
the magnetic field at the disc’s outer edge to the background
magnetic field (~ 1/3 for the weakest background magnetic
field considered here). Also in agreement with Section [B]
the magnetic flux at the disc’s outer edge is a factor 1-2
larger than the magnetic flux corresponding to the uniform
background magnetic field.

An important difference with the results of Section [3]
is that, because of the dependence of the transport veloci-
ties on the magnetic field strength, the magnetic-field pro-
file is not generally speaking a power law. Indeed, for strong
background magnetic fields, the magnetic field has a shallow
inward increase, such that By increases inwards. As a conse-
quence, advection becomes more efficient and the magnetic-
field profile is steeper in the inner parts of the disc than in
the outer parts. Conversely, for weak background magnetic
fields, the magnetic-field profile is steep and o decreases in-
wards, such that the magnetic-field profile in the inner parts
of the disc is shallower than in the outer parts. In between
these two regimes lies an equilibrium value of By for which
the slope of the magnetic-field profile is such that Sy is uni-
form. In that case, the magnetic-field profile is therefore a
self-similar power law similar to the results of Section [3l
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Figure 9. Radial profiles in the stationary state with an aspect ratio of h = 0.05, for different values of the background magnetic field
(shown with colours going from black to red) corresponding to a value of By at the outer edge of the disc of 102, 103, 104, 10°, 106 and
107. Upper left panel: radial profile of the vertical magnetic field B,. The value of the uniform background magnetic field is shown for
comparison with dotted lines. Upper right panel: radial profile of the magnetic flux function . Lower left panel: radial profile of the
parameter Sy (roughy the ratio of midplane thermal pressure to magnetic pressure). Lower right panel: radial profile of the tangent of

the inclination of the field line at the surface of the disc, Brs/B-.

For the parameters used in Figure[@ this equilibrium value
is Bo ~ 2 x 10° (green curves). Interestingly, whatever the
strength of the background magnetic field (setting the value
of Bo at the outer edge of the disc), Bo tends towards this
equilibrium value in the inner parts of the disc, though it
may not always have enough radial range to reach it closely.

The self-similar profile corresponding to a uniform fBo
can be described analytically in the following way. The con-
straint that Sy be uniform determines the power-law index
of the magnetic field to be

10InXY
l)__]A—~_§8ln7’7

(49)

which gives b = —1.25 for the surface-density profile con-
sidered here. The self-similar exterior magnetic field solu-
tion described in Appendix [A] determines the inclination of
the magnetic field at the disc’s surface via equation (AT0Q),
which gives Bys/B. = 1.428 for our surface-density profile.
The equilibrium value of By can then be obtained by using
equation (0] in a stationary state:

0B,
a sz i Br's = 07 50
Vad + vaife +UDBalnr (50)
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Figure 10. Ratio of thermal pressure to magnetic pressure (8o)
near the inner edge of the disc as a function of the disc’s as-
pect ratio. The results of the numerical simulations with different
initial magnetic field strength are shown with diamond symbols.
The analytical prediction of equation (GI)) is shown with the full
black line, while the dashed line shows the analytical estimate
neglecting the subdominant term vpp (equation (52))).
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which after using equation (AI0) gives

By Py+1(0) _ _Yaav +vDBb
B. Pt:+1(0) Vdiff '

The term vp B is subdominant because it is smaller than vqig

by a factor of order H/r (see equations (20) and (2])), such

that one can obtain the simpler approximate expression

b+ 1)@ vaay, (52)
Py1(0) Vaift

These analytical predictions are compared successfully
with the results of numerical calculations in Figure[IQ which
shows the equilibrium value of 5y as a function of the aspect
ratio of the disc. In the numerical calculations, the equilib-
rium (o is estimated by measuring [y near the inner edge
of the disc for different values of the background magnetic
field (diamond symbols). The equilibrium value of By de-
pends steeply on the aspect ratio of the disc. For aspect
ratios typical of protoplanetary discs (h ~ 0.03 — 0.1) and
our assumed turbulent magnetic Prandtl number of P =1,
it lies in the range 10* — 107.

Note that since the ratio of advection to diffusion ve-
locities is expected to depend mainly on the aspect ratio
of the disc h and the turbulent magnetic Prandtl number
P through the parameter Ph (Guilet & Ogilvie 2012), one
would expect the same to be true for the equilibrium value of
Bo. The dependence on the rather uncertain turbulent mag-
netic Prandtl number is therefore expected to be quite steep
as well. For example, assuming P = 2, one would instead ob-
tain a range of equilibrium Sg of 102 —10° for protoplanetary
discs with A ~ 0.03 — 0.1.

=(b+1) (51)

4.2 Time-evolution from a highly magnetized
initial condition

As mentioned in the introduction, the theory of star for-
mation suggests that protoplanetary discs may start their
evolution from a rather highly magnetized state, although
it is not clear at present how much magnetic flux can es-
cape during the collapse. The relevance of the stationary
magnetic-field profile found in the previous section depends
on the time it takes for the magnetic field to evolve from
this highly magnetized initial state to its stationary state.
In this section, we therefore study the time-evolution of the
magnetic-field profile from a highly magnetized initial state.
For this purpose, we initialize the magnetic-field profile so
that the parameter £y is uniform and equal to a rather low
value, i.e. either 5 or 100 in the two cases presented below.
The initial magnetic-field profile is then obtained from equa-
tion ([@])). Note, however, that we do not consider discs that
are so strongly magnetized that the MRI is suppressed, or
which deviate strongly from Keplerian rotation.

The time-evolution of the magnetic-field profile is shown
in Figure [l for an initial magnetic field such that So = 5
uniformly in the disc, an aspect ratio of A = 0.05 and a back-
ground magnetic field which would correspond to 8o = 10°
at the outer edge of the disc. The initial magnetic field being
stronger than the equilibrium value that allows a uniform
value of By in the stationary state, the magnetic field dif-
fuses outwards and as a consequence decreases towards its
equilibrium value (which corresponds to o ~ 2 x 10°). In a
similar way as was found in Section [3.2.2] the magnetic field

diffuses outwards first in the inner parts of the disc, and, as
time progresses, at larger and larger radii.

Figure[[2shows the magnetic field strength at the inner
edge of the disc and the magnetic flux function at the outer
edge of the disc as a function of time, for three disc aspect
ratios: 0.03, 0.05 and 0.1. For each of these aspect ratios the
background magnetic field was set so that the corresponding
Bo at the outer edge of the disc is close to its equilibrium
value (i.e. fo = 10* for h = 0.1, Bo = 10° for h = 0.05 and
Bo = 107 for h = 0.03). In Section we showed that
the magnetic field could diffuse outwards in a time corre-
sponding to a diffusive timescale tqig(r) = , which is

Vdiff
shorter than the viscous timescale by a factor of order H/r

(if P = 1 as assumed here). Since the transport velocities of
Guilet & Ogilvie (2012) are in rough agreement with those
of ILubow et all (1994) for strong magnetic fields, this result
should hold here at least for the first stages of the evolution.
In agreement with this expectation, Figure [[2 indeed shows
that the magnetic flux at the outer edge of the disc is de-
creased by a factor of 2.5 in a diffusive timescale amounting
to 3 to 10% of the viscous timescale, with the expected de-
pendence on the aspect ratio. It also shows, however, that
the stationary state is reached after a longer time, which is
comparable to the viscous timescale. This longer timescale
comes from several reasons. First, the magnetic field and
magnetic flux need to decrease by two to three orders of
magnitudes to reach the stationary state. This large factor
therefore requires several diffusive timescales. Secondly, as
the magnetic field decreases the diffusion velocity also de-
creases by a factor of up to 3, leading to a longer diffusion
time.

We also performed the same calculations as presented
above with an initial value of By = 100. We found very
similar results, the main difference being that the time it
takes to decrease the magnetic flux by a factor of a few is
somewhat longer (by about 50%) owing to the fact that the
diffusion velocity is slightly smaller for this magnetic field
strength. On the other hand, the time needed to reach the
stationary state is very similar to the case with an initial
value of By = 5.

Finally, we note that the results presented above may
be expected to be affected by the vertical profile of the dif-
fusion coefficients assumed in the calculation of the trans-
port velocities. Indeed, |Guilet & Ogilvid (2013) showed that
with a vertical dependence corresponding to either a fully
turbulent disc or a disc containing a dead zone, the ratio
of advection to diffusion velocities of the magnetic field was
not much affected, but that the ratio of these velocities to
the advection velocity of mass (relevant to the lifetime of
the protoplanetary disc) was increased by a factor ~ 2 for a
fully turbulent disc and by a factor ~ 7 for their disc model
containing a dead zone (note that the latter ratio can reach
even larger values if the dead zone is more extended). With
these transport velocities the stationary state may therefore
be expected to be reached in a smaller fraction of the viscous
timescale that sets the lifetime of the protoplanetary disc.
We did not perform the same calculations as presented above
with the transport velocities computed by |Guilet & Ogilvie
(2013), because these were computed only for weakly magne-
tized discs as the vertical profile of the diffusion coefficients
in a highly magnetized disc is very uncertain.
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Figure 11. Time-evolution of the radial profiles of the vertical magnetic field strength (left panel) and of the magnetic flux function (right
panel). The simulation was initialized such that 89 = 5 uniformly in the disc, and we used an aspect ratio h = 0.05. The black line shows
the initial condition, while lines with colours going from violet to red show times logarithmically spaced between t = 3 x 1072 tyjsc (Tout)
(approximately the viscous timescale at the inner edge of the disc) and ¢ = 4 tyisc(rout) (by which the profile has reached a stationary

state).
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Figure 12. Time-evolution of the vertical magnetic field at the inner edge of the disc (left panel) and of the magnetic flux at the outer
edge of the disc (right panel) in simulations initialized such that 8o = 5 uniformly in the disc. Both quantities are normalized by their
initial values, while time is normalized by the viscous time at the outer edge of the disc. The different colours show the result of the
simulations with different disc aspect ratios: h = 0.03 (red), h = 0.05 (blue) and h = 0.1 (black).

5 DISCUSSION AND CONCLUSION

5.1 Summary of the results

We studied the global structure of the poloidal magnetic
field in an accretion disc, with a particular attention to
protoplanetary discs. We first used the simple transport
rates of the magnetic flux usually assumed in the literature
(Lubow et alll1994), which come from a crude kinematic ver-
tical averaging and which are therefore independent of mag-
netic field strength. If a realistic turbulent magnetic Prandtl
number of order unity is used these transport rates do not
allow a significant advection of the magnetic field. Varying
the magnetic Prandtl number to larger values nevertheless
allows us to study in a simple way general properties of
the magnetic-field structure and evolution when advection
is efficient. We find that the magnetic-field profile evolves
towards a stationary state that is independent of the ini-
tial magnetic-field profile in the disc (but depends on the

assumed uniform ambient magnetic field, i.e. the strength
of the interstellar magnetic field). It is also independent of
the radial profile of effective viscosity (or @ parameter) and
depends only on the ratio of advection to diffusion velocities
(which is here given by %Ph7 with P being the magnetic
Prandtl number and h the aspect ratio of the disc). In our
simple disc model with uniform aspect ratio and magnetic
Prandtl number, this stationary profile is well described by
a self-similar solution with a power-law dependence of the
magnetic field strength. The ratio of advection to diffusion
velocities sets the power-law index of the magnetic-field pro-
file varying between b = 0 for an inefficient advection when
Ph < 1 tob = —2 for a very efficient advection when
Ph > 1. In this limit of very efficient advection our re-
sults are therefore consistent with those of |[Okuzumi et al.
(2013) with a maximum magnetic field scaling like r 2.

The normalization of this profile is set by the uniform
ambient magnetic field. The magnetic field strength at the
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outer edge of the disc is always lower or comparable to the
strength of the ambient magnetic field, while the total mag-
netic flux threading the disc is a factor of 1-2 larger than
that coming from the ambient magnetic field. The fact that
the advection of magnetic field by the disc cannot increase
the magnetic field at the outer edge of the disc can be un-
derstood by noting that a current ring in the disc tends to
increase the magnetic field at smaller radii but to decrease it
at larger radii. At the outer edge of the disc, the currents in
the disc (located at smaller radii) therefore tend to decrease
the magnetic field with respect to its interstellar value. We
also studied the time-evolution of the magnetic-field pro-
file towards the steady state. Starting from an initial profile
shallower than the equilibrium profile, the steady state is
reached in an advective timescale (i.e. viscous timescale in
this simple model), while an initially steeper magnetic-field
profile is diffused in a resistive timescale, which is shorter
than the viscous timescale by a factor Ph.

We then used the more realistic transport velocities of
the magnetic flux that were computed by |Guilet & Ogilvie
(2012). These transport velocities take into account the ver-
tical structure of the disc as well as the back-reaction of the
magnetic field on the flow. Because they are not kinematic,
they depend on the strength of the magnetic field in contrast
to the simple model studied before. When the magnetic pres-
sure is comparable to the midplane thermal pressure these
transport velocities agree with those of Lubow et all (1994).
For lower magnetic field strength, however, the advection ve-
locity increases reaching up to 10 times higher than the ad-
vection velocity of mass, while the diffusion rate decreases by
a factor of up to 4. This difference comes from the fact that
the advection velocity of the magnetic flux is a conductivity-
weighted average (rather than a density-weighted average for
the advection of mass) and is therefore strongly affected by
large radial velocities occurring at a height where the den-
sity is low. The dependence on the magnetic field strength
is due to the fact that this average should be taken up to
the height where the magnetic pressure equals the thermal
pressure, which increases when the magnetic field strength
is decreased.

Using these transport rates, we showed for the first time
that the magnetic field can be efficiently advected in a pro-
toplanetary disc with a realistic turbulent magnetic Prandtl
number of order unity. Owing to this advection, the mag-
netic field at the inner edge of the protoplanetary disc is
found to be up to five orders of magnitudes larger than its
interstellar value, when the ratio of outer to inner disc radii
is 10%. This is only slightly less than the six orders of mag-
nitudes expected for a very efficient advection as studied by
Okuzumi et all (2013). Note that this amplification factor
would be even larger if the disc were more extended. Because
the transport rates depend on the magnetic field strength,
the radial profile of magnetic field in a stationary state can
be more complicated than the self-similar power law found in
the calculation with simple transport rates. We nevertheless
find a tendency of the magnetic-field profile to tend towards
a self-similar configuration where the ratio of midplane ther-
mal pressure to magnetic pressure [y is independent of ra-
dius. This is possible for an equilibrium value of Sy, which
depends steeply on the aspect ratio of the disc and the tur-
bulent magnetic Prandtl number. For a turbulent magnetic
Prandtl number of order unity, the equilibrium value of By

is found to be in the range o ~ 10* — 107 for aspect ratios
typical of protoplanetary discs in the range h = 0.03—0.1. If
the interstellar magnetic field strength (which roughly sets
the magnetic field strength at the outer edge of the disc)
corresponds to a value of 8 at the disc outer edge larger
than its equilibrium value, then the magnetic-field profile is
steeper than the self-similar profile such that the equilib-
rium value of § is reached at smaller radii. Conversely, if
the interstellar magnetic field is larger than the equilibrium
value at the outer edge of the disc, the magnetic profile is
shallower, and S increases with radius until it reaches its
equilibrium value. This behaviour is due to the fact that the
ratio of advection to diffusion velocities increases with de-
creasing magnetic field strength, such that weak fields lead
to steeper magnetic-field profiles than stronger fields.

The relevance to protoplanetary discs of this steady-
state magnetic-field configuration depends on the time it
takes for the initial magnetic-field configuration to evolve
towards its final steady state. Protoplanetary discs are likely
to form in a rather strongly magnetized state, although some
magnetic flux may already be lost to enable disc formation
(Joos et all [2013). We therefore studied the time-evolution
of the magnetic field from a strongly magnetized initial con-
dition (while the disc is kept fixed in a steady state). We
find that a significant fraction of the excess magnetic flux
is expelled from the disc in a resistive timescale which is
significantly shorter than the viscous timescale driving the
evolution of the protoplanetary disc.

5.2 Consequences for protoplanetary discs

Our results show that the strength of the large-scale poloidal
magnetic field at the outer edge of a protoplanetary disc is
roughly equal to (or slightly smaller than) the interstellar
ambient magnetic field. Owing to the inward advection of
magnetic flux counterbalancing its outward diffusion, the
magnetic field increases radially inwards from this value.
The slope of the profile is such that at smaller radii it reaches
an equilibrium value of the ratio of midplane thermal pres-
sure to magnetic pressure in the range 8o ~ 10" — 107 (de-
pending on the aspect ratio of the disc, with thicker discs
leading to stronger magnetic fields). Such a magnetic field
strength is rather weak in the sense that the magnetic pres-
sure remains significantly smaller than the thermal pressure
at the disc midplane. It can however have profound conse-
quences on the dynamics of protoplanetary discs. At radii
of 1 to a few AU, it could for example quench MRI tur-
bulence and enable the launching of an outflow powerful
enough to drive accretion at a rate compatible with obser-
vations, when the effects of ambipolar diffusion are taken
into account (Bai & Stone [2013D; [Bai [2013). At larger radii
of a few tens of AU where ambipolar diffusion is significant,
it could by contrast foster the development of MRI turbu-
lence (Simon et all[2013). It is remarkable that the range of
equilibrium By found in our analysis coincides with the val-
ues needed in these studies in order to explain the observed
mass accretion rates.

One major motivation to study the large-scale magnetic
field in protoplanetary discs is to explain the powerful col-
limated jets observed in T-Tauri star systems. The collima-
tion is most likely caused by a large-scale magnetic field
(e.g. ICabriti 2007), and |[Ferreira et all (2006) argued that
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a self-collimated extended disc wind launched by a mag-
netocentrifugal mechanism is needed to explain the obser-
vations. Our finding that the magnetic field strength in-
creases radially inwards is very encouraging in this respect.
But is it enough? Self-similar models of outflows magne-
tocentrifugally launched from a disc (e.g. [Ferreira 11997;
Casse & Ferreira|2000) require a strong magnetization of the
disc with Bo ~ 1 — 10. This is significantly lower than the
values found in this paper, which might indicate at first sight
that the magnetic field amplification we find is not sufficient
for these models. However, note that because the outflow is
very efficient at removing angular momentum from the disc,
the surface density of such a jet-emitting disc can be sev-
eral orders of magnitudes lower than that of a standard o
disc with the same mass accretion rate (Combet & Ferreira
2008). As a consequence the same magnetic field strength
could correspond to a large value of By in a standard accre-
tion disc and to a low value of fy in a jet-emitting disc. In a
jet-emitting disc where the jet is responsible for the angular
momentum extraction from the disc, the vertical magnetic
field strength depends on the mass accretion rate through:

MO\ VA M 1/2 54 1
Bjet =0.2 _— T ( r ) —_
Mg 10-7"Mg /year 1AU ql/?

(53)

where ¢ is the ratio of azimuthal to vertical magnetic field
strength at the surface of the disc. In an a-disc model, where
angular momentum is transported by a turbulent viscosity,
the magnetic field strength is related to the mass accretion
rate and the By parameter by:

G,

1/4 : 1/2 _5/4
Bafdisc = 0.15 % M ( r )
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This opens the possibility that a standard accretion disc
with a value of By comparable to the low end of equilib-
rium fBp found in this study could have a transition in its
inner parts to a jet-emitting disc (with a value of By of or-
der unity). Combining the two above equations, the ratio of
the magnetic field strength in a jet-emitting disc to that in
the outer a-disc with the same accretion rate is:
Bjet o 30éhﬂo

B = 8

This ratio can equal 1 (as required at the transition) for
Bo = 10* in the outer disc, and plausible parameter values
of @« =1072, h = 0.05 and ¢ = 2. Note that, for h = 0.05 as
typical of the inner parts of protoplanetary discs, we have
found in Section EIlan equilibrium value of By ~ 2.10%, cor-
responding to a magnetic field strength 4 — 5 times weaker
than required for this transition to a jet emitting disc. How-
ever, the right equilibrium field strength would be obtained
by assuming a turbulent magnetic Prandtl number of P = 2
(instead of 1), since Bo = 10? is obtained for Ph = 0.1 (Fig-
ure[I0). Such a value of P is plausible, as numerical simula-
tions suggest that the turbulent magnetic Prandtl number is
of order unity within a factor of a few (Lesur & Longaretti
2009; [Fromang & Stond 2009; |Guan & Gammie [2009). The
magnetic field strength required for a transition to a jet-
emitting disc in the inner parts of the protoplanetary disc

55
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can therefore be obtained within the uncertainties of our
model. This scenario should be studied further in a model
that includes the outflow and its feedback on accretion. An
alternative scenario is that an outflow could be launched
from a rather weakly magnetised disc as suggested by local
disc models (Suzuki & Inutsuka [2009; [Fromang et al! 2013;
Bai & Stone 12013a/b). Whether such outflows can explain
the observations remains, however, to be established.

Observational constraints on the magnetic field in pro-
toplanetary discs can come from the polarisation (or lack
of it) of submillimeter emission. Above a critical magnetic
field strength, dust grains are indeed expected to align with
magnetic field lines and therefore to emit polarised radia-
tion (Lazarian [2007; |Cho & Lazarian [2007). Despite early
claims of such detection (Tamura et all 1999), recent ob-
servations have so far been unable to detect any polarisa-
tion and have put stringent constraints on the polarisation
level coming from protoplanetary T-Tauri and Herbig Ae/Be
discs (Hughes et all 12009, 12013; [Krejny et all [2009). This
lack of detection could be explained either by an inefficient
grain alignment, a disordered magnetic field structure or a
weak magnetic field strength (Hughes et all[2009). We note
that the rather low magnetic field strength we predict in
the outer parts of protoplanetary discs (due to the efficient
diffusion of a potentially strong initial field) is well below
the critical strength for grain alignment of 10 — 100 mG es-
timated by [Hughes et all (2009). This may be part of the
explanation for the lack of polarisation detection in T-Tauri
and Herbig Ae/Be discs. The recent detection of polari-
sation from a young embedded disc (in the class 0 proto-
stellar system IRAS 16293-2422) may be an indication that
the magnetic field strength does indeed decrease with time
(Rao et alll2014). Note, however, that our analysis only pre-
dicts the mean poloidal magnetic field strength, and that a
stronger potentially disordered magnetic field may well be
present in the disc. Sensitive, higher resolution observations
with ALMA could shed more light on this issue by resolv-
ing the disc scale height and/or probing inner regions of the
disc.

The lifetime of a protoplanetary disc is set by the vis-
cous timescale at the outer edge of the disc, or the timescale
at which an outflow can drive accretion if such an outflow
can be launched at these large radii. Both of these processes
should depend on the strength of the large-scale poloidal
magnetic field at the outer edge of the disc. Indeed, the vis-
cous timescale depends on the strength of MRI driven tur-
bulence, which is enhanced by the presence of such a field
(Simon et all|2013), and the presence of an outflow remov-
ing angular momentum requires a large-scale magnetic field.
Our results show that advection of magnetic field cannot in-
crease the magnetic field strength at the outer edge of the
disc, which remains weaker or comparable to the interstel-
lar ambient magnetic field. We also found that an excess
magnetic flux initially present in the disc would be diffused
away in a timescale shorter than the lifetime of the disc. This
suggests that the lifetime of a protoplanetary disc should be
anticorrelated with the strength of the ambient interstellar
magnetic field surrounding it (independently of the initial
magnetic field in the disc), with stronger magnetic field lead-
ing to shorter lifetime.

Armitage et all (2013) have proposed a model to ex-
plain the observed two-timescale dispersal of protoplanetary
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discs, which relies on the evolution of a disc in the presence
of a large-scale poloidal magnetic field. In this scenario, the
disc first spreads viscously due the action of MHD turbu-
lence. In a second step, a magnetically driven outflow dis-
perses the disc in a much shorter timescale, once the surface
density has decreased enough for the outflow to have a sig-
nificant impact. A crucial ingredient of this scenario is the
time-evolution and radial profile of the large-scale poloidal
magnetic field. |Armitage et all (2013) did not compute it
consistently, but deduced it from two simplifying assump-
tions: the total magnetic flux enclosed inside the disc is con-
served during evolution, and the radial profile of magnetic
field strength is such that the ratio of the midplane ther-
mal pressure to magnetic pressure is uniform (though the
effect of relaxing this second assumption was also studied).
Our results provide some support for the second assump-
tion, albeit mostly if the ambient interstellar magnetic field
corresponds to the equilibrium value of 8 at the outer edge
of the disc. On the other hand, our analysis contradicts the
first assumption. According to our results, an excess mag-
netic flux initially present in the disc should diffuse away in
a timescale that is shorter than the viscous timescale. Once
the magnetic field has reached a steady state (for a given
disc profile at a given time), the total magnetic flux en-
closed within the disc should then be between 1 and 2 times
the flux of the uniform ambient interstellar field at the outer
edge of the disc (which evolves with time). While this raises
questions about the quantitative results of |Armitage et al.
(2013), it does not disqualify the scenario they envisage. Ac-
cording to our results, once the magnetic-field configuration
has reached a quasi-steady state, the magnetic field at the
outer edge of the disc should be approximately independent
of time, and as the surface density decreases with time due
to viscous spreading the value of 8 should decrease, and ul-
timately a magnetically driven outflow might indeed be able
to drive a fast dispersal. It would be interesting to study this
scenario more quantitatively by considering a time-evolving
protoplanetary disc model with the magnetic-field evolution
computed like in this paper.

Last but not least, we stress that our analysis is re-
stricted by a number of simplifying assumptions, the valid-
ity of which should be quantitatively checked in the future.
Firstly, our mean-field analysis relies on a very simple de-
scription of turbulence by isotropic effective diffusion coef-
ficients (viscosity and resistivity). The effects of turbulence
may be much more complex than this, with for example
anisotropic diffusion as well a dynamo « effect that could
impact our results and may enable a large-scale dynamo in
addition to the advection-diffusion picture studied here. Sec-
ondly, we assumed that no outflow was launched from the
disc. The presence of an outflow could change our results
in several ways. It could play an important role in driving
accretion (Bai & Stone [2013H; [Bai [2013), which may help
reaching even larger magnetic fields. The presence of cur-
rents in the outflow could also change the magnetic-field
structure, for example changing the inclination of the mag-
netic field lines at the surface of the disc for a given flux
distribution. Thirdly, we considered a very simple steady-
state underlying disc in order to focus on the magnetic-
field evolution. A real disc should be viscously spreading
with time, which can affect the magnetic-field structure
(Okuzumi et all [2013). Finally, we have not taken into ac-

count ambipolar diffusion and the Hall effect, which are
expected to have an important impact on the outer parts
of protoplanetary discs (Simon et all 2013; [Kunz & Lesui
2013). Future work should take these processes into account
in order to obtain a more precise description of the magnetic-
field evolution.
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APPENDIX A: SELF-SIMILAR EXTERIOR
MAGNETIC FIELD SOLUTION

In this section, we derive self-similar solutions for the force-
free magnetic field outside the disc, which are used in Sec-
tions [3] and M to interpret the numerical results. Such self-
similar solutions have been found before by [Sakurai (1987)
and|Ogilvie (1997). For this derivation, we work in the spher-
ical coordinate system (r,60) with 6 being the polar angle.
In this coordinate system, equation (@) governing the flux
function outside the disc becomes

1 9% 190 1 oy _
sm6 o T2 o0 (sinH%) =0 (A1)

We look for a solution of this equation of the form ¢ =
f(r)g(x), where x = cos @ = z/r. By substituting into equa-
tion (AT, one finds

r2f—”:—(1—:c2)g—”. (A2)

The left-hand side depends only on r while the right-hand
side depends only on x; therefore both are equal to a con-
stant which we call k. The solutions of

1
r2f7 =k, (A3)
are f = Ar®*? where A is an arbitrary constant and k =
(b+1)(b+2). Therefore, we have found power-law solutions
for all b from —oo to oo when k goes from —1 to co. However,
for the flux function to not diverge when r — 0, we require
b> —2.

Then g obeys the equation

(1—2%)g" + (b+1)(b+2)g = 0. (A4)
The relevant solution can be expressed in terms of the Leg-
endre function as
dPyi1(z)
dz

where B is an arbitrary constant. The 2D distribution of the
flux function is then (Ogilvie [1997):

g= B —z% (A5)

/ T r b+2
wlra) = x (=) B (L) (46)

where 1o is the value of the flux function at a reference
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radius 7o and in the disc midplane. The vertical magnetic
field at the midplane reads:

By = 120 ) (_O> . (A7)

It is therefore related to the magnetic flux at the disc mid-
plane in the following way :

B.(r) = (b+2) L) (A8)

rz ’

The radial magnetic field is

1w 1oy P ()
B (r,z) = Tem 90 - 12 on T_g(b+1)(b+2) Pb,+1(0).
(49)

And finally the radial inclination of the magnetic field as
x — 0% (or indeed z — 071) is:

Py11(0)

Bp1(0)

Note that this inclination is independent of the radius as
would be expected from a self-similar solution.

bre= 20z 507 = (b4 1)

7 (A10)
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