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ABSTRACT

In this paper we discuss thdéfect of recombinations to highly excited statesx 100) in
hydrogen during the cosmological recombination epoch.tkisrpurpose, we developed a
new ODE solver for the recombination problem, based on adigih@ear’s method. This
solver allows us to include up to 3%@esolved shells or 61 000 separate levels in the hy-
drogen model and to solve the recombination problem for asenology in~ 27 hours. This
is a huge improvement in performance over our previous réaaation code, for which a
100-shell computation (5050 separate states) alreadyreelju 150 hours on a single pro-
cessor. We show that for 350 shells down to redshift200 the results for the free electron
fraction have practically converged. The final modificatiorthe free electron fraction at
z ~ 200 decreases from abofiNe/Ne ~ 2.8% for 100 shells taANg/Ne ~ 1.6% for 350
shells. However, the associated changes in the CMB powetrgpat large multipolekare
rather small, so that for accurate computations in conoeetith the analysis of Rnck data
already~ 100 shells are expected to bdistient. Nevertheless, the total valuerofould still
be dfected at a significant level. We also briefly investigate tfiece of collisions on the re-
combination dynamics. With our current estimates for tHestonal rates we find a correction
of ANg/Ne ~ —8.8 x 107* atz ~ 700, which is mainly caused Hychanging collisions with
protons. Furthermore, we present results on the cosmelbgicombination spectrum, show-
ing that at low frequencies collisional processes are ingmdrHowever, the current accuracy
of collisional rates is indiicient for precise computations of templates for the recowauion
spectrum at < 1 GHz, and also thefiect of collisions on the recombination dynamicfsts
from the uncertainty in these rates. Improvements of g¢otial rates will therefore become
necessary in order to obtain a final answer regarding tffiieicts during recombination.

Key words: Cosmic Microwave Background: cosmological recombinatimmperature
anisotropies, cosmological recombination spectrum,tsgletdistortions

1 INTRODUCTION M). In total about 57% of all hydrogen atoms became neu-
tral via the 2s-1s two-photon decay channel, while some 48% o

Close to the maximum of the Thomson visibility function the hydrogen electrons recombined through the Lymaannel

(Sunyaev & Zeldovich 1970) at redshift ~ 1100, and slightly (Chluba & S [/ 2005a)
before, the dynamics of hydrogen recombination is mainly-co '

trolled by the net 2s-1s two-photon decay rate and the escape  Atredshiftz~ 1100, the rate at which electrons meet a proton
of photons from the Lyman- resonancel (Zeldovich etlal. 1968: and recombine is still very large, even though only a muchllema

Peeble$ 1968 Sunyaev & Chiliba 2009). These two channels ardraction of these recombinations actually end with an etecset-
the main "bottlenecks’ during the epoch of hydrogen recarabi tling into the ground state. Under such circumstanceexiaetrate

tion, with the Lymane channel being more important at high red- &t Which electrons are captured by protons is not absolutetyial
shifts ¢ > 1300— 1400) and the 2s-1s two-photon decay chan- for precise computations of the cosmological ionizaticstdry, as

nel dominating at lower redshifts (e.g. See Rubifio-Meetial. long as this rg@e. is close enough to the true value, and dades no
lead to an artificial 'bottleneck’ caused by theompletenessf

the used atomic model for hydrogen.

* E-mail: jchluba@cita.utoronto.ca At lower redshifts ¢ < 800- 900), however, the rate of re-
+ E-mail: vasil@cita.utoronto.ca combinations drops significantly, because ever fewer fiegtrens
+ E-mail: lidursi@cita.utoronto.ca and protons are available, so that the number densities@ffec-
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trons and protons stArto *freeze out'. During and just before this
period, the total electron capture rate becomes one of tid@uhl
‘bottlenecks’ of cosmological recombination, and fitecisevalue
of the total recombination cross section starts to becomg ive-
portant. Under these circumstances toenpletenessf the used

a new training set for the multi-dimensional regressionecBdo
[.2009).
We also present results for the cosmological recombination
spectrum from hydrogeh (Dubrovich 1975; Dubrovich & Stotwa
[1995; |Kholupenko et &l.| 2005:| Rubifio-Martin et al. _2006;

atomic model for hydrogen becomes one of the key elements for|Chluba & Sunyaev 2006a; Sunyaev & Chiuba 2009) and provide

accurate computations of the cosmological recombinatistoty,
which aim at reaching a level of precision downtd®.1%.

more detailed computations which include tligeet of collisional
processes. In particular, we develop a new solver for th@ledu

With measurements of the cosmic microwave background system of ordinary dierential equations (ODEs), which can be

(CMB) temperature and polarization power spectra, as otlyre
carried out with the Panck Surveyor, it indeed has become very
important to understand the ionization history at this leske
precision (e.g. see Hu etlal. 1995; Seljak et al. 2003; Letds e
). In particular, our ability to determine the precisdue
of the primordial spectral index of scalar fluctuatiomg, one

of the key parameters to learn more about inflation (e.g. see the dark ages (e.g. see Stancil el al. 1996, [1

[Komatsu et all 2010, for recent constraints), could be séyer

compromised if the detailed physics of cosmological recom-

bination are not understood (e.g. Rubifio-Martin étlal1(R0

easily adapted to other problems, e.g. for computationsiofear
networks appearing in supernova and star formation calong
(e.g9. see_Timmes 1999; Hix & Meyer 2006), or for chemical
networks which are important during reionization (e.g. see
Shapiro & Kanff 1987: Anninos etlal. 1997; Tegmark éf al. 1997;
|Abel et al.[ 1997| Gnedin et 5l. 2009, and references thewsid)

i Schlegtladir

2008).
The paper is structured as follows: in Sédt. 2 we give a few
details and references about the cosmological recombmptiob-

for recent discussion). Over the past few year, this fact has lem. For more basic overview we refer the interested reaaler t

motivated a large number of works on the physics of recombina
tion (e.g. seel Dubrovich & Grachev 2005; Chluba & Sunyaev
2006b; [Kholupenko & Ivanchik [ 2006; [ Switzer & Hirata
2008; [Wong & Scoltt [ 2007; | Rubifio-Martin et al.__2008;
Karshenboim & Ivandvl_2008! Hirata 2008; Chluba & Sunyaev
2008; | Jentschura_2009: Labzowsky et ial. 2009: Grin & Hirata
), all with the aim to get ready for the analysis of CMBadat
from Pranck, Act, Ser and in the future from GspoL.

In this paper we want to discuss théfext of recombinations
to highly excited states(> 100) in hydrogen during cosmologi-
cal recombinationZ ~ 1000) on both the cosmological recombi-
nation history and the recombination spectrum. In pariculve
want to focus on the féects associated with the detailed evolu-
tion of the populations in the angular momentum sub-stdtéy-o
drogen, a process that already has received some atteatilier e
(Rubifio-Martin et al. 2006; Chiuba et/al. 2D07). Howetkee, pre-
vious computations were limited to models with 1D€esolved
shells in hydrogenO?), amounting to a tofal
5050 levels. As pointed out there, in order to obtain corseng-
sults for the free electron fraction at low redshifts onetbasclude

|Seager et all (2000) and Sunyaev & Chiuba (2009). In §ect. 3 we

provide some details about the new recombination code amd th
ODE solver that we developed. This section is rather teethrand
only meant for the interested reader. In Sekt. 4 we discesetults

for the cosmological recombination history and the recoratidon
spectrum. There we also briefly discuss tfie@s of collisions dur-
ing recombination, and conclude in Ségt. 5.

2 DESCRIPTION OF THE RECOMBINATION PROBLEM

Although the current version of our recombination code
(Chluba & Sunyaév 2010) allows us to include several adutiio
processes that already have been shown to be |mp0rtant 10 pre
cise computations of the recombination hist
[Rubifio-Martin et dl|_ 2010), here we want to focus on the ef-
fect of recombinations to highly excited levei (- 100) in hy-
drogen, taking into account the detailed evolution of the-po
ulations in the angular momentum levels in each shell with

~ 200- 300 shells, a task that requires refined numerical methods princip|e quantum numben. We therefore restrict ourselves to

and significant improvements of the earlier recombinatioaec
Recently| Grin & Hiratal(2010) strongly advanced such com-
putations, including up to 250 shells, or a total~0f31 000 sepa-
rate states, during hydrogen recombination. They congchhdé for
the computations of the CMB temperature and polarizationgpo
spectra the results for the cosmological recombinatiotohjisare
converged at the 0.50 at Fisher-matrix level when including 128
I-resolved shells in the atomic model of hydrogen. Here we als
reach a similar conclusion, using a completelffetient numerical
method and independent recombination code, showing thétido
Pranck data analysis- 100 shells should already befBaient at
large multipoled. Nevertheless, due to huge improvements in the
performance of our recombination code, it is now possibkoive
a recombination history for 100 shells in about 11 min on &spr
and even 350-shell computations only take a little longenthday.
Therefore, it will be easy to account for this correctionyiding

1 For conditions in our Universe, the free electron and protmber den-
sities never freeze out completely, but at low redshifty theter a period
over which they evolve very slowly.

a minimal model of hydrogen and helium, that does not in-
clude any of the detailed radiative transfdfeets, such as pho-
ton feedback|(Chluba & Sunyaev 2007: Switzer & Hirata 2008:;
IKholupenko et dll 20210; _Chluba & Sunyaev_2010) or Lynaan-
diffusion (Hirata & Forbes 2009; Chluba & Sunyaev 2009a). De-
tails about our atomic model for hydrogen can be found in
[Rubifio-Martin et al. [ (2006) and_Chluba et al. (2007). Tre h
lium model is explained in_Rubifio-Martin et al._(2008) and
Chluba & Sunyaev (2010). Details about the setup of the Gia-e
tions can be found in Seager et l. (2000).

However, for the computations carried out in this paper, we d
include the acceleration of helium recombination causeithéywb-
sorption of resonant photons by hydrogen (Kholupenko |07 ;
Switzer & Hiratal 2008! Rubifio-Martin etlal. 2008). Thisopess
allows helium to finish recombining until redshift- 1700, so that
accounting for this process is very important for the ihiti@ndi-
tion of the hydrogen recombination problem, whiclz at 1650 can
be approximated using the Saha-equations. In most of oupgom
tations we use this setup, however, when computing the dogmo
ical recombination spectrum we evolve both hydrogen aniimel
starting atz = 3400 with Saha-values for their populations.
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2.1 Numerical computations of the recombination and
photoionization rates

One of the crucial and also rather time-consuming aspectteat-
combination problem is the separate computation of thegitiot
ization and recombination rates for each considered ldvete
several points are important. For high levels thependence of
the photoionization cross sectiom;(v) for level i (n,1), is
very strong. This implies that for largeboth recombination and
photoionization are mainly occurring through the lbwstates, as
the Gaunt-factors drop very strongly witt{e.g. seé Chluba etlal.
@). Also the energy-dependence of the photoionizatiossc
section becomes exponential for states witl> 1 andl ~ n, so
that care must be taken when integrating the cross sectiengte
CMB blackbody spectrum.

In addition, for highn stated the dfect of stimulated recom-
binations caused by the presence of CMB blackbody photosis ha
to be included. As shown earli 007), noy timé
recombination rate for each level increases due to stimdles-
combinations, but also tHedependence of the recombination co-
efficients within a highly excited shell is stronglffected.

Furthermore, for large we encountered ficulties with the
recursion relations for the photoionization cross sectjmen by
Storey & Hummer|(1991), when going far away (several hundred
times) from the threshold frequeney. In this case the initial con-
dition for the recursion relation numerically became zam that
the cross section isfiectively zero for alll states. We avoid this
problem by rescaling the terms in the recursion formulaé wie
n" root of the initial condition, which one could easily comgut
With this the computations of the cross sections becométestp
to very largen (~ 1000) and, and very large distances from.

In order to choose the range of integration md@Bteently, we
identified the frequencys > vic at whichoicv? becomes extremely
smalfl (~ 10%° — 100 of the value at the threshold). For high
andl states, this occurred over only a few threshold energieiewh
for the low| states we found a much wider range. However, we
typically limited the frequency interval te. < v < 10°v, and
in the Wien tail of the CMB blackbody spectrum we in addition
utilized the exponential cufbfor hy > KT,.

Also, to avoid the time-consuming recursive computation of
the cross sections at every time-step, we tabulated thendense
grid and then use spline interpolation. This procedure lacates
the computations of the recombination and photoionizataies
by a large factor, without significant loss of accuracy.

To carry out the recombination integrals we implemented a
fully adaptive integrator based on the integration forraudgven
by
ture rules, but in contrast to simpler Gaussian rules (eanss
Kronrad) these formulae are fully nested, so that functieal-e
uations ofeveryprevious subdivision can be reused. We also at-
tempted a scheme based on Chebychev integration rulesydnit e

tually the formulae b68) performed bettercdm-

2 |t is straightforward to show that in our Universe stimuthiecombi-

nations become 10 times stronger than spontaneous recombinations for
. L 142 17172

levels with principal quantum numbear> 23 [m

3 Since the integrand of the photonionization fméent, Bic, in the CMB

blackbody field scales asicv?/[€™/Tr — 1] < (KT, /h) gicy « v~2, while

oiev? o« v1, the latter provides a rather conservative estimate fobthe

haviour of the integrand with frequency. Note that only tgorto the value

at the threshold frequency is important, so thai? drops slower towards

largerv thanoicv.
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pared our results for the recombination and photoionipataies
with those obtained using A¥-integrators, and found excellent
agreement (to the level of precision which we used for the-int
gration; this was normally 108 — 107° in relative terms).

3 THE NEW MULTI-LEVEL RECOMBINATION CODE

Based on our previous multi-level hydrogen and helium rdzoax
tion code|(Chluba & Sunyaev 2010), we developed a new sabver f
the system of coupled ordinaryffiirential equations. In particular,
we replaced all routines that were used from the commercial N
Iibrar;E, so that our new code now is completely non-commercial,
and parts of it could be parallelized.

For the development of this new solver on a single processor
machine three points turned out to be very important: (ijaose
of the vastly diferent timescales involved in the evolution of the
populations of the excited states in hydrogen and heliumyseea
stiffly stable algorithms with adaptive step-size control; @ause
of the size of the Jacobian matrix for the equation systemiini
portant to make use of its sparseness for bsttr,ageand matrix
operations (iii) it is also important to use analytic expressions for
the Jacobian matrix when possible, in order to achievigcsent
numerical stability and accuracy, and also to make the casterf

After managing these aspects we also parallelized partsrof o
code using OpenMP. However the largest boost in our perfocema
(a factor~ 150 in comparison to our previous version) is obtained
because of the improvements in connection with (ii) and. [@ie-
low we provide some more details on each point.

3.1 Thestiffly stable ODE solver

The system of rate equations describing the cosmologicainne
bination problem is venstiff. Even in the &ective three-level
approximation, which is used in the implementation afciRst

[ 1969), because of the vastijedént timescales on
which the electron temperature and the population of thedgeh
ground state adjust their values, thefstss of the equations is al-
ready so large that a fity stable solver is required to achieve high
accuracy and good performance.

Below we explain the essential parts of the ODE solver we
developed for the recombination problem. This solver waslém
mented in a general way, so that it also can be applied to ptbbr
lems, as already pointed out in the introduction. We wousd &ike
to mention, that in comparison to the commerciatk¥parse ODE

n(1968). This method is based on Gaussian guadrasolver routine DO2NJF we were able to achieve a slightlyebett

performance. This is likely due to the higher order of the lioip
equations for the time-stepping (6th order instead of 5ttg,ef-
ficient use of sparseness in the equation setup, and the ditdc
complete ability to tune all solver parameters indeperigeRtr-
thermore, with the s solver we were unable to solve the recom-
bination problem for more than 150 shells.

3.1.1 Gear's method with adaptive time-step

For stif problems implicit methods are known to be numerically
more desirable than explicit methods, because of both pedioce

and stability issues (e.g. see Press Bt al.]1992). We chaswbcit

4 Sed hitg/www.nag.co.ukumeri¢
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Gear's method (Gear 1971) to evolve the solution to the rétom
nation problem from one timg to the nextti,;. This method is
related to the backward fiierence formulae (BDF) methods (see

[Curtiss & Hirschfelder 1952).

The diferential equation system for the recombination prob-

lem can be cast into the form

d
2 =1y, ®

wherey = y(t) is the (high-dimensional) solution vector of the
problem at timet. Denoting the solution at timgasy; the implicit
equation for the time-step using the Gear’s method reads

5
Yier = NAYia + Z Kk Yi-ks 2

k=0
with yi,q1 = dyia/dt = f(tii1, Vie1), h = tiss — tj, andy;_ being the
solution to the recombination problem at previous tirgs< t;.

It was shown by Gear in 1971 that only up to 6th order such
equation is sfily stable (se71), so that we truncated the

sum in Eq.[(R) ak = 5. The co#ficientsi andx; can be determined
using the Taylor-expansion of the solutign,. Since initially only

the solution atg is known, and because we wanted to allow both

changing order and variable time-step we re-derived thesgi-c

cients up to sixth order. They can be found in Apperidlx A. For

constant time-step they resemble those giv002

3.1.2 Solving the non-linear equation system

Equation [[2) defines a system of non-linear equations thar-de
mines the solutiory;,; at timet;,;. One can linearize this equation
assuming that one has a guess for the solyfgrwhich iscloseto
the correct one. Insertirugj)+1 on the right hand side of Eq.](2) one
obtainsy? ,. This then leads to

[1-hBJi16Y}y =¥y~ Yhos (3

whereJ; is the Jacobian matrix of the system H(. (1) evaluated at

y=Yy", andsy’, = y,Tll yHl,whereyp*llsthesolutiontoEq|]3).

Note that in generafy”, # yI+l y©,. After obtainingsy’,, from
Eq. 3) one can usg’; = y°, + 6y", as new initial condition
for the problem and then iterate until convergence is recciiée
usually use a combination of relative and absolute errotrobto
check for convergence. Especially for the free electroctia, the
electron temperature, and the number of electrons in thengro
states of hydrogen and helium, tight settings~ 1078) for the
relative accuracies were necessary.
To solve forsy?, it is not useful to explicitly invert the matrix

= [1 - hpJ¢]. Even thoughl — hBJs might be very sparse,
the inverse I — hg J;]* likely will be dense. Also, inversion will
only lead to numerically meaningful results for well-cotaied
matrices. In addition, for the recombination problem tharspness
is of order percent (see Sdct.13.2), so that simple muléipbash =
A x are fast, while one expects a very large number of operations
invert [1 — hBJs].

[1965;[Gad 1979; Press el al. 1992). Here we assume that in each

update only the non-zero matrix elements should be charsged,
that the sparseness of the matrix is preserved during théeewto.
We find that this approximation works very well for the recamb
nation problem.

To obtain an initial guess for the solution at each time-siep
use a simple extrapolation method based on the solutioraigus
time-steps. This allows us to write

5
Yis1 = Z Yk Yi-ko
k=0

where the cofficientsy; are also given in Append[x]A.

4)

3.1.3 Ordering of the equations

We tried several orderings of the equations, however, nbtieem

lead to significant improvements of the performance. Inipart
lar, we also tried the ordering of the hydrogen states sugdés/

[Grin & Hirata (2010), without any apparent benefit. In theiter-

ing, states with the same angular quantum nunitsge grouped
and then ordered in the sequetce0, 1, 2, ... Npax — 1, wherenmax

denotes the largest shell that was included. In our final émgin-
tation we use

©)

where the populations of the hydrogen sta¥¥, are ordered like
1s, 2s, 2p, 3s, 3p, 3d, 4s, 4p, etc. and the helium st&f&s are or-
dered in the same manner, first for the singlet and subsdgdent
the triplet atom. This is the same ordering used in earlipiémen-
tations of the problem| (Rubifio-Martin et al. 2006; Chlebal.

@). The distribution of elements in the Jacobian mawixai-

dering A (as in Rubifio-Martin et al. 2006; Chluba €t al. Z0@nd

ordering B (like iO) are illustrated in Fg.

3.1.4 Quasi-stationary approximation for the excited esat

The excited staten(> 1) adjust their populations on time-scales
much shorter than the expansion time. It is therefore pless$th
simplify the diferential equation system using the quasi-stationary
approximation for levels witm > 1. We tried such approach, but
found that in that case the performance of our solver wascestiu
We also tried assuming that only for levels with> 1 the
quasi-stationary approximation was applicable, agaih wit gain
in performance. We therefore used the full system of ODE’s in
our computations. However, we would like to note that evetihé
quasi-stationary approximation for levels with> 1 we could ob-
tain accurate recombination histories and also reconibimapec-
tra. For the recombination problem the quasi-stationapy@pma-

We therefore choose an iterative scheme, based on a stabi-tion seem valid for the excited states, however, the peidoa of

lized bi-conjugate gradient method (e.g. ).
This method generates two orthogonal sequences of veotaitssf

our ODE solver was not suggesting such an approach.
Roughly speaking, the quasi-stationary approximation

matrix A. These vector sequences are the residuals of the iterations amounts simply to dropping theterm in Eqg. [(B) relative to the

which are iterated until convergence is reached. As prationihg
we simply use the inverse diagonal elements of the Jacobi@n.
the recombination problem this isfgient.

In order to avoid mangxpensiveevaluations of the Jacobian
matrix, we furthermore make use of Broyden’s metﬁmme

hpJ; and re-normalizing with respect ta When considered in
this way, it is clear that the majority of theTert already results
from solving a large system of non-linear equations. Furtioee,
leaving thel term amounts to a physical regularization should the
Jacobian become formally singular.

© 0000 RAS, MNRAS0D00, 000—-000
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Figure 1. Structure of the Jacobian matrix forfidirent cases: top panel —
ordering A; middle panel — ordering B; lower panel — orderBigvith |-
changing collisions. In all cases 20 shells for hydrogen&sHells for he-
lium were included. The equations related to helium maiebdlto entries
in the lower right corner of the Jacobian. The sparsenedsoistd 0%.
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3.2 Sparsenessof the Jacobian matrix and its setup

The size of the Jacobian matrix for the ODE system scales like
~ n*/4 with the total number of shells, that are included into the
atomic model of hydrogen. For example, the recombinatiodeho
for a 100-shell hydrogen atom with resolved angular monrantu
guantum numbers leads to a system~05050 diferential equa-
tions, and hence a Jocobian with25 million entries. For a 350-
shell hydrogen model one already deals with abo6i. 000 ODEs
and the full Jacobian has 3.7 billion entries.

However, because of the dipole selection rules, the tiansit
matrix is rather sparse. Simple estimates show that the euoth
non-zero elements scales 2n°, so that the matrix is sparse at a
level of percent for 100 shallsOne can find examples for the struc-
ture of the Jacobian in Fif] 1.

Because of the scaling of the number of non-zero elements
with nthe Jacobian becomes even more sparse for largeicom-
putations, it therefore is important to make use of this sgaess,
in bothstorageandmatrix operationsFor this purpose, we adapted
the SarselLis++ Librar;ﬁ to store the Jacobian matrix. For the
purpose of parallelization we used the compressed-colammeit.
Also, the required linear algebra operations were implaatkns-
ing this library. Here only operations with non-zero eletsemere
performed, so that thefficiency is very large as compared to full
matrix routines.

To compute the Jacobian of the system [E4. (1), we use both
analytic and numerical derivatives. For all the bound-fbdipole
transitions of hydrogen, we use fully analytic expressiomsile
for helium at this stage we always use numerical derivatiVesse
are computed with a two-point centralffidirence formula, which
is second-order accurate in the ch@kaX. Also we compute the
derivative of the recombination rates with respecEdanalytically,
leading to an additional recombination integral in the imatetup.

A typical evaluation of the Jacobian fer100 shells in our current
implementation requires about 6 seconds on a standard single-
processor machine. With parallelization using OpenMP weswe
able to gain a factor of 3 4 for this evaluation on 8 cores.

We also comment, that we usually solved for the free electron
fraction usingXe = 1 — 3 X" + fue — 3 XM, instead of the dif-
ferential equation. This is possible due to particle covetérn. In
our current solver we simply replaced the ODE for the freeteba
fraction by the above algebraic equation.

3.3 Performance of the code

The performance of our new recombination code initially eimty
limited by the speed of the matrix vector operati@rx and the
setup of the recombination and photoionization rates.

To reduce thefort in connection with the recombination inte-
grals, we use the tabulation scheme described in Chluba &&ewm
(2009b). We again confirm the precision of this procedure, by
comparing with computations in which all the recombination
rates were explicitly evaluated at each time-step. Also ale t
ulate the changes in the escape probabilities of the 2P, —
1'Sy and 2P; — 1'S; resonances caused by the presence of neu-
tral hydrogen |[(Kholupenko et al. 2007; Switzer & Hirata 2008

5 For~ 270 shells the sparseness drops below one percent.

6 See http/math.nist.goxsparselib-+/

7 We also tried higher order formulae, but the traleaused by the addi-
tional number of function evaluations was too large. With siecond-order
formula we normally usedX ~ 1076 X.
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Table 1. Performance of the recombination codgax denotes the included
number of hydrogen shells, amd, gives the number of hydrogen levels.
'Run A’ is executed on a standard single-processor machiizeBook Pro,
2.4 GHz Intel Core 2 Duo, 3 GB 667 MHz DDR2 SDRAM), while for 'Ru

A (Sm)’ and 'Run B (Sm)’ we used nodes of the SciNet GPC supercom-
puter, each with two 2.53 GHz quad-core Intel Nehalem E55di$ 16GB

of 1066 MHz DDR3 SDRAM, wheram gives the number of cores that
were used. For additional details on the parameters for itfierent runs
see Secf_313.

Nmax Neq RunA  RunA(S1) RunA(S8) RunB(S8)
100 5050 52 min 33 min 11 min 25 min
150 11325 3.4h 2.0h 1.3h 2.8h
200 20100 9.7h 55h 3.6h 8.0h
250 31375 22h 12h 8.0h 17 h
300 45150 - 23h 14 h 35h
350 61425 - 42 h 27h 63 h

Rubifio-Martin et dl. 2008), using the results of a calGatafor

a 5-shell hydrogen with 5-shell helium model. With this getior

a 100-shell-hydrogen atom about 40% of all time is spent fok- m
tiplicationsA x, while about~ 20% of time is spent computing the
recombination integrals. For a larger number of shells trerdu-
tion from the multiplicationsA x strongly increases (e.g. reaching
~ 70% for 200 shells), so that parallelization of this part &b
eficial. However, by parallelization we currently only ashe an
additional factor of~ 2 in comparison to a single-processor ma-
chine.
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Figure 2. Correction to the ionization history for fierent number of hy-
drogen shells as a function of redshift. Shown is the redaditference with
respect to Rerast (see text for details). One can see that at high redshifts
(z > 900) the dependence @R,ax is very small, while at low redshifts the
results seem to start converging for 350 shells.

to the improved memory bandwidth of the newer Nehalem proces
sors. The Sparselib+ matrix operations were parallelized with
OpenMP; the matrix-vector multiply was decomposed by dognt
the number of matrix non-zeros and forcing a static decoitipns
which split the number of non-zeros approximately equalkgro

To measure the performance of our code we compared runsthe number of threads; other matrix operations were pdizate

with different settings for the accuracy. If one is only interested in
the cosmological recombination history, it in principlepgssible
to run the code in a faster mode. The helium recombinaticioiyis
can already be computed rather precisely with 5 shells fdrdgen
and 5 shells for helium. It is then possible to start the caapon
of hydrogen recombination just after helium has becomerakut
including a much larger amount of hydrogen levels. For trexsp
tral distortions from hydrogen on the other hand it is impottto
evolve the whole system starting well before helium recomabi
tion, since even hydrogen is emitting some amount of phaitons
every transition because of the reprocessing of heliumgotsot

with dynamic partitioning over rows. In addition, we paedited
the Jacobian matrix setup, including the computations efré:
combination and photoionization integrals needed for tgslaf
the interpolation tables. This allowed us to gain anothetofaof
~ 2 using 8 cores, so that eventually a computation of the recom
nation history and recombination spectrum was about32times
faster than on a standard single-processor machine. FoBRum
8 cores and fonma > 200 the computational time again scaled
roughly oc n34-35 with the total number of hydrogen shells, or like
oc ng{+® with the total number of equations.

We would like to mention that one could further speed the

In Tabled we show a few examples regarding the performance computations of the recombination history up when ignogngu-

of our code. For Run A we use a simplified helium recombination
history, and only start the full hydrogen recombinatiorcoédtion
atz = 1650 evolving everything untit = 200. For Run B we start
at redshiftz = 3400 and evolve both hydrogen and helium until
z = 200. Due to memory restrictions we did not compute cases
with more than 250 shells on a single-processor machine.

As can be seen from Tadlé 1, for Run A amghy > 200 on
a single-processor machine the computational time scateghty
oc N3 3 with the total number of hydrogen shells, or likeng;~*®
with the total number of equations. Starting the compuitediored-
shiftz= 3400 instead of 1650 take about twice as long. On a single
core our code seems to be a factoro10 fastdi than the one of
Grin & Hirata (2010).

On SciNet's GPC systeﬁnwe find an immediate performance
gain of a factor of approximately 1.6 on a single processespite
the very small change in clock speed; this is almost cestalok

8 Their run for 200 shells hydrogen starting at redshift 1606 takes about
4 days on a single-processor machine..
9 Seée http/www.scinet.utoronto.¢a

racy for the cosmological recombination spectrum. Witls thie
would likely be able to gain another facter2 — 3. For example,
we always limited our step-size thz < 3, to obtain a resolved
representation of the recombination spectrum. This coadil\ebe
increased twice. Another possibility is to allavershootingbe-
yond the desired redshift point, and then interpolatingsiiation
where it is requested. This will diminish the accuracy fa #pec-
trum, but still leads to precise results for the recombaoratiistory.
However, at this point we did not follow this idea any further

4 RESULTS

In this section we present our results for the cosmologieabm-
bination history and the cosmological recombination spect We
first discuss theféect of the completeness of the atomic model and
then present some first results in connections with colisligro-
cesses, which we incorporate using simple approximations.
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Figure 3. Correction to the ionization history atftBrent redshifts as a func-
tion of the the total number of hydrogen shells.
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Figure 4. Total recombination cd&cient, atot = Y.n) ni, @s a function of
Nmax and for diferent redshifts. For simplicity we assumed tfigt= T,,
and we also included thefect of stimulated recombinations in the ambient
CMB blackbody field.

4.1 Thecosmological recombination history

In this section we present the results for the correctionthé&o
cosmological recombination history. We compared with the-R
Fast v1.4.2 code08), but excluding the corrections
to the helium recombination history and getting rid of thétshes

in the ODE system (s 009, for details). We theed
standard hydrogen fudge factdy; = 1.14. In Fig.[2 we present
the results for the modification of the free electron fractas a
function of redshift including a dierent number of hydrogen shells
(see Secf 4112 for a more detailed discussion on the sHahe o
correction). One can clearly see that at high redshiftsecto the
maximum of the Thomson visibility functiorz(> 1000), the de-
pendence of the correction on the number of hydrogen stells i
already rather small. On the other hand at low redshifts itni-
portant to include shells up t,a ~ 300 - 350 to obtain fully
converged results for the ionization history.

This can be seen even more clearly in Eig. 3, which shows the
dependence of the correction at fixed redstaftsn nmax. Appar-
ently, atz ~ 200 the change to the recombination history starts to
converge foNmax ~ 300— 350, while atz > 900 alreadynyax ~ 100
is suficient. As mentioned in the introduction, this is because at
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Figure5. Changes to the CMB temperature and polarization power igpect
when going from 100 shells to 350 shells. The curves werdradausing

a modified version of Geeasy (Doraf 2005).

Z > 800- 900 the dynamics of recombination is strongly controlled
by the escape of photons from the Lymamesonance and the net
two-photon decay-rate of the 2s level, so that increasiegeth
fective recombination rate canndtect the ionization history very
much. This was already pointed outin Fendt étlal. (2009)pim ¢
nection with the &ect of the Rcrast hydrogen fudge factor on the
recombination history.

On the other hand, at low redshift, the completeness of the
atomic model is still important, and the 'bottle-neck’ f@combi-
nation is not only set by the 2s-1s transition rate or the Lyma
channel, but also by the capture rate of electrons from thérco
uum. However, at the level of percent to the correction at200
the atomic model seems to become completanfgg ~ 350.

We would like to note that the simple total recombination co-
efficient, a1t = Yn) @i, CONtinues to grow fonya, > 350 (see
Fig.[). Althougha,; does not capture any of the dynamictieets
(e.g. net radiative transition rates and escape proliabilppossible
collisional ionizations for very high levels) that define thfective
recombination co@cient, Fig[4 shows that in principle it is pos-
sible to increase theflective recombination rate, when the bottle-
necks of recombination set by thfective rate of transitions to the
ground state will be modified. Such kind of modification cofdd
example be achieved by collisions that miffeient! sub-states, as
we will discuss in SecE413.

We would also like to mention that until now we have not
checked the convergence of the results at lower redshkig<200).
There the chemistry of the Universe will also become imptrta
In addition, large uncertainties in the reionization phgswill af-
fect our ability to carry out precise computations. Reswvihese
questions is beyond the scope of this paper.

4.1.1 Hfectonthe CMB power spectra

For the analysis of Rnck data, only the changes in the CMB tem-
perature and polarization power spectra really matterign@rwe
show the correction that is obtained when going from 100 @ 35
shells. This correction is very small, only reachix@, /C, ~ 0.05%

at | 3000, and also remaining well below the cosmic vari-
ance limit at smalll's. Therefore, one does not expect any im-
portant changes to the biasesrinand Q,h? obtained earlier by
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[Rubifio-Martin et dl.[(2010) using the results for a 116Hshy-
drogen models. Regarding theaRck data analysis- 100 shells
already seem to be flicient. Nevertheless, due to the large im-
provement in the performance of our recombination code,ilit w
be rather easy to account for the full correction, e.g. pliog an
updated training set forio I9)

Although the final correction to the free electron fractidn a
Z ~ 200 decreases by a facter 1.8 when going from 100 to
350 shells (see Fif] 2), the modification in the CMB power spec
tra at large multipoles is much smaller, simply because the main
effect is connected with a change in the total optical depth
while the position of the maximumz(~ 1100) and the width
(Az ~ 200) of the visibility function remain practically unchasd
However, the value of could still be dfected at the level of per-
cent by this modification. One therefore expects a changlen t
EE power spectrum at low multipolds close to the region that
is also afected by reionization (e.g. see Haiman & HolHer 2003;
Colombo & Pierpadli 2009, and references therein). We iddee
found aAC,/C, ~ -0.8% correction to theEE power spectrum
at low multipoles [ < 10), while theT T power spectrum remained
nearly unaltered. However, our computations did not inelady
detailed reionization model, so that it isfltbult to estimate the
impact of this correction regarding the valuewofSimilarly, one
will have to include possiblefiects of dark matter annihilation
(Padmanabhan & Finkbeiner 2005: Zhang et al. 2006; Galliet a
2009; | Slatyer et al._20D¢; Cirelli etlal. _2000; Hiitsi etab0g;
O) or decaying particles (Chen & Kamiongkiwv
[2004:[ Zhang et al. 2007) into such considerations. This yoe

the scope of this paper.

4.1.2 Possible approaches for improvementRitorast

The shape of the correction to the free electron fractiom{wr350
shell computation (cf. Figl]2 and also the sgiidck line in Fig[$),
suggests that in comparison withedRast there are (at least) two
different regimes: the region at: 800 and the low redshift region
atz < 800. Atz > 800 the correction grows with a larger slope than
atz < 800. Also the correction shows some small local maximum
atz ~ 720 and a local minimum & ~ 590. What are the likely
physical reasons for this behaviour?

The are several aspects of the recombination problem that cu
rently cannot be captured bye&asrt. First one might think about
the dfective recombination c@cien@, ag, Which in Recrast is
probably slightly overestimated. Theres is modelled using the
fitting formulae given by _Pequignot etlal. (1991) plus some ad
ditional overall hydrogen fudge factofy = 1.14 I.
@). By adjusting the hydrogen fudge factor one can compen
sate part of the correction, as already pointed out eadiey. Gee
I9). Here we found that for the 350 shell result
fu = 1.110- 1.115 captures the amplitude and rough scaling of
the modification around ~ 900, but overestimates thdfect at
z < 800 by a factor of 5 - 2.0 (see Fig[b, blydashed curve).
Also, by simply changindy it is impossible to reproduce the local
maximum or minimum at ~ 720 andz ~ 590.

There are two additional aspects of the recombination probl
that change a ~ 800: the temperature of the matter starts to depart
significantly from the photon temperature. This will modifgtails

10 Here the subscript 'B’ stand for case B recombination, wittmect re-

combinations to the ground state are excluded (e.g
1938 4).
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Figure 6. Correction to the ionization history with respect tacRst for
different recombination models. The sgiihck curve shows the result
from our multi-level recombination code forax = 350. The other curves
were computed usinge#erast, with different modifications relative to the

standard case (see text for details).

of the interplay between the photon field with the hydrogemmat

so thatag becomes a function of both electron and photon tempera-
ture. This aspect cannot be captured with the simple forengileen
by|Pequignot et all (1991), and without additional compaoitet it

is hard to estimate the importance of thiseet. However, as we
show below, the temperature scalingegfindeed changes the low
redshift behaviour of the correction.

In addition, around the same redshift the 2s-1s two-photon
channel again becomes less important than the Lyasn@ansition,
since the optical depth in the Lymanresonance drops. This has
more delicate consequences, which currently cannot beireapt
by Recrast. Since in the derivation of thederast equations it is
assumed that the 2s and 2p state are in full statisticalibguih
(N2p = 3Nyy), every electron that reaches either the 2s or the 2p
state is immediately shared with the other. It was alreadyvsh
earlier, that this assumption is not valid at the end of rdnoar
tion, since collisional processes arefii@ent 7.
Avoiding this approximation therefore would allow to digguish
between electrons that reach the 2s state and the 2p statapks
derivation (using the quasi-stationary assumption foretiution
of the 2s and 2p populations) yields a slightly modifieetiRst
equation for hydrogen

axt! 1
“dz T H@@1+2)

{CZS [XeNpa'Zs - Xlsf,BZS]

+ Cop[XeNparzp = 3X1s£Bp|}. ()

whereH(2) is the Hubble expansion factofe and X are the free
electron fraction and 1s-populatioN, = [1 — Xis] Ny, andNy is
the total number of hydrogen nuclei in the Universe. Furtiee,
the recombination and photonionization rates for the 2<2arstate
are denoted ag andg;, respectively. Due to the presence of CMB
photons one also obtains the factor= exp(hv,1/k T,), where
vo1 = 2.47 x 10 Hz is the Lymane transition frequency, and the
2s and 2p inhibition factors are given by

AZSls

Crg= —————— 7a
% A2sls+ﬂ25 ( )
AZpls
Copp=—7""+H. (7b)
P A2pls+ﬁ2P

Here Axs1s is the 2s-1s two-photon decay rate, and tlffieaive
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L. . . 3 -
Lyman- transition rate is given by, = PsAgps = (;TN(; ,

wherePs is the Sobolev escape probability of the Lymameso-
nance, and\yp1s~ 6.27 x 1% s1 is the Lymane transition rate.

The important point about EqL](6) is that one has to spec-
ify the partial recombination rates to the 2s and 2p staténdJs
detailed balance one then also obtains the partial phataatmn
rates just like in Rcrast. This allows to account for more details in
the microphysics of the multi-level cascade. Givay) one would
normally assumer,s ~ 1 g andazs ~ 2 ag, SO thatBss ~ 1 fBs
andgp ~ %,BB, wherefg is the photoionization cdgcient in the
normal Ricrast case. However, the detailed dynamics of recombi-
nation connected with the cascade of electrons from higheid
to the 2s and 2p state (these are included into the compuitatio
ag), can render this approximation crude, in particular aithe of
recombination. One aspect that is connected with thisaistke 2s
and 2p state will departure from full statistical equilibm, as seen
earlier (Rubifio-Martin et al. 2006; Chluba et al. 2007).

To demonstrate the principle possibilities of Hd. (6), wevgh
the resulting correction with respect to the normati#sr, choos-
ing fy = 1135, a3s = 0.59a3, andays = 0.41ag (Fig.[d, curve
label with 'tuning I'). As can be seen, there now is a maximum a
z ~ 800, which is actually produced by the fact that the Lyran-
transitions again starts controlling the recombinatiarcpss. Note
that in general the ratip = as/a2p should be a function of red-
shift, so that one can accommodate more details of by congputi
s andayp using the results of our full recombination code.

Finally, we also computed the correction f@; = 1.135,
azs = 0.59ag, anda,s = 0.41as, but usingeg = as(T,) instead
of ag = ag(Te) (Fig.[8, curve label with 'tuning II'). Recombi-
nations physically are controlled by both the electron terafure
and the photon temperature. The latter enters, because @btBrp
strongly control the radiative cascade within the hydrogesm,
and we just wanted to show, that varying the temperaturerdepe
dence ofag in fact has most féect at low redshifts. We therefore
expect that a detailed computationaf anda,, from the full re-
sults of our recombination code, may allow us to capture rasre
pects of the microphysics.

Along the same line, one may consider including more lev-
els into the Rcrast code (e.g. 3s, 3d, 3p). Again one could de-
termine the fective recombination rates from the results of our
recombination code for each included level. Such approahah
low to capture in detail some of the feedback processesmiiid
Lyman-series| (Chluba & Sunyaev 2007; Kholupenko &t al. 010
In addition, simple modifications should allow to includes téf-
fect of stimulated 2s-1s two-photon decays and the reatisorpf

Lyman- photons in the 1s-2s channel (Chluba & Sunyaev 2006b;
Kholupenko & Ivanchik 2006). In combination with our new ODE

solver, such extensions will probably not degrade the spéRdc-
FAST Very much, so that it can still be used in the analysis of futur
CMB data. We plan to investigate these possibilities in thare.

4.2 Thecosmological recombination spectrum of hydrogen
at low frequencies

Including more than 100 shells in the computation of the bgdn
recombination spectrum should mainiffext the low frequency

et al. |

part of the recombination spectrum 007)s Ehbe-
cause including more shells enables more electrons to ipassyh
highly excited states, emitting additional low frequentywions in
the cascade towards lower levels.

In Fig.[4 one can observe thifect. The recombination radia-
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Figure 7. The bound-bound cosmological recombination spectrum ef hy
drogen. The lower panel shows a zoom in on the frequency rarmend
v ~ 1 GHz. Free-free absorption and collisions were not inalude

tion from hydrogen still increases by a factodl.6 atv ~ 0.1 GHz,
when going from 100 to 350 shells. However, at this level {hexs
trum seems to converge. From the observational point of ey
regionv > 1 GHz is much more interesting. There it may become
possible to measure the variable component of the reconiina
spectrum in the future (see Sunyaev & Chlliba 2009, for oeayi

At v > 1 GHz the recombination spectrum seems to converge at the
level of a few percent and better, when including 350 sheltsy-
ever, this statement is only true regarding the completenéthe
atomic model for hydrogen. Thefect ofl-changing collisions still
alters the shape of the recombination spectrum at low frecjes
I7), as we will further discuss in the nextisa.
Also at frequencies < 0.1 GHz free-free absorption should be-
come importan mm), so that accurate coatipos

in this region are more involved.

4.3 Theeffect of collisions
Already in our earlier work (Chluba et 07) we discusted

effect of collisions on the cosmological recombination speutr
and the ionization history of our Universe. However, beeaok
computational restriction in that implementation we wenahle to
include more than 100 shells for hydrogen. However, it issexed
that in a diluted plasma such as in our Universe in the epock-of
combination, the fects of collisions will become more important
for higher shells. The most important aspect of this prohikethat
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Figure 8. Ratio of the total-changing collision rate caused by electron and
proton impact to the total radiative transition rate in tHdE blackbody
radiation field for diferent shells of hydrogen and atférent redshifts as a
function ofl. Herelmax = n— 1. The kink at lowl is due to transitions out
of the np states, which depopulate fastest.

collisions can lead to mixing dfandn-states in the Rydberg levels.
One expects thdtmixing becomes important far > n_mix, and
thenn-mixing and mixing with the continuum starts@t> n,_nmix,
wheren,_mix = Ni_mix > 1, sincen-changing collisions (which re-
quire transfer of energy) are lesextive thari-changing collision.
Here we investigate thefect of collisions on both the ioniza-
tion history and the cosmological recombination spectranup to
300 shells. We includechanging collisionsy-changing collisions,
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Figure 9. Ratio of the total collisional ionization rate induced bgeton
impact to the total photoionization rate caused by absamptif photons
from the CMB blackbody for dierent shells of hydrogen. A > 1000
collisional ionization is always faster than photoioniaatfor n > 400 —
500. Note however, that collisional ionization is much stoyby a factor

of ~ 10? — 10°) than bound-bound radiative transitions until much larger
redshifts ¢ > 3000— 4000). Collisional ionization therefore never seems to
be very important for the recombination problem.

and collisional ionizations by electron, proton angarticle (only
important atz > 1800) impact in our computations, as described in
I.7). In that work, the main collisional sateere
computed using simple approximations givenm
(1962); Pengelly & Seatbn (1964); Brocklehlitst (1971). &odi-
tional overview see ali96).

A more detailed treatment of collisional processes is far be
yond the scope of this paper, but given that tifeas on the low
frequency recombination spectrum are significant, it magobee
important to refine these computations. With our curreritreges
for the collisional rates, the dynamics of recombinatiomdbseem
to be dfected at a level that is very important for the CMB power
spectra, however, we would like to point out that the acoucdithe
used collisional rates easily allows for factors of a fewefgfore,
it will be very important to refine the current calculationistioe
collisional rates, in order to give a final answer for thelevance
during recombination.

Additionally, at low redshifts, collisions with neutral isogen
atoms could start to become important (20
for recent computations of rate d@eients). However, we defer
this problem to future work.

ort

4.3.1 Importance of the flerent collisional processes

To understand thefiect of collisions and at which they are ex-
pected to become important, it is illustrative to compae rifain
collisional rates with the radiative rates in the CMB blaoé ra-
diation field. Here in particular stimulated emission andtph ex-
citation are important, and we included both into our corapabs.

In Fig.[d we show the comparison of thehanging collision
rate with the total radiative rate, including emission,itaton and
ionization processes, as a functionldior differentn. We com-
puted the rates for the mixture of electrons and protons el
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with the Recrast code. At the considered redshifts helium is al-
ready completely neutral, and hence was excluded. As onsemn

atz ~ 200 only the very high Rydberg states are expected to be

mixed ovell by collisions, while states with < 200 should start to
drop out of full statistical equilibriu@ (SE). Atz ~ 600 one finds
N-mix ~ 150, and agz ~ 1000 even states witth~ 100 should start
to be completely mixed.

This actually suggests another simplification of our recemb
nation code. For levels with > 300 - 400 it should always be
possible to treat them as if they are in full SE. This shoulovato
add many more shells to the recombination problem, sincdlit w
be possible to obtain the solution for the populations withgiven
shelln > n_pmix with only one additional dferential equation per
shell. However, at this stage we have not followed this flési
any further.

We also checked theffect of collisional ionization. In Fid.]9
we show the importance of collisional ionization by elentim-
pact relative to the photoionization rate as a function ofshéft.
Here it is important that according to the used approxinmatitne
collisional ionization rate is directly proportional toetfphotoion-
ization cross sections. Therefore collisional ionizatibke pho-
toionization, is only &ective from low} states|(/Imax ~ 0.1 — 0.3).
Even if collisional ionization can become comparable tatbenal
photoionization rate, in particular for the higistates normal radia-
tive bound-bound transitions will dictate the evolutiortiog levels.
Collisional ionization therefore never seems to be verydrtgmt
for the recombination problem. Our numerical computatialz®
confirm this statement, where only th&ezt of I-changing colli-
sions seems to be notable.

Regarding collisional excitations and de-excitationsfound
that fora-transitions An = 1) among excited levels, with the for-

mulae given by van Regemoiter (1062)zat- 1100 already for

n ~ 30— 50 these rates become comparable to the radiative tran-

sitions. However, here it is important that for most of theels

in some given shelh the a-transitions are not defining the popu-
lations of the levels, so that thefect on the recombination pro-
cess remains small up to much largeiTherefore, also collisional
bound-bound transitions should be of minor importanceterre-
combination problem, but one will have to refine the modgllirf
these rates for detailed predictions of the low-frequemnombi-
nation spectrumy s 1 GHz). There energy changing collisional
transitions and collisional ionizations are expected fgpsess the
emission of photons during the recombination epoch. We filcth s
behaviour when artificially enhancing the collisional eation and
ionization rates.

We would like to note, that collisional excitation and de-
excitation, and collisional ionization at some very higlare ex-
pected to push the populations of levels towards an equitibr
with the continuum. Since collisions are mediated by pketim-
pact, the temperature of the electrons will be importanttfiese
levels. However, in our computations upng.x = 300 the pop-
ulations of the levels were always more close to Boltzmanui-eq
librium with the lower states, where the CMB blackbody tempe
ature is important. Nevertheless, even for those sheltssthated
to bel-mixed in our computations the deviations from Boltzmann
equilibrium with lower states were still rather large. Alig sug-
gests that for additional simplification of the recombioatprob-
lem, the probably most straightforward approach will beepre-

11 In full SE one hadNy = (2 + 1) Nys for the level populations within a
given shells.
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Figure 10. Correction to the ionization history caused by collisiopab-

cesses for dierent number of hydrogen shells as a function of redshift.

sentl-mixed shells with only one additionalf&rential equations,
but to account for the evolution within detail.

4.3.2 Hject on the cosmological ionization history

In Fig.[TQ we present the correction to the ionization histaused
by collisions. According to our computatiohghanging collisions
are dominating the corrections. At high redshifts, cadlis do not
affect the recombination history much. There tlfiieetive recom-
bination rate is already saturated, so that mixing amonditie!
states, which should lead to an increase in tliecéive recombina-
tion codficient, does not result in any modification. At low redshifts
(z £ 1000), the increase in thefective recombination cd&cient
mediated by-changing collisions, leads to a small acceleration of
recombination.

At this point we did not treat thefiect of collisions for more
than 300 shells. However, one does expect some additioanbels
when going to a larger number of shells, as the fully mixeelev
will continue to accelerate recombination. But, here it d very
important to refine the calculations of the collisional sataes with
the current accuracy they may easily be up to a few tinfes/\ée
therefore, stopped at this point and will return to this eal once
we have better estimates for the collisional rates.

4.3.3 Hfect on the cosmological recombination spectrum

In Fig.[11 we show thefeect of collisions on the cosmological re-
combination spectrum. In particular at low frequencies (L GHz)
collisions modify the recombination radiation in comparigo the
case without collisions (see Figl 7). Dueltohanging collisions,
more electrons reach the higtand highl states. From these levels
only transitions with smallAn are possible, so that more photons
are emitted at low frequencies, explaining the enhancethene.
We would like to mention, that for the considered casashanging
collisions and collisional ionizations are still not vergportant.

We also note that at this stage the uncertainty in the cofiai
rates does not allow to compute precise templates for thwemieic
nation spectrum at < 1 GHz. Also in connection with the ioniza-
tion history, the final modification caused by collisions mainbe
given at this point. It will therefore be important to refimettreat-
ment of collisional processes. We plan to investigate thiblem
in the near future.
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Figure 11. Effect of collisions on the bound-bound cosmological recom-
bination spectrum of hydrogen. For the upper pdrgianging collisions,
collisional excitation and ionization were included. Iretlower panel we
show the direct comparison of the obtained spectrafggk = 300 with and
without collisions included. Free-free absorption wasinoluded.

5 CONCLUSIONS

In this paper we compute the cosmological recombinatiototyis
including a total of~ 61000 states into the hydrogen atom. For
this purpose we developed a new ODE solver that allows us#o tr
large systems of very $fidifferential equations. This solver was

Due to the huge improvements in the performance of our re-
combination code it is possible to compute the recombinatis-
tory for 350 shells in about a day (see TdHle 1). Although ating
to our computations 100 shells seem to b@sient for R.anck data
analysis, we still plan to provide an updated training setRo
I9), which then could be used for precise coap
tions of the CMB power spectra. Also for the final code comyari
son, this type of updated training set may be useful. Alt@reky,
we plan to investigate possibilities for a refined treatnweittin a
Recrast type of scheme, as mentioned in SEct. 4.1.2.

The inclusion of more shells to hydrogen also leads to an in-
crease of the amplitude of the cosmological recombinatjmet-s
trum at low frequencies, since recombinations to highlyitexic
states allow additional electrons to emit photons in ttéoss with
smallAn. The main results for the recombination spectrum are pre-
sented in SecE 4.2 and in particular Hiyy. 7. At frequenciesirad
and above- 1 GHz, the recombination spectrum converges at the
level of percent or better, when including 350 shells. Suctip
sion will become important in the future when using measarms
of the cosmological recombination spectrum to constrasnom
logical parameters (Sunyaev & Chlliba 2009). Neverthekdi-

tional non-standard processes may also be important hgrejle
to pre-recombinational energy release (Chluba & Sunhya&@t))
or annihilation of dark matter particlOlO).

We also discussed thefect of collision on both the dynam-
ics of recombination and the recombination spectrum (882
and[4:3B). Our analysis suggests thatzat 200 levels with
n > 300 - 400 will always be completely mixed ovér Colli-
sional ionizations and excitations, however, seem to becom
portant only for much largen. If states are completely mixed over
| it will, in principle, become possible to add many more shédl
the recombination problem, since only one additional éqogier
shell will be required above_,ix. We plan to investigate this possi-
bility in the near future, however, at this point it will be neaurgent
to refine the computations of collisional rate fflogents. Here we
only used very rough approximations, common for computatio
in stellar astrophysics. However, both the cosmologicabmabi-
nation spectrum and the recombination dynamics requir@tepd
and more precise computations of these rates. We hope tkat th
work will motivate some experts in atomic physics to attalais t
complicated problem in the near future.

With our current estimates we find a correction to the free-ele

implemented in a general way, so that it also can be applied to tron number density oANe/N. ~ —8.8 x 10* atz ~ 700, which

other problems, e.g. in computations of nuclear networkseap
ing in supernova and star formation calculations, or fomaical
networks important during reionization and the dark ages.

We discussed thdfect of recombinations to the high Rydberg
states in hydrogen on the dynamics of recombination andehe r
combination spectrum. Our computations indicate thattferdos-
mological ionization history at redshifs> 200 the atomic model
for hydrogen becomes complete fof.x ~ 300— 350. Atz ~ 200
we find a modification ofAN/Ne ~ 1.6% when including 350
shells. This is about a factor of8 smaller than the result for a
100-shell computations (see Séct]4.1 and[Big. 2 for morlset
Nevertheless, thefiect on the CMB temperature and polarization
power spectra at large multipoles is small when going frod 10
to 350 shells (see Fifl 5). From the point of view efiftx data

is mainly caused by-changing collisions with protons. However,
this result could be b by factors of a few because of the uncer-
tainties in the used collisional rates. Also, for the finad\aar one
will probably have to include more shells into the compuatatias
the convergence of this correction is very slow withy. Our cur-
rent computations with collisions were limitedng,yx = 300, how-
ever, according to our estimatagax ~ 300 — 400 will likely be
necessary. For computations of the CMB power spectra itheill
important to get this correction right.
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APPENDIX A: COEFFICIENTSFOR THE GEAR’S
METHOD WITH VARIABLE ORDER AND TIME-STEP

To obtain the cofficients for the variable time-step implicit Gear’s
formula Eq. [2) and the extrapolation formula Eg. (4) it is\ee-
nient to define

Ati_ =t — (A1)
Ati_g

= . A2

P= A (A2)

Herek = 0,1, 2, 3, 4 when the solution at 4 previous and the current
timet; are available. Fok = 0 one hag\t; = 0 andpx = 0

Al Coefficientsfor implicit Gear’s formulae

Using the definitions given above one finds

5
A=1+ Zpk Ky (A3a)
G = 1—1 (1+pk) Z Pk 1 (00) 1—1 Pk~ Pm
Pif; (pJ k=1 KL
(A3b)
with
fo(x) = x°1 (A3c)
fi(x) =2+ x (A3d)
f2(X) = f1(o1) f1(X) - (A3e)
f3(X) = f2(02) f1(X) = fi(o1 + p2) (A3f)
fa(X) = f3(03) f1(X) = f1(o1 + p2) p3 — f2(02) (A3g)
f5(X) = f4(pa) T1(X) = [T2(p2 + p3) + p2p3] pa— T3(pz)  (A3h)

One has to calculate the starting withxs. To use a lower order
Gear’s formuld < 5 one has to se{ = 0 fori > |. Note that in our
notation]][...] = 1 fork > j.

A2 Coefficientsfor extrapolation

Using the definitions given above one finds

5

Yo=1-> % (A4)
]

:ij (_1) 1—[1+Pk Zpykl—[pk Pm (A5)

k=1 k=j+1

for j <5. One has to calculate the starting withys. To calculate
the extrapolation based on<ll < 5 previous time-steps one has to
sety; for j > | equal to zero. Note that agamli[...] =1fork > j.
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