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ABSTRACT

We describe singularities in the distribution of polarizedintensity as a function of Faraday depth (i.e. the Faraday spectrum) that arise
due to line of sight (LOS) magnetic field reversals. We call these features Faraday caustics due to their similarity to optical caustics.
They appear sharply spiked in the Faraday spectrum with a tail that extends to one side. The direction in which the tail extends depends
on the way in which the LOS magnetic field reversal occurs (either changing from oncoming to retreating or vice versa). We describe
how surfaces of Faraday caustics relate to boundaries between regions where the LOS magnetic field has opposite polarity. Examples
from simulations of the polarized synchrotron emission from the Milky Way are provided. We derive the probability or luminosity
distribution of Faraday caustics produced in a Gaussian magnetic field distribution as a function of their strength,F , and find that
for strong Faraday causticsP(F ) ∝ F −3. If fully resolved, this distribution is also shown to depend on the Taylor microscale which
relates to the largest scale over which dissipation is important in turbulent flow.
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1. Introduction

The availability of broadband receivers in next generationra-
dio telescopes, for example the Expanded Very Large Array
(EVLA), the Square Kilometer Array (SKA) and its pathfinder
arrays such as the Low-Frequency Array (LOFAR) in the
Netherlands, has led to the development of a novel technique
for imaging polarized radio emission known as rotation measure
(RM) synthesis (Brentjens & de Bruyn 2005). Derived from a
technique originally proposed by Burn (1966), RM synthesisal-
lows for the separation of polarized sources along the line of
sight (LOS) by reconstructing the distribution of polarized emis-
sion as a function of Faraday depth (in the simplest case Faraday
depth is equivalent to RM). The technique provides several ben-
efits: sensitivity is improved by combining measurements from
hundreds or even thousands of channels over a broad frequency
range, the rotation measure of point sources can be measured
more accurately and unambiguously, and the intrinsic polarized
emission from different sources along a line of sight can be stud-
ied independently. Also, because the Faraday depth dependson
the integrated LOS magnetic field, RM synthesis promises to be
an important tool for studying magnetism.

To date there have been few applications of RM synthesis
although interest is rapidly increasing as new radio telescopes
are being commissioned. Examples of recent results include
studies of the diffuse polarized emission in the Perseus field
(de Bruyn & Brentjens 2005; Brentjens 2010) and associated
with Abell 2255 (Pizzo et al. 2010), analysis of galactic polar-
ized emission in the WSRT-SINGS survey (Heald et al. 2009),
and the detection of a shell of compressed magnetic field sur-
rounding a local HI bubble (Wolleben et al. 2010). RM synthesis
will play a critical role in several upcoming polarization surveys,

e.g. POSSUM (Gaensler et al. 2010), GMIMS (Wolleben et al.
2009), and future surveys with LOFAR.

The technique of RM synthesis builds on the work of Burn
(1966) who showed that the complex polarized intensity,P, as
a function ofλ2 is related to the intrinsic complex polarized in-
tensity as a function of Faraday depth,F, by a (nearly) Fourier
relationship

P(λ2) =
∫ ∞

−∞
F(φ, λ2)e2iφλ2

dφ. (1)

where φ, known as theFaraday depth, is a measure of the
amount of rotation suffered by a linearly polarized wavefront as
it passes through a magneto-ionic medium. It is measured in rad
m−2 and is given by

φ = a0

∫ z

0
ne(z′)B3(z′)dz′ (2)

wherene is the number density of thermal electrons,z is distance
along the LOS, andB3(z′) is the component of the magnetic field
along the LOS. The constant term isa0 = e3/(2πm2

ec4) = 0.81
cm3 (µG pc)−1, wheree andme are the charge and mass of the
electron, respectively.

The quantityF(φ, λ2) is the intrinsic polarized intensity as
a function of Faraday depth. We refer to this quantity as the
Faraday spectrum. It is commonly referred to as the Faraday
dispersion function following Burn (1966). ThoughF generi-
cally depends on frequency we will assume a separable form,
F(φ, λ2) = f (φ)s(λ2), allowing for the removal ofs(λ2) from
the integral in Eq. (1). We will henceforth assume thatP(λ2) has
been normalized by the spectral dependence such thatP(λ2) =
∫

F(φ)e2iφλ2
dφ.

http://arxiv.org/abs/1105.2693v1
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The Faraday spectrum is a three dimensional description
of the polarized emission and may be reconstructed by in-
verting Eq. (1). In general this is not possible due to our in-
ability to completely sampleP for all values ofλ2, but this
complication is resolved using the RM synthesis technique of
Brentjens & de Bruyn (2005) where the inversion is treated in
much the same way as it is in synthesis imaging.

In this paper we are concerned with the properties of the
Faraday spectrum of diffuse polarized sources. In particular,
we describe singularities in the Faraday spectrum that we call
Faraday caustics. These arise when the LOS magnetic field
changes direction causing a pile-up of emission at a single
Faraday depth. They are caustics, much like the well known op-
tical phenomenon, in the sense that they are the result of the
non-monotonic mapping of the polarized emissivity from physi-
cal depth space into Faraday depth space.

Before we derive a mathematical description of Faraday
caustics it is helpful to develop a qualitative understanding of
how they might arise. Consider a volume filled with magnetic
fields, relativistic and thermal electrons. This volume will pro-
duce synchrotron emission and rotate the plane of polarization
of a polarized plane wave that propagates through it. In general,
the polarized emission from each location along a LOS maps to
a different location in Faraday depth space and therefore we ex-
pect to find extended structures in RM synthesis observations of
such a source. In the event where the magnetic field is changing
direction along the LOS, what happens at the point where the
field is completely in the plane of the sky? In a region where the
LOS field is close to zero the Faraday depth will change very lit-
tle with physical depth since, according to Eq. (2), the Faraday
depth changes linearly with the LOS magnetic field component.
Therefore, whereB3 = 0 there is no change in Faraday depth.
This means that all of the polarized emission which originates
from this region will pile up around a single Faraday depth value.
This is, qualitatively, the cause of the singularities mentioned
earlier.

We have two intentions with this paper. First we wish to
inform observers about the existence of these features. We ex-
pect them to be ubiquitous in Faraday spectrum cubes of dif-
fuse polarized sources so one must understand Faraday caus-
tics in order to properly understand their data. We describe
the basic features of caustics, and provide examples of how
they appear in simulations of the Galactic synchrotron emission.
Secondly, we investigate how observations of Faraday caustics
can be exploited to uncover information about the underlying
magnetic field structure and statistical properties. We present a
few ideas and examples. This second intention is in line withpre-
vious work on the extraction of statistical information of mag-
netic fields from observables by Spangler (1982, 1983), Eilek
(1989a,b), Enßlin & Vogt (2003), Kahniashvili & Vachaspati
(2006), Waelkens et al. (2009), Junklewitz & Enßlin (2010),and
Oppermann et al. (2010).

In Sect. 2 we derive the properties of Faraday caustics by
considering a generic magnetic field near the location whereit
is aligned in the plane of the sky. We examine the observational
manifestation of caustics in Sect. 3, showing examples fromsim-
ulated synchrotron emission from the plane of the Milky Way.
The luminosity function of caustics generated in a Gaussianran-
dom magnetic field as a function of their strength is computedin
Sect. 4. Finally, in Sect. 5 we present our conclusions.

2. Properties of Faraday caustics

Faraday caustics appear where the magnetic field lies entirely in
the plane of the sky, i.e. whereBz = 0, in a mixed synchrotron
emitting and Faraday rotating medium. In order to characterize
the basic features of Faraday caustics in a generic magneticfield
configuration we will focus on the region immediately surround-
ing the location where the LOS component is zero. We label this
pointz0, whereB3(z0) = 0, and henceforth for simplicity we will
setz0 = 0. Ultimately we want to solve for the Faraday spectrum,
F(φ).

The Faraday spectrum is related to the intrinsic polarized in-
tensity,P(z), by

F(φ) =
∫ ∞

−∞
δ(φ − φ(z))P(z)dz. (3)

The polarized intensity per unit length alongz is

P(z)dz = p(α)I(z)e2iχ(z)dz

= as(α) |B⊥(z)|1+α e2iχ(z)dz (4)

whereas contains all of the constant and frequency dependent
terms in the expression for the synchrotron emissivity,I(z) (see
e.g. Rybicki & Lightman 2004). We have also included the frac-
tional polarization of synchrotron emission,p(α) = (α+ 1)/(α+
5/3), within as. Hereα is the spectral index whereI(ν) ∝ ν−α.
For convenience we will assumeα = 1 throughout the remain-
der of this paper. This assumption is approximately correctfor
many optically thin synchrotron sources and suits our purpose of
providing a basic description. The angleχ is the intrinsic posi-
tion angle andB⊥ is the magnetic field in the plane of the sky. In
order to computeF we require a description of thez dependence
of bothB3 andB⊥.

For the sake of generality we will restrict our attention to the
region nearz0 = 0 and expand the LOS magnetic field aroundz0
to first order with respect toz

B3(z) = B′3(0)z + . . . (5)

where the prime indicates differentiation inz. In this way we will
not have to specify a functional form forB3(z). From Eq. (2) we
find

φ(z) − φ0 =
a1B′3(0)z2

2
(6)

wherea1 = a0ne and we assume thatne(z) is approximately con-
stant over this limited range inz.

At this point we can already start to get a feeling for what
happens toF(φ). The last expression tells us how the polarized
emission originating at a givenz location maps toφ-space; with
a linear approximation for the magnetic fieldφ is quadratic inz.
The valueφ(z) = φ0, which occurs whenz = z0 = 0, is either a
maximum or minimum depending on the sign ofB′3(0) and there-
fore the Faraday spectrum will extend only to one side or the
other ofφ0. Also, asz → 0 the change in Faraday depth,dφ/dz,
becomes small and the emission over a potentially large range of
z values “piles up” over a small range ofφ values. Therefore we
expect thatF(φ) will sharply increase nearφ0 and appear as an
asymmetric “spike”. Since smaller values of

∣
∣
∣B′3

∣
∣
∣ lead to a flat-

ter φ(z ∼ 0), we should expect stronger spikes when the LOS
magnetic field changes direction over larger distances.

The magnetic field in the plane of the sky,B⊥, is a vector
quantity. We will define it as a complex valued function encoding
the position angle within the phase,

B⊥(z) = |B⊥(z)| eiβ(z) (7)



M.R. Bell et al.: Faraday caustics 3

whereβ is the position angle of the vector in the plane of the sky.
For optically thin synchrotron emissionχ = β± 90◦ andχ′ = β′.
We also expandB⊥ aroundz0 to first order inz

B⊥(z) = |B⊥(0)| eiβ(0)

+
(

|B⊥|′ (0)eiβ(0) + iβ′(0) |B⊥(0)| eiβ(0)
)

z + . . . (8)

For illustration we will restrict our attention to the case where
β′(0) is the important term in the expansion. In this case the sky
plane magnetic field is approximated to be

B⊥(z) ≈ |B⊥(0)| (1+ iβ′(0)z
)

eiβ(0). (9)

We again expandχ(z) to first order inz

χ(z) = χ′(0)z = β′(0)z (10)

where we choose the sky plane coordinates such thatχ(0) = 0.
With the magnetic fields specified we can now calculateF.

From Eqs. (3), (4), (6), (9) and (10) we find

F(φ) =
∫

dz
[

δ



φ − φ0 −
a1B′3(0)z2

2





as |B⊥(0)|2
(

1+ β′(0)2z2
)

e2iβ′(0)z
]

. (11)

In order to perform thez integration we use the following prop-
erty of the delta function

δ (g(x)) =
∑

x:g(x)=0

δ (x − x)
g′(x)

, (12)

wherex are the roots ofg(x), the sum is over all roots, and the
prime indicates differentiation with respect to x. The argument
of the delta function has two roots,z = ±

√

2(φ − φ0)/(a1B′z(0)).
This means that the polarized emission from two values ofz will
contribute toF at a single value ofφ. After performing thez
integration we find

F(φ) = D
1+ C2(φ − φ0)
√
φ − φ0

cos
(

2C
√

φ − φ0

)

(13)

where

C = β′(0)

√

2
a1B′3(0)

(14)

D =
2as |B⊥(0)|2
√

a1B′3(0)
. (15)

We can writeF(φ) in terms of the unitless parameteru =
2C
√
φ − φ0 (in the case whereβ′(0) , 0) in which case it has

the form

F(u) = 2CD

(

1+
u2

4

)

cos(u)
u
. (16)

The relationF(u)du = F(φ)dφ can be used to transform between
the two formulations. The cosine term results from adding two
P(z) values having different position angles and therefore rep-
resents a depolarization effect. If β′(0) is such that the position
angles at±z are orthogonal to one another, thenF(u) = 0.

The final form ofF, shown in Fig. 1, is as we expect. When
u is small,F(u) ∝ 1/u which diverges asu → 0 (φ → φ0). As
u gets large,F(u) ∝ u cos(u), but at this point the approximation

10-2 10-1 100 101 102

u

10-1

100

101

102

F(
u
)/
2
C
D

Fig. 1. The dispersion function,F(u), for a caustic. The unitless
parameteru is proportional to

√
φ and is described in the text.

The magnitude of negative values are shown as a dashed line.

that the magnetic field varies linearly withz has broken down.
Therefore, our description is restricted to small values ofu. This
leads to the condition

u = 2β′(0)

√

2(φ − φ0)
a1B′3(0)

< 1 (17)

and so our approximation will be valid when the change in po-
sition angle is small, when we are close toφ0, or when the rate
of change of the LOS magnetic field is large. As we will see, the
latter condition leads to low strength caustic features andsince
we will primarily be concerned with strong caustics, our descrip-
tion is limited to the regions where the position angle does not
change significantly over the limited range in z. Note that the
cosine term does not become important untilu > 1 and the lin-
ear approximation is no longer applicable. Therefore, in order
to properly describe depolarization effects we need to consider
higher order terms in the Taylor expansion of the magnetic field.

Since in many cases caustics will be unresolved in obser-
vations (see Sect. 3), we should consider the integrated inten-
sity over the rangeδφ, taken to be approximately the FWHM of
the point spread function inφ (often called the rotation measure
spread function or RMSF). The integrated intensity,F , is

F =
∣
∣
∣
∣
∣
∣

∫ φ0+δφ

φ0

dφ F(φ)

∣
∣
∣
∣
∣
∣
. (18)

After some algebra we find

F =
∣
∣
∣
∣
∣
∣

D
2C

sin(um)

(

1+ um cot(um) +
u2

m

2

)∣
∣
∣
∣
∣
∣

(19)

whereum = 2C
√
δφ is the value ofu atφ = φ0 + δφ. In the limit

whereum ≪ 1

F =
∣
∣
∣
∣2D

√

δφ
∣
∣
∣
∣ = 4as |B⊥(0)|2

√

δφ

a1B′3(0)
. (20)

As expected we find that small values ofB′3 lead to strong caus-
tic features. LargeB⊥ values will also result in large values ofF .
However, since theB-field strength is unlikely to deviate signif-
icantly from the average and the 1/

√

B′3 term can be arbitrarily
large, we argue that strong caustics will mostly be created in
regions whereB′3 is small. A result of this effect is that large
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“spikes” in the Faraday spectrum can result from intrinsically
weak emission regions.

Inclusion of higher order expansion terms will not have a
significant effect on the basic structure of Faraday caustics de-
scribed above. In the case of a LOS magnetic field reversal, a
caustic will appear as a strongly peaked, asymmetric sourcein
Faraday space regardless of the exact form of theB3(z) distribu-
tion. The higher order terms will affect the shape of the “tail” and
have a small effect on the integrated flux over the feature. An ex-
ception is the case when the LOS magnetic field reduces to zero
but does not change sign. In this caseB′3(0) = 0, B3(z) ∝ z2, and
φ(z) ∝ z3. The Faraday spectrum will still be strongly peaked at
φ0, but the spike will be symmetric in this case with tails extend-
ing toward either side ofφ0.

It is also worth noting how a caustic appears inλ-space.
From Eq. (1) we see that the polarized intensity as a function
of λ, P(λ), is found by taking the Fourier transform of Eq. (13).
Doing so we find

P(λ) = De−2iλ2φ0
(−1− i)

√
π

2λ
. (21)

Although this seems to be divergent forλ → 0, recall thatP(λ)
has been divided by the a spectral component of the Faraday
spectra,s(λ). Multiplication by this spectral component ensures
that the total physical spectra is finite.

3. Observing Faraday Caustics

Now that we have characterized Faraday caustics (to first or-
der) we can discuss the expected appearance of these features
in observations. Since they occur whenever the magnetic field is
aligned in the plane of the sky we expect Faraday caustics to be a
regularly occurring feature in RM synthesis observations of dif-
fuse polarized fields. Depending on the instrument used and the
details of the experimental setup the appearance of Faradaycaus-
tics may vary, and as we shall see, may not exhibit the character-
istic asymmetry described in the previous section. Nevertheless,
Faraday caustics will be present in most observations and soit
is important to know what to expect in order to properly inter-
pret Faraday spectra and to learn as much as possible about the
underlying magnetic fields.

In lieu of observational data, we make use of the Hammurabi
software of Waelkens et al. (2009) to provide examples of
Faraday caustics in a realistic Faraday spectrum. This software
simulates the Galactic synchrotron emission based on user de-
fined models of the magnetic field, thermal and cosmic ray elec-
tron distributions. Hammurabi was first used by Sun et al. (2008)
to test Galactic magnetic field models by simulating the resulting
polarized foreground emission in the galactic plane. Otherexam-
ples of its use may be found in Jansson et al. (2009) who com-
pare images of the Galactic synchrotron emission from WMAP5
with simulated emission using several existing Galactic mag-
netic field models from the literature, in Oppermann et al. (2010)
who test the novel LITMUS procedure that probes for the pres-
ence of magnetic helicity on simulated sky maps, or in Jaffe et al.
(2010) who develop parametrized magnetic field models in the
Galactic plane. We have modified Hammurabi to calculate the
Faraday spectrum; at each step of the integration along a given
LOS we compute the Faraday depth and the intrinsic polarized
emission from within the cell. This is stored in a 3-D cube with
user defined Faraday depth resolution.

For the examples presented here, Hammurabi was run us-
ing the same simulation parameters as Sun et al. (2008) for their

Fig. 2.A Hammurabi simulated Faraday spectrum and the asso-
ciated Faraday depth and field parameters as a function of phys-
ical depth. (a) The Faraday spectrum along the LOS at Galactic
coordinates (90◦,−15◦) in arbitrary units. (b) Faraday depth in
rad m−2, (c) The product of the LOS magnetic field and thermal
electron density which is proportional to the Faraday depthin
code internal units, (d) The perpendicular magnetic field compo-
nent squared which is proportional to the synchrotron emissivity,
again in code internal units.

ASS+RING magnetic field model including a stochastic compo-
nent (as well as the cosmic ray electron distribution and thether-
mal electron distribution of Cordes & Lazio (2002)), exceptat
lower angular resolution, and with higher LOS resolution (more
integration steps).

We find that the simulated Faraday spectra typically consist
of some weak diffuse emission spread over tens of rad m−2 as
well as many narrow, asymmetric “spikes”. In Fig. 2(a) we show
a portion of the Faraday spectrum along the LOS at Galactic
latitude and longitude (90◦,−15◦) that provides a clear example
of the kind of features discussed in the previous section. Along
this LOS we find a prominent caustic feature atφ = −39 rad
m−2 as well as another small cluster of a few caustic features at
φ = 19 rad m−2. The Faraday depth,B andne values are shown
as a function of LOS distance in Fig. 2(b). The product ofne
and B3 is related to the Faraday depth, and the quantityB2

⊥ is
proportional to the synchrotron emissivity. The caustic feature
at −39 rad m−2 is associated with the field reversal atz ∼ 2.2
kpc, where the LOS magnetic field is zero and the synchrotron
emissivity peaks. One of the caustics in the cluster around 19 rad
m−2 is due to the LOS magnetic field zero crossing atz ∼ 1.6 kpc
while others are due to magnetic field structure not shown.
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Fig. 3. A portion of the simulated Faraday spectrum from Fig.
2(a). This is compared to the generic form for the Faraday spec-
trum of a caustic,F(φ) ∝ 1/

√
φ (see Eq. (13)), shown as a

dashed line.

The major caustic shown in Figure 2(a) atφ = −39 rad
m−2 exhibits the primary features described in the previous sec-
tion very clearly. It is strongly spiked, has the characteristic
asymmetric shape, and is reasonably well fit by the generic
F(φ) ∝ 1/

√
φ − φ0 form as is shown in Fig. 3. The tail extends

towards higher values ofφ as a result of the positive slope of the
B3(z) distribution atz = 2.2 kpc.

It should be possible to resolve particularly strong and iso-
lated caustic features such as the one shown here, thereby al-
lowing one to observe the characteristic asymmetry and possi-
bly even to reconstruct the shape of the tail of the spike. The
ability to resolve Faraday caustics will not only provide a means
of identification, but also information about the magnetic field
strength and structure. For instance, the direction of the “tail” of
the spike is dictated by the sign ofB′3(z0). If B3 changes from
positive to negative then the Faraday caustic will be extended
in φ < φ0. In addition, if one were able to fit the tail to Eq.
(13) it would provide a measure ofD and therefore of the ratio
B2
⊥(0)/

√

B′3(0).
What are the necessary conditions for resolving a Faraday

caustic? Brentjens & de Bruyn (2005) give the resolution,δφ,
and maximum observable scale in Faraday depth space for an
RM synthesis experiment as

δφ ∼ 2
√

3
∆λ2

(22)

max. scale∼ π

λ2
min

(23)

where∆λ2 is the sampled range inλ2 andλmin is the minimum
sampled wavelength. In order to reconstruct the shape of the
caustic, the width must be several timesδφ. Due to their nar-
row, sharp shape high Faraday depth resolutions will be required
in order to resolve Faraday caustics. In order to achieve long
“baselines” inλ2-space an experiment must extend to low fre-
quencies. This will mean that low frequency instruments such
as LOFAR will be ideally suited for observing these types of
features. Provided that a particular Faraday caustic is strong
enough, we also require that the maximum scale is larger than
the resolution in order to have a chance of reconstructing its
shape. From Eqs. (22) and (23) we find that this condition is
satisfied if

νmax

νmin
>∼ 1.5. (24)

Consider the high-band LOFAR receivers which operate be-
tween 110 and 250 MHz. The FWHM of the main peak of the
point spread function in Faraday depth space isδφ ∼ 0.5 rad/m2

and the maximumφ scale is roughly three times larger.
As an example of what we can expect caustics to look like

in real data we can “observe” our simulated Faraday spectra by
inverse transforming toλ2-space, sampling at some set of fre-
quencies, and then transforming back toφ-space. Figures 4(a)
and 4(b) show the Faraday spectrum of Fig. 2(a) as “observed”
using two different frequency ranges. The frequency range used
for Fig. 4(a) is 110 to 250 MHz similar to the LOFAR high band
antennas. The frequency range used for Fig. 4(b) is 300 to 900
MHz similar to the low frequency portion of the GMIMS sur-
vey (Wolleben et al. 2009). We include 512 frequency samples
over each range. Most next generation instruments are able to
observe using many more frequency channels than this. In each
figure we show the Faraday spectrum after deconvolution us-
ing our own RMCLEAN software that implements a procedure
similar to that described by Heald et al. (2009). The RMCLEAN
components are shown in red.

In the “LOFAR” reconstructed spectrum the stronger caustic
is reasonably well recovered. The shape of the tail is not exactly
as it is in the original spectrum, but the asymmetry is clearly vis-
ible. The small cluster of caustics atφ ∼ 20 rad/m2 is resolved
showing the three distinct peaks. The same can not be said of the
“GMIMS” spectrum. Due to the lower resolution (δφ ∼ 5 rad/m2

compared to∼ 0.5 rad/m2 for the “LOFAR” observation) the in-
dividual peaks atφ ∼ 20 rad/m2 are not resolved. The shape of
the large caustic is completely lost despite the fact that the tail of
the feature extends over 15 rad/m2 in the original spectrum. No
asymmetry is present even in the distribution of CLEAN com-
ponents.

Having described the appearance of individual caustic fea-
tures in an observed Faraday spectrum, we now investigate how
these will be distributed throughout the 3D Faraday spectral
cube. Faraday caustics will be generated at the boundaries of
regions having opposite LOS magnetic field polarity. If the mag-
netic field distribution is sufficiently ordered, this boundary will
be a connected and smooth surface in physical space that will
map to a similarly connected surface inφ-space. Therefore,
Faraday caustic surfaces will reflect boundaries between regions
of opposite LOS magnetic field polarity.

As mentioned in the previous section, there will be a sym-
metric variety of caustics that appear as a result of the LOS mag-
netic field approaching zero tangentially without changingsign.
Such features will appear when the boundary between regionsof
opposite LOS magnetic field polarity is aligned along the LOS,
i.e. where a Faraday caustic surface folds over.

In Figs. B.1 and B.2, shown in Appendix B, we show six
slices from a Hammurabi simulated Faraday spectral data cube
at different Galactic latitudes. The top panel of each slice shows
the Faraday spectrum as a function of Galactic longitude and
Faraday depth, while the bottom panel shows the LOS magnetic
field strength as a function of Galactic longitude and LOS dis-
tance. The scale of the magnetic field strength has been com-
pressed to highlight the regions of opposite polarity. White re-
gions indicate a negative LOS magnetic field, black regions a
positive field, and the colored sections highlight the boundaries
whereB3 ≈ 0.

In each slice we can see that the smoothly connected bound-
aries between regions of opposite LOS magnetic field polarity
produce connected lines of Faraday caustics inφ-space. The
caustics can be seen clearly in the Faraday spectra, appearing
as sharp, bright lines with faint tails extending to one side.
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Fig. 4. Mock observations of the Faraday spectrum shown in
Fig. 2(a). The spectrum has been observed over two frequency
ranges: (a) 110 to 250 MHz, similar to the LOFAR high band
antennas and (b) 300 to 900 MHz similar to the low frequency
portion of the GMIMS survey. In each figure the Faraday spec-
trum has been deconvolved using RMCLEAN. The black line
represents the restored spectrum while the RMCLEAN compo-
nents are shown as vertical grey lines (red in the online version).

Watching how the lines move from frame to frame we can get
a sense of how the caustics are distributed in 3D, and create a
surface of bright polarized emission. In Figure B.1, at Galactic
latitude−117.6◦, a continuous line of caustic features extends
from Galactic longitude 15◦ andφ ≈ −5 to Galactic longitude
60◦ andφ ≈ 0. This surface reflects theB3 = 0 boundary at
z ≈ 0.2 kpc. This continuous line remains dominant until frame
c, where the polarized emission has shifted toφ = 0 rad/m2. At
this point a secondB3 = 0 surface where the LOS magnetic field
changes from negative to positive is forming between 4 and 6
kpc. TheB3 = 0 surface between longitudes -15◦ and 15◦ and at
z ∼ 0.6 kpc produces the line of Faraday caustics betweenφ ∼ 0
and 5 rad/m2.

In Figure B.2 the rightmostB3 = 0 surface produces the
dominant lines of Faraday caustics extending into positiveφ val-
ues in the Faraday spectra. The Faraday caustic surface associ-
ated with the leftmostB3 = 0 surface is now atφ = 0 rad/m2.
Note that the tails of the caustic spikes extend between the two
surfaces since the LOS magnetic field changes from negative to
positive causing one set of caustics, and from positive to negative
for the other.

Depending on the smoothness of the magnetic field varia-
tion, and the resolution of a given experiment, the caustic sur-
face may consist of a single, well defined peak or a tight cluster
of smaller spikes. Consider the LOS magnetic field sketched in
Fig. 5. Here the black line represents a large-scale variation of
the magnetic field while the grey curve (red in the online ver-

Fig. 5. A diagram illustrating how small scale fluctuation about
a larger scale magnetic field variation may split a single Faraday
caustic (occurring at the zero crossings) into several smaller
caustics. An observation will not be sensitive to fluctuations be-
low a given scale length that depends on the resolution of the
experiment.

sion) represents small-scale fluctuations about this distribution.
For a smooth variation such as that represented by the black line,
a single Faraday caustic will be present. In the case of the red
curve three caustics will be created close to one another inφ-
space. The limited resolution of a given experiment acts to effec-
tively smooth the magnetic field distribution by setting a mini-
mum length scale below which the experiment is not sensitiveto
variations. This is because theδφ resolution implies a finite reso-
lution in z-space as well. So we expect Faraday caustic surfaces
to be either sharp, smoothly connected features in the Faraday
spectra or a more “fuzzy” boundary depending on the scale of
fluctuation of the magnetic field and the resolution,δφ.

4. Distribution of Faraday caustics in a Gaussian
random magnetic field

We have just shown how Faraday caustics can inform us about
the structure of the LOS magnetic field through their shape and
3D distribution. It is variation and turbulence in the magnetic
field which leads to caustics; after all there would be no such
features in a purely uniform magnetic field. It may be possible
to recover information about the statistical properties ofthe un-
derlying magnetic field in a source by studying the distribution
of caustics within its Faraday spectrum. In this section we inves-
tigate the production of Faraday caustics by a Gaussian random
magnetic field and calculate the probability distribution,or lu-
minosity function, of “spikes” as a function of their strength.

We assume that the magnetic field distribution is a Gaussian
random field with given covariance matrixM. For a Gaussian
random field, the covariance matrix is also equal to the corre-
lation tensor. The translationally invariant magnetic correlation
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tensor for homogeneous and isotropic magnetic turbulence is

Mi j(r) =
〈

Bi(x)B j(x + r )
〉

Mi j(r) = MN(r)δi j +
(

ML(r) − MN(r)
)rir j

r2

+ MH(r)ǫi jmrm in real space

M̂i j(k) = M̂N(k)(δi j −
kik j

k2
)

− iǫi jmĤ(k)
km

k
in Fourier space (25)

(Subramanian 1999, e.g.) where the longitudinal, normal, and
helical auto-correlation functions,ML(r), MN(r), andMH(r) re-
spectively, only depend on the distance, not on the direction.
Note thatMN(k) can be expressed in terms of the 1D magnetic
power spectrumǫB(k) as

ǫB(k) =
k2MN(k)

8π
. (26)

The probability to measure an integrated intensity ofF at
some locationz0 given that there is a Faraday caustic atz0 and
that the magnetic covariance matrixM is

P(F |caustic,M) =
P(F , caustic|M)

P(caustic|M)
. (27)

The denominator,P(caustic|M), is fairly straightforward to
compute

P(caustic|M) =
∫

DB δ(B3(z)) G(B,M). (28)

HereDB indicates a phase space integral over all possible B-
field configurations. AlsoG(B,M), a Gaussian probability den-
sity function over this phase space, is

G(B,M) =
1

√
|2πM|

e−
1
2 B†M−1B, (29)

where vertical bars indicate that the determinant is to be taken.
Here, the notationA†B implies a multidimensional scalar prod-
uct such that

A†B =
∑

i

∫

dx3 A∗i (x)Bi(x). (30)

The sum is over the field components and the integral is over
physical space.

We find that the probability for a caustic to occur (i.e.
B3(z0) = 0) is

P(caustic|M) =

√

2π
M33(0)

(31)

whereM33 is the component ofM that describes the two-point
correlation betweenz components of the magnetic field. For the
derivations of all results in this section, see Appendix A.

The calculation of the numerator is significantly more in-
volved and as we describe in Appendix A, Eq. (27) can only
be computed analytically in the limit whereF is large (we will
define this more clearly below). In this limit we obtain the result

P(F |caustic,M) =
448a2

sδφ
3

a2
1

M2
N(0)

√

2π
∣
∣
∣M′′33(0)

∣
∣
∣

1
F 3
. (32)

We find that, over a limited range inF , the distribution of the
integrated flux of caustics will be proportional toF −3. Note that
this indicates that the number of spikes per logarithmic interval
of F is ∝ F −2 and thus the Faraday caustic flux per logarithmic
interval ofF goes asF −1 which is finite asF → ∞.

The fore-factors in Eq. (32) depend on the properties of the
magnetic field and of the turbulent flow of the fluid in which they
are situated. The termMN (0) is simply the total magnetic energy
density. We also introduce theTaylor microscale, lT , which is
defined by

d2C(z)
dz2

∣
∣
∣
∣
∣
z=0
=

2

l2T
(33)

(see e.g. Tennekes & Lumley 1972, sec. 6.4) whereC(z) is the
covariance inz normalized to unity atz = 0. This length scale
represents the largest scale at which dissipation is important in a
turbulent flow. The second derivative of the LOS component of
the magnetic correlation tensor,M′′33(0), is proportional toǫB/l2T .
We can therefore rewrite Eq. (32) as

P(F |caustic,M) =
448a2

sδφ
3

a2
1

ǫ
3/2
B lT√

4π

1
F 3
, (34)

whereǫB is the total magnetic energy density.
By measuring the distribution of the number of Faraday

caustics per integrated fluxF in the F −3 regime, one is then
in principle able to measure the Taylor microscale in a turbulent
medium. Fletcher & Shukurov (2007) show that this length scale
is also measurable by observing the mean separation betweenso
called “depolarization canals,” which are lines of zero polarized
intensity in a diffuse polarized field. These canals have been ob-
served in maps of the diffuse polarized galactic emission by, e.g.
Uyaniker et al. (1998), Haverkorn et al. (2000), Gaensler etal.
(2001), and Reich et al. (2004). Observations of depolarization
canals and Faraday caustics in tandem may be a powerful tool
for studying the turbulent properties in, e.g. the ISM.

A rather important caveat, applicable to both Faraday caus-
tics and depolarization canals, is that without sufficiently high
resolution one will not be able to measure this scale. In the case
of caustics, as discussed in the previous section, the effect of
small scale fluctuations is to split a single Faraday causticinto
a tight bundle of spikes. Without enough resolution, an observer
may simply count such a bundle as one large spike. This has the
effect of altering the normalization of the number distribution of
caustics inF which would lead to an incorrect measurement of
lT . In principle the same effect applies to depolarization canals,
where what appears to be a single canal of net zero polarized
intensity may in fact be a fine network of such canals. The effect
of finite resolution is to smooth the quantity being measured,
e.g. the LOS magnetic field distribution in the case of Faraday
caustics, thereby throwing away information at scales smaller
than this. If the Taylor microscale is smaller than this smoothing
scale, then it will not be measurable. We suspect that this may
be the case in the example presented by Fletcher & Shukurov
(2007) where the Taylor scale of the Milky Way is measured to
be much larger than expected.

This result given in Eq. (34) will be valid for strong spikes,
i.e. whenB′3(0) is small, but we expect that below some value
of F = Flow the distribution will flatten. This is required in or-
der for the integral ofP(F |caustic,M) to be finite forF → 0,
but we can also see that this will be the case by considering the
approximation applied during our derivation.

In the process of the calculation, so that we may compute
the probability analytically, we neglect an exponential term in



8 M.R. Bell et al.: Faraday caustics

Eq. (A.9). This term is exp(−µKB4
⊥/F ), whereK = 16a2

sδφ/a1.
This is, of course, only valid if the argument of the exponentis
much less than one. The approximation breaks down when this
term approaches unity, which leads to the following condition
for Flow

Flow ≈
〈

B2
⊥
〉
√

K
〈

B′3
〉 (35)

≈ K
1
2 ǫ

3
4
Bλ
− 1

2
B (36)

where

ǫB =

∫ ∞

0
dkǫB(k) (37)

is the average magnetic energy density,ǫB(k) is the 1D magnetic
power spectrum, and

λB =
π
∫ ∞
0

dkǫB(k)/k
∫ ∞
0

dkǫB(k)
(38)

is the magnetic correlation length.
If we wish to evaluate Eq. (A.9) in all regimes we can no

longer neglect this term. While the full calculation is beyond the
scope of this paper, we can consider what effects the inclusion of
this term might have on the result. To proceed without approxi-
mations we would use a pertubative expansion in Feynman dia-
grams as is used in quantum field theory. The first term in such
an expansion would be negative and∝ F −2, the second positive
and∝ F −1 and so on. The result is a turnover of the spectrum
nearFlow.

We also expect that the distribution will steepen at larger val-
ues ofF due to depolarization. As discussed above, large values
of F imply that the LOS magnetic field changes over long dis-
tances. As this happens it is increasingly more likely that the
position angle of the polarized emission at the values ofz which
contribute to the polarized intensity at a single value ofφ will
be uncorrelated resulting in a reduction in the integrated inten-
sity due to depolarization. This reduces the number of caustic
features at high values ofF .

In order to investigate the conditions for a steepening of the
probability distribution of caustics, we consider the correlation
of the sky plane magnetic field as a function of LOS distance.

R = 〈B⊥(z)B⊥(−z)〉
〈

B2
⊥(0)

〉 (39)

where the average is over all possible field configurations. The
procedure for computing these expectation values is similar to
that used in Appendix A to computeP(F |caustic,M) and there-
fore not included here. The result is

R = 3MN(2z)
10MN(0)

+
7M2

N(z)

10M2
N(0)
. (40)

A small value ofR indicates that, on average, the sky plane mag-
netic fields are uncorrelated. When this is true the luminosity
function will be steeper thanF −3.

As an example of estimatingFlow andR we will model the
magnetic power spectrum as a broken power law

ǫB(k) = ǫ0

(

k
k0

)b


1+

(

k
k0

)2


−( a+b
2 )

. (41)

0 2 4 6 8 10
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R

Fig. 6. The normalized correlation of the sky plane magnetic
field as a function ofk0z for a few values of the power law index
a. Dashed reda = 4/3, solid blacka = 5/3, dot-dashed blue
a = 7/3.

For such a power spectrum the luminosity function turns overat

Flow = π
2
√

K





ǫ0k5/3
0

2





3
4

B
(

a − 1
2
,

b + 1
2

) 5
4

B
(

a
2
,

b
2

)− 1
2

(42)

whereB(x) is the Beta function.
We can also computeR since

MN(z) =
∫

dkM̂N (k)e−ikz (43)

and

M̂N(k) =
8π3ǫB(k)

k2
. (44)

The resulting form ofR(k0z) is shown for a few representative
values ofa in Fig. 6. For a Kolmogorov spectrum,a = 5/3. In
each case,b = 2. Note thatR is independent of the parameterǫ0.

A calculation of the precise shape of the distribution for low
and high values ofF is beyond the scope of this paper. A sketch
summarizing the expected shape of the probability distribution,
represented as the number of caustics per logarithmic scaleof
F as a function of logF , is shown in Fig. 7. TheF −2 region
is valid given the assumptions outlined above. At largeF the
distribution steepens due to depolarization. At lower values of
F the distribution flattens as higher order effects become more
important. We expect that the exact shape of the distribution at
low strength will be more strongly dependent on the magnetic
field statistics since weak caustic features depend more strongly
on |B⊥(0)|. Eventually at lowF the distribution will turn over
since the total population of caustics is finite.

In summary, we have calculated the probability density func-
tion of caustics having a particular strength in a Gaussian ran-
dom magnetic field. This result should stand as an example of
the type of analysis that is possible and as the simplest ref-
erence case for future observations of the luminosity function
of Faraday caustics. We caution that the result is limited for
several reasons. For one we have assumed an unrealistic mag-
netic field distribution. This was done for simplicity, but also
because if one is not aware of any statistical properties of mag-
netic field other than the two point correlation, the assumption of
a Gaussian field is the most appropriate starting point. Any fur-
ther knowledge would always be included by expanding around
the Gaussian case. While we expect our result in theF −3 regime
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-2

Fig. 7. A sketch of the number distribution of caustic spikes per
logarithmic interval ofF showing the limits to theF −2 regime
and the rough shape of the distribution beyond these limits.At
high values ofF the distribution steepens due to depolarization
effects, while at lowerF values the distribution turns over since
the total number of caustics is finite. Refer to the text for more
details.

to be only weakly dependent on the magnetic field statistics,re-
alistic magnetic field distributions are likely to be significantly
non-Gaussian. We have not investigated the degree to which this
will effect our results. Secondly, the result in Eq. (34) is only
valid over a limited range ofF values. The precise extent of this
range is unclear at the moment although we present some esti-
mates. It is possible that the flattening and steepening regimes
that we describe are near one another or even overlapping. A
more detailed investigation into the flattening regime, forexam-
ple, would require much more complicated calculations and,be-
cause it depends strongly on the magnetic field statistics, amore
realistic model.

Lastly, Eq. (34) is truly only valid for very high resolution
observations or simulated data. As discussed above, the result
will change depending onφ-space resolution. In our treatment
we simply count the number of zero-point crossings of the LOS
magnetic field. In observations, two or more such events in phys-
ical space may occur at nearly the sameφ location and may
therefore be counted as a single caustic. This will have the ef-
fect of changing the overall normalization of the distribution (the
total number of caustics is reduced), however, theF −3 regime
should maintain its shape. Analysis of simulations would be
helpful in order to investigate the extent of this effect.

5. Discussion and Conclusions

In this paper we have introduced sharp, asymmetric featuresin
the Faraday spectrum of a diffuse polarized source that appear
as a result of a change in the direction of the LOS magnetic
field. We call these features Faraday caustics. We have derived
the form of a Faraday caustic by considering the LOS magnetic
field near the point whereB3 = 0. The basic properties of a
Faraday caustic are:

– They are singularities in the Faraday spectrum and the po-
larized intensity peaks sharply at the Faraday depthφ0 that
maps to the physical depthz0 whereB3(z0) = 0.

– The Faraday spectrum extends only to one side of the singu-
larity. The direction in which the tail extends depends on the

slope of theB3(z) distribution. If B′3(z) > 0 then the tail ex-
tends toφ > φ0. The exception is whenB3(z) approaches
zero tangentially without changing sign. In this case the
caustic is still strongly peaked, but symmetric.

– Strong caustics will predominantly be created when the LOS
magnetic field changes over large physical distances i.e.
when B′3(z0) is small. In this case, the polarized emission
from even a relatively weakly emitting region (in physical
space) can appear as bright point sources in the Faraday
spectrum because the emission over a long LOS distance can
pile up over a narrow range of Faraday depths.

– In a 3D Faraday spectral cube Faraday caustics will appear as
continuous sheets or surfaces. These surfaces are related to
boundaries between regions of opposite LOS magnetic field
polarity.

– The effect of small scale fluctuations about larger scale vari-
ations will be to split a single large Faraday caustic into a se-
ries of smaller, closely packed caustics. Without sufficiently
high resolution, this splitting will not be observed. In this
way the finite resolution of an experiment acts to smooth the
B3(z) distribution.

We find that important information about the magnetic
field distribution can be recovered by observing these features.
Reversals of the LOS magnetic field can be identified and if the
asymmetry of the Faraday caustics is recovered one will even
be able to indicate in which direction the reversal occurs. We
have also shown that there may be great value in studying the
statistical properties of Faraday caustics. We compute theprob-
ability distribution of the polarized intensity of Faradaycaustics
in a Gaussian random magnetic field. The number of caustics
per unitF , which is the integrated intensity of a single caustic,
goes asF −3. There is a lowerF limit at which the distribution
flattens and turns over, and a highF limit where the distribution
steepens due to depolarization effects. More work is needed to
better define these limits, but this should be a fruitful endeavor
because we expect that they will depend on the statistical prop-
erties of the magnetic field distribution. We show that if onehas
sufficiently high resolution and measures this distribution in the
F −3 regime one can recover the Taylor microscale. This scale
is the largest distance over which dissipation is importantin a
turbulent flow.

It should be noted that caustics may have already been ob-
served. Though we have not analyzed the data directly, the
published data from the Perseus field (de Bruyn & Brentjens
2005; Brentjens 2010) contains many point-like features, some
of which seem to be connected in what may be the Faraday caus-
tic sheets we discuss above. A re-analysis of these data may pro-
vide the first observational evidence of Faraday caustics.

New observational techniques and imaging algorithms may
be needed in order to optimally observe Faraday caustics. When
investigating the efficacy of a wavelet-based approach to RM
synthesis, Frick et al. (2011) note sharp, point-like features in
a Faraday spectrum produced by the small scale fluctuations
included in their model magnetic field distribution. These fea-
tures, though not identified as such, are caustics. They showthat
wavelet-based RM synthesis is effective at separating small and
large scale features in the Faraday spectrum and as a result the
wavelet-based algorithm outlined in Frick et al. (2010) maybe a
useful tool for observing Faraday caustics. In addition, matched
filter algorithms could be helpful if one wants to more accurately
reconstruct the shape of the “tails” which should contain most of
the total polarized flux.



10 M.R. Bell et al.: Faraday caustics

Faraday caustics will not be the only source of point-like
structure in the Faraday spectrum of a diffuse source. Point
sources in Faraday space will also occur as a result of a dis-
crete source along the LOS such as a pulsar or any strong, com-
pact emitter. These discrete sources will also appear as compact
sources in the sky plane and will often have associated structure
in total intensity making them easy to rule out as caustics. Of
course if a caustic is resolved, the asymmetric shape will bean
obvious means of identification. In the case of structures more
extended in Faraday depth space than the largest measured scale
(see Eq. (23)), the extended nature of the source will not be re-
covered and the edges of the structure will appear to be point-
like. In short, confusion with other sources is a possibility but it
should not be a big danger.
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Appendix A: Derivation of the probability distribution for caustics

In this appendix we will derive the probability for measuring a spike with integrated intensityF given that the spike is due to a
caustic (i.e.B3 = 0) and a magnetic covariance matrixM. We will limit our discussion to the regime where the parameteru, defined
in Sect. 2, is small so that Eq. (20) describes the integratedflux of the caustic.

In Sect. 2 we found that the integrated polarized intensity of a caustic isF = 4as
√
δφ |B⊥(0)|2 /

√

B′3(0)a1. We assume a Gaussian
magnetic field distribution,G(B,M). The probability distribution of integrated intensitiesF , given thatB3 = 0 and the magnetic
correlation tensor isM is

P(F |caustic,M) =
P(F , caustic|M)

P(caustic|M)
. (A.1)

The denominator, which is the probability that a caustic occurs in a Gaussian random magnetic field, is relatively straightforward to
compute. We enforce thatB3(0) = 0 using a delta function and the probability is given by

P(caustic|M) =
∫

DB δ(B3(0))G(B,M). (A.2)

where the integral is a path-integral over all possible realizations of the magnetic field. We then replace the delta function using the
Fourier transform

P(caustic|M) =
1

√
|2πM|

∫

DB
∫

dη e2πiηB3 e−
1
2 B†M−1B. (A.3)

We now replaceηB3 with ηδi3B and after completing the square we have

P(caustic|M) =
1
|2πM|

∫

DB
∫

dη exp
[

− 1
2

(

B − J†M
)†

M−1
(

B − J†M
)

+
1
2

J†MJ
]

. (A.4)

whereJ† = 2πiηδizδ(z). TheB integral is the integral of a Gaussian function which results in a factor of
√
|2πM|. Theη integral is

also a Gaussian integral. After integration, the result is

P(caustic|M) =

√

2π
M33(0)

. (A.5)

The calculation of the numerator of Eq. (A.1) is more involved. Again we start by enforcing our conditions using delta functions

P(F , caustic|M) =
∫ DB
√
|2πM|

δ(B3(0))δ
(

F − as
√
δφB2

⊥(0)
√

B′3(0)a1

)

exp
[

− 1
2

B†M−1B
]

. (A.6)

Using Eq. (12) we rewrite the second delta function in terms of B3

δ

(

F − 4asB2
⊥(0)
√
δφ

√

B′3(0)a1

)

= 4K
B4
⊥
F 3
δ

(

B′3(0)− K
B4
⊥(0)

F 2

)

. (A.7)

whereK = 16a2
sδφ/a1.

Inserting this into Eq. (A.6), we now proceed with the calculation using the Fourier representation of the delta function:

∫ DB
√
|2πM|

δ(B3(0)) 2K
δφ2B4

⊥
a2

1F 3
δ

(

B′3(0)− K
B4
⊥(0)

F 2

)

exp
[

− 1
2

B†M−1B
]

=
2Kδφ2

a2
1F 3

∫ DB
√
|2πM|

∫
dµ
2π

∫
dη
2π

B4
⊥(0) exp

[

− 1
2

B†M−1B
]

exp[iηB3(0)] exp
[

iµ
(

B′3(0)−
KB4
⊥(0)

F 2

)]

(A.8)

We further introduce two generalized fieldsµ′ = δi3 δ(x − x0) δ(y − y0) µ andη′ = δi3 δ(x − x0) δ(y − y0) η that permit us to
work with the total magnetic fieldB(z) rather than the LOS-componentB3(z) in ((A.8)):

4K
F 3

∫ DB
√
|2πM|

∫
dµ
2π

∫
dη
2π

B4
⊥(0) exp

[

− iµ
(KB4

⊥(0)

F 2

)]

exp
[

− 1
2

B†M−1B + i(η′ + µ′∂3)†B
]

(A.9)

The functional integral overDB cannot be solved analytically because of theB4
⊥(z)-term in the exponential. In general we will

require diagrammatic perturbation theory in order to proceed.
If we restrict our attention to strong caustics we can proceed analytically. This is a reasonable restriction since it will be the

strong caustics that are the most likely features to be observed. Note that a strong caustic can occur for two reasons: either if B⊥ is
large, or ifB′3 is small. Strong caustics due to an exceptionally large sky plane magnetic field are not likely due to our assumption
of Gaussian statistics, and therefore we concentrate on caustics with largeF due to a slowly changing LOS magnetic field. For
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those we can neglect theB4
⊥(z)/F 4-term and solve the remaining problem by introducing a generating functionalJ and repeatedly

applying Gaussian integrations:

4K
F 3

∫ DB
√
|2πM|

∫

dµ
2π

∫

dη
2π

(

B2
1(0)+ B2

2(0)
)2 exp

[

− 1
2

B†M−1B + i(η′ + µ′∂3)†B
]

=
4K
F 3

∫ DB
√
|2πM|

∫

dµ
2π

∫

dη
2π

[(
δ

δJ1(z)

)2

+

(
δ

δJ2(z)

)2]2

exp
[

− 1
2

B†M−1B + (iη′ + iµ′∂3 + J)†B
]∣∣
∣
∣
∣
J=0

=
4K
F 3

[(
δ

δJ1(z)

)2

+

(
δ

δJ2(z)

)2
]2 ∫

dµ
2π

∫

dη
2π

exp
[1
2

(iη′ + iµ′∂3 + J)†M(iη′ + iµ′∂3 + J)
]∣∣
∣
∣
∣
J=0

=
4K
F 3

[(
δ

δJ1(z)

)2

+

(
δ

δJ2(z)

)2
]2 ∫

dµ
2π

∫

dη
2π

exp
[

− 1
2
η′†Mη′ − 1

2
(µ′∂3)†M(µ′∂3) +

1
2

J†MJ

+
(

− 1
2

(η′ + J)†M(µ′∂3) − 1
2

(µ′∂3)†M(η′ + J)
)

︸                                                      ︷︷                                                      ︸

=0,becauseM33(z,z′) is at its maximum forz,z′=0

+iη′†MJ
]∣∣
∣
∣
∣
J=0

=
4K
F 3

1
√

2π|M′′33(0)|

[(
δ

δJ1(z)

)2

+

(
δ

δJ2(z)

)2
]2 ∫

dη
2π

exp
[

− 1
2
η2M33(0)+ iη

∫

dz′Ji Mi3(z′, 0)
︸                ︷︷                ︸

=I

+
1
2

J†MJ
]∣
∣
∣
∣
∣
J=0

=
4K
F 3

1
√

2π|M33(0)|
1

√

2π|M′′33(0)|

[(
δ

δJ1(z)

)2

+

(
δ

δJ2(z)

)2
]2

exp
[1
2

J†MJ − 1
2

I2

M33(0)

]∣∣
∣
∣
∣
J=0

=
4K
F 3

1
√

2π|M33(0)|
1

√

2π|M′′33(0)|
[

3
(

M2
11(0)+ M2

22(0)
)

+ M22(0)M11(0)+
1

M2
33(0)

(

M4
13(0)+ M4

23(0)+ 2M2
23(0)M2

13(0)
)

︸                                          ︷︷                                          ︸

=0

]

=
28K
F 3

1
√

2π|M33(0)|
1

√

2π|M′′33(0)|
M2

N =
28K
F 3

1
√

2π|M33(0)|
1

√

2π|M′′33(0)|

[∫

dk3

(2π)3
M̂N(k)

]2

=
28K
F 3

1
√

2π|M33(0)|
1

√

2π|M′′33(0)|

[∫

dk3 ǫB(k)
k2

]2

(A.10)

In the last step we identified the covariance matrixM with the magnetic correlation tensor given by Eqs. (25) and (26). We used the
propertyMi j(0) = MN(0) δi j. Finally, from this result and Eq. (31), we conclude that in the bright caustic limit

P (F |caustic,M) =
P (F , caustic|M)

P (caustic|M)
=

448a2
sδφ

2

F 3a1

M2
N (0)

√

2π|M′′33(0)|

=
448a2

sδφ
3

F 3a2
1

√

2π|M′′33(0)|

[∫

dk3 ǫB(k)
k2

]2

=
448a2

sδφ
3

F 3a2
1

√
2π

[∫

dk3 ǫB(k)
k2

]2

[∫

dk3ǫB(k)
]1/2

(A.11)
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Appendix B: Simulated Faraday spectral cube slices

Fig. B.1. The first three slices of a Faraday spectrum cube of a Hammurabi simulation and the associated LOS magnetic field
strength. Each pair shows a frame at a different Galactic latitude. Top: A grey scale image of polarized intensity (in arbitrary units)
as a function of Faraday depth and Galactic longitude. Bottom: The LOS magnetic field strength as a function of LOS distance
(in pc) and Galactic longitude. The scale has been compressed to highlight regions with opposite polarity. Black indicates positive
magnetic field strengths and white negative. The colored area is whereB3 ≈ 0 (appears as grey scale in text version).
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Fig. B.2.Three more slices of a Faraday spectrum cube of a Hammurabi simulation, following those in Fig. B.1.
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