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Abstract

We study the two-photon process for the transitines»> 1s andnd — 1s in hydrogen up to large Forn < 20 we provide simple
analytic fitting formulae to describe the non-resonant pathe two-photon emission profiles. Combining these with @malytic
form of the cascade-term yields a simple and accurate géiseriof the full two-photon decay spectrum, which only ilwes a sum
over a few intermediate states. We demonstrate that thadagerm naturally leads to a nearly Lorentzian shape ofibephoton
profiles in the vicinity of the resonances. However, due tanjum-electrodynamical corrections, the two-photon simisspectra
deviate significantly from the Lorentzian shape in the vesyasht wings of the resonances. We investigate up to whistadgce the
two-photon profiles are close to a Lorentzian and discussdlieeof the interference term. We then analyze how the dewiaif the
two-photon profiles from the Lorentzian shapfeeats the dynamics of cosmological hydrogen recombinagamce in this context
the escape of photons from the Lymamesonance plays a crucial role, we concentrate on the twispttorrections in the vicinity
of the Lymane line. Our computations show that the changes in the iomidtistory due to the additional two-photon process
from high shell i > 2) likely do not reach the percent-level. For conservatsgumptions we find a correctiaxNe/Ne ~ —0.4% at
redshiftz ~ 1160. This is numerically similar to the result of anotherenat study; however, the physics leading to this concluision
rather diferent. In particular, our calculations of thfextive two-photon decay rates yield significantlyfeiient values, where the
destructive interference of the resonant and non-resdeans plays a crucial role in this context. We also show thatiulk of the
corrections to the ionization history is only due to the 39 ad-states and that the higher states do not contributéisagttly.
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1. Introduction [2007a; | Hirata & Switzer | 2007;|_Switzer & Hirate. 2007b;

, , L Kholupenko et al. 2007) recombination history.
During the epoch of cosmological hydrogen recombinatign(t - one interesting additional physical process, which hadhbee
ical redshifts 80Gs z < 1600), any direct recombination of EIGC'neglected in earlier computations (Seager £t al. [1999,)2000
trons to the ground state of hydrogen is immediately folldWg  nnected to the two-photon transitions from highandnd-
the ionization of a neighboring neutral atom due to re-gsm  a165 1o the ground state of hydrogen and was first proposed
of the newly released Lyman-continuum photon. In addities, bylDubrovich & Grachev (2005). In their computations a sienpl
cause of the enormousftérence in the 2p- 1s dipole ransi- gcajing for the total two-photon decay rate of the s and testa
tion rate and the Hubble expansion ratedgphc’tgg”?‘ emitte¢® i, hygrogen was given and, including these additional ckémn
the center of the Lyman-line scatter~ 10° — 10” times before o,ing 10 the 1s-level, corrections to the ionizationdrigivere
they can finally escape further interaction with the medium a o, that exceed the percent-level. These modificationgavo
thereby permit a successful settling of electrons in thedyein 56 5 strong impact on the determination of the key cosmolog

ground state. It is due to these very peculiar circumstati@s ., parameters (Lewis et/al. 2006) and therefore requirefch
the 2s< 1s-two-photon decay process, whichid ¢ orders of consideration.

magnitude slower than the Lymanresonance transition, is able ;4o recently, theoretical values for then-resonaffttwo-
to substantially control the dynamics of cosmological logén 4101 decay rates of the 3s and 3d level based on the work
recombinationi(Zeldovich et £I. 1968; Peekles 1968), aHgw of(Crasser et all (1986) were utilized to improve the computa
about 57% of all hydrogen atoms in the Universe to recombifgs oD Ibrovich & Gracheév (2005), showing that thieet
at redshifz < 1400 (Chluba & Sunya&v 2006a). _ of two-photon transitions from higher levels on the recombi
The tremendous success in observations of the cosmic Migion history is likely to be less thaa 0.4% (Wong & Scott
crowave background temperature and polarization anigietso I%TQ_'}’). However, to our knowledge, neither extensive calcul
(Hinshaw et al. 2006;_Page et al. 2006) has recently motiveghs of the two-photon decay rates for the transitioss—
several works on high precision computations of the cosgiolo 15 andnd — 1s from high levels exist nor detailed re-
cal hydrogenl(Dubrovich & Grachev 2005; Chluba & Sunyaeyorts of direct measurements can be found in the literature,
2006b; | Kholupenko & Ivanchikl 20061 _Novosyadlyj 2006sq that[Wong & Scdtt/ (2007) also had to extrapolate exist-
Mﬂmm@aﬂmw al._2007;_Wong & Scofhg values towards higher levels, largely relying on the-pre
2007:[Chluba & Sunyakv 2007b) and helidm (Switzer & Hiralgious estimates by Dubrovich & Grachev (2D05) and the val-
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ues given in_Cresser etlal. (1986). Here we argue that, dhe hydrogen recombination history due to the two-photan-tr

to quantum-interference, it is filicult to separate the con-sitions from high s and d-states. Similarly, these modificest
tributions of the pure two-photon process from theeso- of the Lymane line profile could also be important during the
nant single photon processes. Therefore to answer the quistial stages of reionization in the lowtniverse. One should
tion how much two-photon processes areeting the re- mention that the developed picture is valid for the primakdi
combination history requires a more rigorous treatment @hemical composition of the Universe, which is characestiay
connection with the radiative transfer and escape of plotaamcomplete absence of heavy elements, e.g. dust and lovaioniz
(Varshalovich & Syunvaév 1958, Grachev & Dubrovich 11991tjon energy species that would influence the escape of Lyman-
Rvbicki & dell’Antonia [1994;| Chluba & Sunyagv 2007a) froma photons in planetary nebulae andiHegions in present-day
the main resonances (especially the Lynaarine). Also galaxies.

Hirata & Switzer (2007) re-analyzed the importance of the-tw  For hydrogen, several publications on the theoreticalezalu
photon process in the context of cosmological helium redemlyf the total 2s — 1s two-photon decay rate can be found
nation and showed that, for high valuesmfthe rate estimates (Byeijt & Tellet[1940] Kippef 1950; Spitzer & Greensiéin 1951
by[Dubrovich & Grachev.(2005) are rather rough and that in pg&jarsfeld[1965] Johnsbn 1972: Goldman & Drake 1981: Drake
ticular the linear scaling with fails. Here we provide some con-1986; Goldman 1989) with recent computations performed by
servative lower limits on the possible impact of the two4mimo || apzowsky et dl.[(2005) yieldindywsis = 8.2206s2. In these
transitions on the hydrogen recombination history. We sti@t/  calculations one has to consider all the possible interatedi
the non-resonant contribution to the two-photon decay irate states (bound and continuum) with angular momentum quan-
deed scales: n (see Sec_4.3.1). However, due to destructigm numbet = 1, i.e. p-states. Within the non-relativistic treat-
interference between the resonant and non-resonant t81ens,ment of the hydrogen atom for the metastable 2s-level, no p-

effective two-photon decay rate is much lower and actually dgrate with energy lower than the 2s-state exists; hencentre t
creases with. photon process only involves transitions vigual intermediate

If one considers an isolated neutral hydrogen &taiith the states, without any resonant contributions. Thereforetdle
electron in some excited state, [), then because of the finitetwo-photon decay rate of the 2s-level is very low and the 2s-
lifetime of the level, the electron will reach the groundtstafter state has an extremely long lifetime 0.12 sec). We show that
some short time (typically 1078s), in general releasing morethe formulae obtained By Cresser etfal. (1986) are not agipéic
than one photon. Astrophysicists usually describe thidti- in this case (see SeEl_4.1).

photon cascadelso known as Seaton-cascade, as a sequence ofsg, some calculations for the 3s and 3d two-photon transi-
independent, single-step, one-photon processes (e. i

y ) ions to the ground state have been carried|o UF::
), where every resonance has a pure Lorentzian shaige. 18- [Tung et 21 1984: Floreséu 1984), but here a problem

approximation should be especially good in the presence fises in connection with the contribution from the intediage
many perturbing particles (free electrons and ions), suscha 5 giate, which has an energglowthe initial level. The corre-

stellar atmospheres, which destroy tteherencef processés sponding term is dominating the total two-photon decay prob

inVOlViIan mo(rje than one_intermediatlektrarr:sition. HSWEW' ability for the 3s and 3d two-photon process and is connected
tremely low density environments, like the expanding Ursee ;i ihe resonant transitiorvia an energetically lower level. It

during cosmological hydrogen recombination, hardly ani p&.a pe inter ; : i

. I . _H = preted aascadeénvolving thequasi-simultaneous
turbing particle is within the r\]Nelshskopl;radl w emission of two-photonas in the case of the 2s-level, a broad
Sobelman et al. 1995), so that the coherence of two-phot8n aiyntinyum emissionlso appears due to transitions via virtual

possibly multi-photon transitions is maintained at le@stthe j,ormediate states, with energies above the initial leVals
lower shells. Here we consider the simplest extension tolt® - ntinyum is not connected to any resonances and theredsre h
sical treatment of the multi-photon cascade and focus antie 5 1y ;¢ jower amplitude. In addition to the cascade-term aisd t
tWO'DthOO Process. _ non-resonant term, anterferenceterm also appears for which

Beginning with the paper of Goppert-Mayer (1931), severglclear interpretation is flicult within the classical formulation.
textbooks of quantum electrodynamics (Akhiezer & Berekiet Similarly, in the two-photon decay process of highsrandnd-

| Berestetskii et 8l. 1982) discuss the two-photon®oms states to the ground staten(2 4)-resonances appear, yielding

process. Using the formulation of quantum-electrodynamiomplex structures in the distribution of emitted photd®sme
one naturally obtains a nearly Lorentzian shape of the Ioe p additional examples ofy2emission spectra can also be found in

files in the vicinity of the resonances, which also allows @is Quattropani et al[ (1982) ahd Tung el al. (1984).

check for tiny deviations in the real two-photon emissioonir As mentioned above, astrophysicists usually interpret the

the spectrum obtained using the simplest classical caswaate 10 cascade as a 1-single photon process. Since even
ment. As we discuss below, at least in the decay of high s anq[:a'the full two-photon formulation, the cascade-term doatés

states quqntum-eleqtrqdynammal corrections lead tOt'add.' the total two-photon decay rate (hence defining the lifetohe
broadcontinuum emissioand strong deviations of the profiles,

from the natural Lorentzian shape in the very distant wirfgke the initial ns andnd-states), in a vacuum the total two-photon

resonant lines. In this paper we investigate up to what niégta decay rate should be very close to the 1-single photon rate
' pap Investig pto of the considered level. In the41-photon picture, the sponta-

the wings of th? two-photon emission spectrum in the Viyin“ﬁeous two-photon decay rate is simply given by the sum of all
%ontaneous one-photon decay rates from the initial Siee
after the detection of one photon, say a Balmeyhoton in the
3s—1s transition, in vacuum the presence of a Lynaapho-

2 We restrict ourselves to the non-relativistic formulatiafithe hy- ton is certain and therefore should ndfegt the total 3s decay
drogen atom and assume that it is at rest in the lab frame. probability. For the 3s and 3d-stafes Floréscu (1984) caetpu

® More rigorously, collisions more likely destroy the cohese for  the total spontaneous two-photon decay rate and indeedifoun
photons emitted very close to the line center, since in teadi wings 2y 1y ~ 6317x 1fs! and AY 1y -
the typical characteristic time of processes involvingdbeesponding Agsts ™ A35—>2p T X dols A3d—>2P -

quantum-states is much shorter (€.g. Karshenboim & VaGoW 2 6.469x 10’ s, This also suggests that, very close to the reso-
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nances, the % 1-photon description provides a viable approxy;, = g g, denote the sum over virtual and real intermediate
imation, in which the line profile is very close to a Lorentzia states, resp'ectively. Then we can write

However, as we show below, quantum-electrodynamical cerre

tions (e.g. virtual intermediate states, interferenceretations M2 o 2, 2, \" + " 2

of the photons in energy) lead tofiirences in the two-photon M IZrI |ZV| Zr ZV Zrz" @)
profiles in comparison with the11-single photon profile, which Henceforth, we refer to the contribution to the transitioa-m
are significant especially in the distant wings, far fromit&go-  trix element from,|2 as thecascadepart, due tdY’,|> asnon-
nances. In particular the interference term plays a cruolalin - resonanpart, and the rest as tiraterferencl part. This distinc-
this context and cannot be neglected. tion is ad hocandnot unique but only motivated by our separa-
tion of the infinite sum, which will turn out to be fairly corve
nient in terms of evaluation of the spectrum and total twotph
decay rate.

Considering only cases when the initial states is eithen&n  The non-resonantcontribution to the two-photon decay
or nd-level and the final state corresponds to a s-level, one gambability, dV™, is then given by

simplify the general formula for the two-photon transitipmb-

2. Two-photon transitions of the  nsand nd-states

ability as given by Goppert-Mayer (1931) considerablysEi dWRi 1= Ci, v*V2 Myl dv (3a)
the average over the directions and polarizations of theteani o
photons can be carried out immediately, since within the-non Mnr=Z <Rls| r |Rnp> <Rnp| r |%'I»>gn(v)- (3b)

relativistic formulation, one can separate tiaglial and angu-

lar parts of the wave function. For-s> s-transition, this leads
to a global factor of 127, while this average yields/235 for For the cascade and interference terms, one instead has
d — s-transitions (see Tung et al. 1984). Afterwards, the proba

n=n;

bility for the decayn;l; — 1s (wherd; = 0 orl; = 2) with the dWS3, 15 = Ci, v*v® IMcad® dv (4a)
emission of two photons can be written in terms of the intisgra o1

(RyrIrRa) = (RyrlrIRa)* = [ Ryrr®Ry dr over the normal- Meas= Y (Rig T IRp) {Rupl T [Ra1 ) Gn(v 4b
ized radial functionsR,(r), for which explicit expressions can o nz:;< e p>< b ,|,>gn( ) (4b)

be found in the literature (e.§¢52 in|Berestetskii et al. 1982).
Then the probability of emitting one photon at frequem@nd and
another av’ in the transition i;l;) — 1s is given by int

1515 = Ci V3?3 [MgasMnr + McasMp, ] d, (5)
dWh 15 = G, v3y'® ||\/||2 dv (1a) nli—1s cas nr

respectively.
M =" (Ridr IRp) (Repl [ IRy1 ) Gn(¥)  (1b)
n=2

1 1 2.1. Total two-photon decay rate

En—En+hv  Eyn—Enthy

Gn(v) = (1c) In order to obtain théotal two-photon decay rate in vacuum one
now has to integrate Ed.l(1) over all possible frequencidhe

HereC = 9a°CR4/2' x &/v5, ~ 4.3663s™ x a/v5;, With  corresponding integral can be cast into the form
ap = 1 anda, = 2/5, and where is the fine structure constaiet,

the speed of lighty,s1sthe 2s-1s transition frequency, aRd the 1 [V 1

Rydberg constant for hydrogen. Due to energy conservédtien, Azﬁﬁls ) AW —1s = D) f ¢iiy|ﬁls(y) dy, (6)
frequencies of the emitted photons are related by’ = vj1s, 0 0

where hereyi;s is the transition frequency between the initialith y = v/vi1s and where the factor of/2 avoids double-
level nil; and final 1s-state. The energy of levels given by counting of photons. In Eq[{6) we have introduced the two-

E, = —E1s/n?, with the 1s-ionization energy of the hydrogemhoton decay profile function,
atomE;zs ~ 13.6 eV. The sum in Eq[{1) has to be extended by an , _
integral over the continuum states, but for convenience mi¢ o drt 1Y) = B 1) + A1) + i) (7)

these in our notation.

Forni > 2 andn < n, it is clear from Eq.[{ll) that at which is the sum of the two-photon profiles due to the non-
hv = E, - E, andhv = E, — Egg, i.e. corresponding to the resonant, cascade, and interference terms, respectelyw
resonance frequencies émergetically lowelevels, one of the we discuss the contribution of each term separately.
denominators inside the sum vanishes, leading to a diveegen
of the expression. As we discuss below (SEct. 2.1.3), imctud
the lifetime of the intermediate states provides a possibility
removing these singularitieks (Lbw 1952; Labzowsky & Shoniphysically the two-photon emission profile or spectrff)
2004); however, a consistent consideration of this problem jefines the number of photons that are released per second in
quires a more sophisticated treatment beyond the scopesof e frequency interval betweenandy + dv. If one integrates
paper. Physically, transitions to intermediate statel @itergies qyer the whole spectrum, this therefore yields the total ieim
En > E, arevirtuafl. We split up the sum over all the inter-
mediate states likY = Y, +3,, where), = ZEanni and of the continuum states is always greater than for the botatdss the
former are associated with the case n.

4 Strictly speaking, photons appearing in the distant wings® In principle one should be more accurate by calling this iGout
of the resonance are also connected with virtual states. (etign resonarihon-resonant-interference term, since also some level of
[Karshenboim & Ivandi 2007). interference is already included inside the resonant amdresonant-

5 Within the non-relativistic treatment of the hydrogen atdhis is term, which is absent in the+I1-photon picture. However, we generally
equivalent to separating the cases n, andn > n;. Since the energy do not make this distinction.

0%'1'1' Interpretation of the two-photon emission profile
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of photons emitted per second due to the two-photon transiti the intermediate states into account as a small imaginamy co
The two-photon profile includes both photons at the same, tintdbution to their enerd Including this shift into the equa-
so that the total two-photon transition rate per initial slestate tions for the 2p-transition leads to the classical expoessf the
has to be divided by a factor of 2 (see Eh. 6). Lorentzian within the formulation of Quantum Electrodyrias
Due to energy conservation it is clear that, when detectimgd can be attributed to the first order radiative correstafithe

a photon that was produced in a particular two-photon transine-photon process (Lo 1952; Labzowsky & Shonin 2004).
tion from some initiains ornd-state to the ground state, at a fr 4) used this approach to compute the total @s an
quencyy, the other photon has frequengy= v,1s—v. Therefore 3d two-photon decay rates and simply replaced the en&sgy,
also the probability to release a photonvaghould be equal to of the 2p-state byE,, — ihI'2p/2, wherely, is the width of
the probability for the emission of a photomais — v, a prop- the 2p-state due to spontaneous transitions. Except fo2ghe
erty that is reflected in the symmetry of the two-photon pesfil state, summing all the one-photon decay rates (e.g. thésesva
aroundy = 1/2 (see SecEl3 for more explicit examples). can be computed using the routines of Storey & Hunimer|1991)

should yield a very good approximation for the total lifeéirof

any given initial level in the hydrogen atom. For estimates,
2.1.2. Total two-photon decay rate due to the non-resonant therefore follow this approximate procedure and replaeesti

contribution ergies of all intermediate p-states By, — Enp — ihrﬁg/z. Here

In Eq. (@) we have introduced the non-resonant two-photen de) = AV = S 13%,,, is the total &-width of the intermedi-

cay profile functiongy, , (y), which can be written as atenp-state due to spontaneous transitions. Note that for2
the p-states can decay via channels, which do not diredly le

~ 2 _ . . . .
¢2ir|i_)15(y) = Gn1, Y¥(L-y)° |Mm| (8a) 0 the 1s-state, thereby leading to the possible emissiomoé
- than two photons.

~ The two-photon contribution to the total lifetime of the glan

My, = <Rls| r |Rnp> <Rnp| r IRni|i> fa(y) (85) " g.jevels for transitions to the ground state should be dioske

e value following from the sum of the rates for all possiblg 1
fuly) = 1 1 _ (8c) transitions to lower-lying intermediate p-states muiégiby the
Y+t y-w probability that the electron will ‘afterwards’ go diregtlo the
1s-leve:
with G, = v Ci;. Here we defined the frequencies - A,?
2 1 'pols
n2 - n2 Iﬁng/d ~ Z g/d—m’p x pTy’ 9)
Yot = ———— (8d) =2 Avp
" n(n? - 1) .
) n(n? - 1) where A, is the spontaneous one-photon Einstein coef-
Yoo =1l+ypt = m (8e) ficients of the considered transition from the initial-statd.
|

Although for the s-levels, this already accounts for all plossi-
) o - ) ble one-photon decay channels, d-states with4 can also de-
which forn > n; vary within the ranges & yi"* < 1/(n? —= 1)  cay via intermediate f-states. However, in this case agairem
and 1< yi*" < n?/(n? - 1). Forn = n one findsyy"" = 0 than two-photons have to be released in order to reach the 1s-
andyl™™ = 1. Since the sum iM,, only involves intermediate level and therefore do not contribute anything here. The-add
states withn > n;, the denominators of, never vanish within tion (@) to the energies is not important for the non-resonan
the interval O< y < 1, and forn = n; the factors/® and (1-y)® term, but it becomes crucial very close to the resonances for
ensure thatvl,, approaches zero within the limigs —» 0 and both the cascade and interference term. However, here we are
y — 1. In additionMy, is real and symmetric arouryd= 1/2. mainly interested in the behavior at large distances froen th
To compute the total rate one now only has to replagmles (Av| > Fﬁg), so that this replacement has no direffeet
¢§i7|i_)15(y) in Eq. (8), by the expressiofil(8). To evaluate the sudn the discussed cosmological application (see Begt. 5.3).
and integrals over the radial functions, we usesrdvarica.  Here one may askyhy the lifetime of the initial level is not
Normally we restrict ourselves to the first 200 terms in thasu included Physically this is motivated by the idea that, follow-
but computations with up to 4000 terms were also performed f§9 the interpretation of Weisskopf & Wigner (1930), we con-
the 2s, 3s, and 3d rates. Within the assumptions the resultsgider one particular initial ‘energy sub-level’ and do npesify
the other levels should be correct to better thah%. To make the process that populated it. Therefore the final profileisho

cross checks easier, we give the expression for the negessar e independent of the shape of the distribution of enerdpy-su
dial integrals(Ryy| r |Ry) up ton; = 5 in Appendi{A. levels around the mean energy of the initial state. One cam al

consider this as equivalent to neglecting any possibleuf@sty
of the electron by perturbing particles while it is in thetiai
2.1.3. Total two-photon decay rate due to the cascade and state. However, in the computation presented below we do not
interference terms approach the resonances so close that theBerelices would

For the cascade and interference terms special care has t& Igg any role.

taken close to and at intermediate distances from the resena 7 e neglect the small correction to the real part of the eneagged
frequenciedw = En - Ep andhv = E, — Eis. As mentioned py the Lamb-shift.

above, a consistent treatment of this problem requires smre 8 The authors wish to thank E.E. Kholupenko for pointing ouheo
phisticated methods, including the amplitudes of seveddi-a inaccuracies related to this aspect. However, the moddicatid not
tional processes (e.g. Karshenboim & Ivanov 2007), than aaféect the results of this paper.

within the scope of this paper. One simple approximate solu® HereA?, . refersto eitherthé?  ortheAl . decay rate.

tion to this problem can be given when taking tifetime of We use this notation more often below.
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! | ~—e 3. Two-photon emission spectra
v RN 1
091 o ’ Y \\ N 3.1. Non-resonant two-photon emission spectra
7 Y Y 1
o8 7 \;’ \o ] In Fig.[d we present the profile functions for the non-resonan
07 / kS \1\\ | contribution to the two-photon decay spectrum. All the pro-
AN files have a maximum at = 1/2. For thens — 1s-emission
Q06 \€§,_ R profiles the diference in the shape of the curves is quite big,
= YA while for initial d-states in general the profile does notyas
=% \.{'\: “\ | much. However, in both cases the amplitudg at1/2 changes
S oa % \\ | strongly, increasing towards large(see AppendikB).
LAY Due to our separation of thefinite sum over the intermedi-
03 25 15 Y \: ate substates, the sums in the cascade and interferencetterm
02l 3d- 1s i\(|  comefinite. This allows us to evaluatél,, numerically and use
' n,}‘f ''''' PRI \{._. convenient fitting formulae for their representation. Raad)
0,1?' ------- 10s - 1s A that M, is symmetric aroung = 1/2 and that it scales like
/ 10d~ 1s Y ~ 1/yand~ 1/(1 -y) at the boundaries, we approximated
O T oz o3 ba o5 o5 o7 o os y(1-y) My In AppendixB the obtained formulae for a — 1s

Figurel. Non-resonant two-photon emission spectra, Ef. (f{ﬁ]
for several transitions. All curves are normalized to umity =

1/2. The values op™(1/2) can be found in AppendixIB.

andnd — 1s transitions up tem = 20 are given. For the non-
sonant term within the range T0< y < 0.999, these approx-
ations should be accurate to better than 0.1%. Since trese
fast and simple to evaluate they should be useful for artadgi
timates and numerical applications. Note that all nonmast
matrix-elements are negative.

With the notation of SecE.2.1.2, we now introduce the cas-
cade and interference two-photon emission profiles by

cas

~ 2

¢ni|i_>15(y) :Gnili y3(1 - Y)BlMcasJ

Simi—150) =Gy V(1 - y)3l\7ln,[l\7léas+ McaS] ’
where the cascade matrix element is given by

(10a)
(10b)

3.2. The 3s and 3d two-photon emission spectrum

In Fig.[2 we give the full two-photon emission spectra for the
3s — 1sand 3d — 1s transition. In both cases, the non-
resonance term increases the wings of the profiles cloge t0
andy ~ 1. However, the interference between the non-resonant

ni—1 . . . .
~ N and cascade part is destructive in the central regien/2) and
Meas = Z <R15| r |R”P> <R”p| r |R”i'i> hn(y) (10c) significantly reduces the amplitude of the total two-phatonis-
n=2 sion. It even leads to full cancellationyat 0.22 andy ~ 0.78
ha(V) = 1 _ 1 10d) for the 3s-level, whereas for the 3d-level the photon prtidac
n(y) as+ . as— . . ( ) . . .
VS T VAR Vi i T does not vanish in the region between the resonances (see als

[ 1084).

For both the 3s— 1s and 3d— 1s transitions, only one
term in the cascade appears, which is related to the transiti
via the intermediate 2p-state. The matrix elements forefaes
K3°~ 1.211 andk® ~ 6.126, and according to Eq_{111) the reso-
nance frequencies areygf‘“ = 5/32 (Balmere transition) and

a5~ = 27/32 (Lymane transition). With the Egn. given in Sect.
IZEIB and using the fitting formulae according to Apperidix B
Defining the function one can analytically approximate the full two-photon efioiss
a spectrum. As Fid.]2 shows the agreement is excellent at all co
L(a b) = 24102 (12) sidered frequencies.

which actually has the generic shape of a Lorentzian, then

fa(y) = fa(y) + ifA(¥), where the real and imaginary part & 3.3 The ns and nd two-photon emission spectrum
are defined by

fay) = LY = Yo", 6n) = LY = Y7™*, 6n) (13a)

f30) = LY - Yo = LGn y - ¥5).  (13b)
respectively. Introducing, = <Rls| r |Rn9 <Rnp| r |Rni|i> one can
rewrite|Mcad? and|Ming|? = M [ Mo+ Mcad as

Hered, = I'np/4nvizs accounts for the energy-shifts due to th
finite lifetime of the intermediatep-state. We have also intro-
duced the resonance frequencies

ndaS+ _ynnr,+ (11a)
yEasT =y (11b)

Since for the cascade and interference term n;, these now
have values strictly within the range<Qy < 1.

As an example, in Fid.]3 we present the full two-photon emis-
sion spectra for the 5s» 1s and 5d — 1s transition. Again
one can see that the interference term stronfigcs the shape
of the spectrum in the wings of the resonances. In particular
destructive interference closeyo= 1/2 strongly reduces the
total amplitude of the emission. For the 5s-level, intexfere
leads to full cancellation of the photon productign { 0.28

ni-1 n-1n-1
Y 2 2 rero fiofi dy ~ 0.72) in the region between the innermost resonances
M = k5| f +2 knkm | £ fL+ fL f 14a) andy g ,
[Mead nzz;‘ ! ;; w6 f+ o] (142) whereas the photon production does not vanish within tiigea
-1 for the 5d-level. This dference is characteristic of the shape of
712 _ opn r the s and d-two-photon spectra, also for higher valueas tifis
[V = 2 nZ:; n fn() (145)  iso clear, that using the Eqn. given in SEC. 2.1.3, togetith

the fitting formulae according to AppendX B, one can analyti
cally approximate the full two-photon emission spectrurthwi
very high accuracy in the full range of considered frequesici

To compute the total rate one now only has to replﬁqg ¥
in Eq. (8), by the corresponding expressidns (10).
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Figure2. Two-photon emission spectra for the 3s1s and 3d- 1s transitions. The non-resonant, cascade, and combieettap
are shown as labeled. Also we give the analytic approximaimsed on the equations discussed in $ect.]2.1.3, togeithether
fitting formula for the 2s and 3d non-resonant matrix elen{seé AppendikB). The resonances correspond to the Balnaeid
Lyman- transitions.

For initial states with a higher value of, more resonances glected. This suggests that the arguments by Cresselr|#986)
(in total 2n; — 4) appear, but otherwise the spectra look very sinare incomplete, or at least not generally applicable.
ilar and do not add any deeper physical aspects. We checked th Although to our knowledge only rough direct measure-
analytic approximations for the full two-photon emissigres- ments of the two-photon decay rate exist for the hydrogen
trum of severahs — lsanchd — 1s two-photon transition up 2s-state[(Kriiger & Oéd 1975; Cesar étlal. 1996), one can find
to n = 20 and always found excellent agreement with the resuégperimental confirmations_(Prior_1972; Kocher etlal. 1972;
from our full numerical treatment. m.@& of the theoretical value for the two-photo
decay rate of the hydrogen-like helium idiy( ~ 8.229%s™1),
which do reach percent-level accuracy. Also measurement fo
hydrogen-like Ar, F, and O exist (Marrus & Schmidder 1972;
4. Total two-photon decay rates Cocke et al. 1974; Gould & Marrilis 1983), but with lower accu-
racy. These experimental confirmations further supporidea
that, in theoretical computations of the total two-phot@taly
rate and in particular the correction to the one-phototitife, it

4.1. The two-photon rate for the 2s-state

It is clear that, within the non-relativistic formulatioorf the . : . L
25-1s-two-photon transition of hydrogen-like ioranly non- is not enough to consider only intermediate states withgieer
resonant contributions to the total lifetime exist. Whenwge En > Ei- .

Eq. [B) together with EqLI8) and include the first 4000 terms For hydrogen-like ions, care should be taken when comput-
in the infinite sum, we obtain the valu,gs = 8.2293s!, INg the 2s-two photon decay rate within the reIauw_stnatre
which fully agrees with the result of earlier computation?‘ent- In this case the 2p level due to theLamb-shiftand
M&MM.LKMLMQMMMme—SUUCtWe splittingenergetically lies below the 2g level.
lKl_aLS_f_e_|_d||_l_9_6_9|_J_Qh.’D_S_ﬁﬂ_lQ7|2' Goldman & Drake 1981: DrafBcreasingZ will make this shift even bigger, but as the mea-
19861 Goldmah 1989: Labzowsky eflal. 2005). With the appr0§urement5 for He and Ar show, this intermediat_e state cannot
imate formula for the non-resonant two-photon emissiorcspéontribute beyond the percent-level to the total lifetinfetie
trum for the 2s-state as given in AppenHlk B, we obtAig;s = corresponding 2s-state. This is also expected because the life-

8.2297s%, which shows the high accuracy of the approximatio§me Of the 2s-state should not bge §t1rongly altered by the slo
2s1/2 — 22 transition ¢ 1.6x 1077 s™). In addition, the poles

. Eciliat!onthlﬂi), tokgether with EqLI(8), ésé V?r?]’ similar 10y,6%5 this intermediate state lie very close te 0 andy — viis
q. (14) in the work of Cresser et'al. (1986). The expressighl | ;e therefore suppressed by the factos$et in Eq. ().
of ICresser et al| (1986) was obtained using general argwment
about the total lifetime of the considered level, and acicaytb
their work it should be applicable to all s and d-states ofrbyd 4.2. The two-photon rates for the 3s and 3d-states
gen, yielding the two-photon correction to the lifetime Wéver, .

if applied to the hydrogen 2s-level one find§/, = 1.4607s! 4-2.1. The non-resonant contribution

instead ofAxs1s= 8.2293s™. The diference stems from the factusing the formula given by Cresser et al. (1986), i.e. explic
that here, like in the publications mentioned above, welidet! itly neglecting the transition via the intermediate 3ptsta
the term withn = n; in the sum Eq.[{8). This shows that theye can reproduce their values for the non-resonant contribu
largest contribution to the total 2s-two-photon decay (&téhis  tion to the two-photon decay rates of the-8ks and 3eb1s

case equivalentto the non-resonant contribution) agtealines transitions. Latef Florescu etlal. (1988) computed thede va
from the transition via the intermediate 2p-state, i.e.itt&@rix yes again within the framework bf Cresser étal. (1986) but to
element<R15|r|R2p> <R2p|r|R25> ~ —6.704, and cannot be ne-higher accuracy. We are also able to reproduce these results
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Figure3. Two-photon emission spectra for the 5s1s and 5d— 1s transitions. The non-resonant, cascade, and combirettzp
are shown as labeled. Also we give the analytic approximdi@sed on the equations discussed in $ect]12.1.3, togeithethe
fitting formula for the 5s and 5d non-resonant matrix elen{esae AppendiXB). The resonances correspond to the Bragkett
Pascherg, and Balmery transitions ay < 1/2, and Lymana, Lymang, and Lymany aty > 1/2.

(AL}, = 822581sandAC | = 0.131814s') up toall 4.2.2. The cascade and interference terms

given figures. Although the discussion in the previous sesti . . )

has already shown that these values probably have no directWith the formulae given in Sedl 2, it should be possible tmeo
lation to the total corrections in the lifetime of the leveledto Pute the total two-photon decay rate of the 3s and 3d-states.

the two-photon process, we computed them to check our olit¢luding the lifetime of the intermediate 2p-state as aised
computational procedure. in Sect.[Z.113, we also computed the total lifetime of the 3s

and 3d-states, and, in agreement \with FloreScu (1984)insota

However, returning to our definition of the non-resonanttwd/alues that were very close to the one expected from the one-
photon decay rate, the transition via the intermediatetapes Photon lifetime. But as mentioned in Sdcf. 211.3, withinsfre-

has to be inciuded. We then obtal, .. = 10.556(10558) s* ple approximation used to regularize the cascade and énterf
. s .

and AT — 7.1474(71475) s, where the values in paren-ENC® terms, it is not possible to compute the total corredtio

. 3d-1ls ; . : - the one-photon lifetime, consistent in the consideredraotithe
thesis were computed by integrating our analytic approxim ine-structure constant. In addition, as we will see in Se¢il. 5,

tion. In particular, for the 3d-level, this increases theanothiS is not necessary for our cosmological application
resonant contribution to the total two-photon decay rateaby y 9 PP :

factor of ~ 54. If in the sum[[8b) we only consider the term ngeverf, iln order to Com%féfe_ Witlh. other cdqmputat‘i:ygs, it
~_ : : _ may be useful to give some additional intermediate resWes.
<R15|r|R3P> <R3P|r|R3d> fs ?’199f3' with the functionfs therefore also integrated the contribution of the intenfiee
yt+(1-y)tand the integraf y3(1-y)*fZdy = 1/6,then one term separately, yieldingl! . = -10.810(-10.810)s* and
obtainsAj, . ~ 9.199 s'. This shows that indeed the mai ‘”(Lls = —30.019(-30.019) s*. This shows that, because of in-
contribution to the non-resonant part of 3d-two-photonagecterference, the small increase of the decay-rate due toche n

rate comes from the transition via the intermediate 3pestat  resonant term (see Taldlé 1) is completely canceled, again em
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Table 1. The non-resonant contribution to the total two-photowe find that fom; > 20 one can use
rates for the transitiongs — 1s andnyd — 1s up ton; = 20.

N .15~ —15857 s +3.930s"'n (15a)
N A Aeas N Ay Ao A, 1 ~10432s'+1.636sn; (15b)
2 82293s - - - - '
3 10556s! 7.1474s' 12 34096s! 29687s? within percent accuracy up 1@ ~ 40. Explicitly computing the
4 11951 si 11942 si 13 37552 si 31410 si values forn; = 50 (Nsum = 200), we findAX | = 18174 st
5 13rals’ 1533ls 14 41076s" 33llds and AX . .. = 9219s?, using our full numerical treatment,
6 15954s! 18004s? 15 44659s 34801s S 1 1o . .
7 18501s! 20293s! 16 48290s! 36478s! and 18064 s+ and 9223 S_ with the apprOXImatlonSHIS). We
8 21301s! 22362s! 17 51964s! 38146sl did not check up to which value af; the formulae [(Ib) are
9 24296s! 24296s! 18 55674s! 39806st applicable. Also, one should bear in mind that, above some
10 27448s! 26144s! 19 59416s! 41462s! \{alue ofry > 1, the usual dipole approximation for the transi-
11 30722s! 27935s! 20 63185s! 43113s! tion matrix elements breaks down (Dubrovich & Grachev 2005;

Hirata & Switzer 2007) and other methods should be used.
The linear scaling of the non-resonant contribution to the
two-photon decay rate fom > 1 was expected_(Dubrovich

|35 L s e Bt e B B e

o-——-© non-resonantd-rate

1401~ o— non-resonams-rate v [1987;[Dubrovich & Grachéy 2005), but here we have included

all virtual intermediate states in the sum. However, onaukho
keep in mind that, due to the interference term, it i§iclilt to
interpret this contribution separately.

5. Astrophysical application

5.1. Two-photon process in the single photon picture

A, in gt

As described in the introduction, the standard procedure fo
treating the atomic transitions of electrons involving stran
one photon is to break them down into independent, single;st
one-photon processes. This approximation should be eslyeci
good in the presence of many perturbing particles (fredreles
and ions), such as in stellar atmospheres, which destrogahe
herenceof processes involving more than one transition. Here
we now explain how the two-photon process can be formulated
in the simplified 1+ 1-single photon picture.

Figured. Non-resonant contribution to the total two-photon de-

cay rate in vacuum for thes andnd-states of the hydrogen atom. o _

The results were computed using the first 200 terms ahove ©-1-1. Distribution of the high frequency photon

As an example, we consider the decay of the 3s-level in vacuum
If there are no perturbing particles, two photons will beasled
and the emission profile (see FIg. 2) is described by the two-

phasizing how important the interference term is. In Tabreel photon formulae discussed in the previous sections. In the 1

; : Lo -single photon picture, with very high probability the @ten
:,Uﬁ :gg %iaznmax;nlaégg ?cl?r? ' EOE usT;nr%r:]ds a:oz\geotpoer:]h Igag_staafter ashorttime4 1.6x107’s) decays to the 2p-state, emitting
sum e sum ! a photon close to the Balmerfrequency. Then it independently

releases a second photon, for which the frequency disimiut
4.3. The two-photon rates for the ns and nd-states in the rest frame of the atom, is given by the natural line peofi
Therefore the number of photons appearing per second in the
For future computations and more complete consideratiébnsftequency interval andv + dv in the vicinity of the Lymane
the higher order correction to the lifetime of theandnd-states, resonance due to the transition from the 3s-state is givEh by
here we now give the results for the total contribution ofriba- 1y 1y
resonant term to the two-photon decay rate. This contobuti 35141y ~ Assop (Tapots
does not depend on the treatment of the poles in the cascdde an Pop1s () dv=—-—L “ar
interference terms. However, these values should haveraotdi
relation to the total two-photon correction of the lifetinbeit are
mainly meant for cross-checks.

,V— v”] dv, (16)

whereL(a, b) is defined in Eq[{T2) and, is the Lymane central

frequency. Integrating over yields | ¢‘Z’;i+llsy(v) dv = Aég_)zp,

i.e. the total rate at which electrons are added to the Zp-sta

4.3.1. The non-resonant contribution after the transition from the initial 3s-level. Note thatréeve
have assumel, ~ F;g_)ls.

In Tableﬂ we summarize the values for the non-resonant con- For m) one assumes that there is no coherence or corre-

tribution to the two-photon rates for thws andnd-states up to |ation between the first and second photon, and consequently

n = 20. The dependence of the non-resonant contributiongs | ymane line-profile in the 1+ 1-photon picture is a pure

the total two-photon decay rate onis presented in Fid.14. For | grentzian up to very large distances from the resonands.i¥h
largen; in both cases, the rates scale roughly linear, increasing

towards largen;. The slope is slightly steeper for the s-states!® The factor of ¥ is required due to the normalization bofa, b).
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also equivalent to assuming that the transition from thetdge 1 + 1-single photon formulation:
leads to a ‘natural’ distribution of electrons within the-&ate

(Mihalas/1978). One can also obtain this result using therint 11 o ns/d1e 1
pretation of Weisskopf & Wigner (1930) for the line width. Pns/do1s) = Z [‘bnis/z—»np(v) + Prpis y(v)] - (19

Looking at other initial s or d-states, the same argument as n=2

above can be farried out. In the more general case, one simghagrating ¢ﬁ-+s%—»15(") over all possible frequencies yields
has to replacé;’ , with the corresponding partial spontaneous '

s-2p T [ 1+ly _ ¢n-lply Tt ki
decay rate%g/daz;) to the 2p-state. This shows that no matte? I Pnsrao1) D = Yy Ay ry which is the total

what is the initial level, the shape of therl1-emission profile Contribution to the width of the initial level due to sponémus
in the vicinity of the Lymane resonance is always a Lorentziantransitions that lead to the ground state and involve exaoth
Within the 1+ 1-single photon picture, the same is true for thBhotons (cf. Eql{9)).

other possible intermediate resonances (e.g Lyman-etc) in What are the main dierences of the-L1-photon profile with
the two-photon cascades from high initial s or d-states. élar, "€SPect to the full two-photon profile, as defined by Ed. (7)?

there in addition the partial width of the 2p-state due totthe- (i) There is no non-resonant contribution, resulting fraintual
sition to the ground level appearing in E[q.(16) has to beaeg transitions via intermediate states with energies highan t

by the corresponding total (one-photon) width of the intedin or equal to the initial state.
ate p-state. Also one has to take into account the brancafiw r(jjy As a consequence of (i) there is no resongnoa-resonance
for transitions leading directly to the ground state. interference term.
With these comments one then can write (i) In contrast to Eq.[[T4a), there is no interference amtime
1y 1y L resonances.
nSIALHLy N o Anis/d_,np an_)ls . an & (17 (iv) As a consequence of (i) and (iii) each resonance has the
Prp—1s 0 dv=—— = 2 T Vs & 17) shape of a Lorentzian up to very large distances from their
np line centers.

. i Igv) Usually one does not restrict the range of integratiothto
wherevnss is the central frequency of the corresponding Lyman-" jnterval 0< v < Vids.

series transition.
Itis also important that interpreting each resonance apmgan

1+1 . . . .
5.1.2. Distribution of the low-frequency photon ¢n;/gﬁls(v) separately, it is possible to uniquely define the rates
T at which electrons flow in and out of a particular intermesljat

In Sect[5. 1.1 we have focused on the high-frequency photaiate. In astrophysical computations this is the usualquioee

released in the two-photon cascade. If we now consider tite lofor solving the radiative transfer problem for each transisep-

frequency photons, then the profiles of these will be given by arately. Within the full two-photon formulation this is grnpos-
sible very close to the centers of the resonances (wheretie c

Aﬁ’ Y o tribution from the other terms is negligible), but in the @
1+ly dy = _ms/deme _meols om | g, (18) photons from dierent intermediate transitions contribute non-
Prsdonp(¥) AV V= Vamp | dv, (18)
iS/d—np 1y 4 i L . . . X
A T trivially and make this separationfficult. Also this overlap of

the resonances is taken into account in Egl (19), but it iallysu
wherevnn = vn1s — vnis iS the transition frequency from theneglected in astrophysical computations.

initial n;s orn;d-state to thep-state. As an example, we illustrate thefflirences in the two-
Here one may ask why the width of the line is determined hoton emission profiles for the initial 4s and 4d states m Fi
. . : 1 . One can see that in the distant wings of all the resonances
the width of the intermediatep-state only and not bl?ﬁg +I 7 9

ns/d  the diferences of the profiles are rather big. This is mainly due

?nsa?es?rzlétv%lirftlg]fptlzewc?;stgg dtg :r? dﬁg?es;gfenr;[cvgligrﬁi ?u?ll%rg?_ the non-resonant term and its interference with the cisca
two-photon formulation (see Se€L211.3), for which the thid ontribution, but also the resonan@sonance interference plays
P = some role. Below we now focus our analysis on the deviations

of the initial state was neglected. As mentioned above, iphy ) . :
cally this is motivated by the idea that, within the formidat Bf the two-photon profile from the pure Lorentzian close te th

- . : : . Lyman- resonance. Theseftirences are the main reason for
QflV}H_e_s_sk&pf_Mgﬂ’er(Lg_SO), we Con§|der one particular "Nthe corrections to the hydrogen recombination history.
tial ‘energy sub-level’ and do not specify the process thad-p
ulated it. Therefore the final profile is independent of thepsh
of the distribution of energy-sub-levels around the meargn 5.2. Two-photon profiles close to the Lyman-a resonance
of the initial state. One can also consider this as equivdten

; ; ; .~ In low-density plasmas like the expanding Universe during
neglecting any possible resihiing of the electron by perturbing cosmological hydrogen recombination, hardly any perturb-

articles while it is in the initial state. Furthermore, iargeral . SR AT X .
?h S such that® - would not contribute muchrtgg the N9 particle is within the Weisskopf-radius_(Weisskopf 93

w7 Cnis/d ) nis/d ) ) ~~|Sobelman et al. 1995), so that the coherence in two-photdn an
total width of the line. But most important, in our computais  ,ssibly multi-photon transitions is maintained at leastthe
we do not approach the resonances so close that théseedces |oyer shells. In astrophysical computations the frequedisy
would play any role. tribution of photons released in the Lymarntransition due to
electrons reaching the 2p-state from higher levels is Wsual
described by a pure Lorentzian. Within the interpretatién o
Weisskopf & Wignerl(1930), this means that the electron iaco
With Eqn. [IT) and[{18) it is now possible to write the tota-di pletely reshiiled among all the possible 2p energy sub-levels.
tribution of photons emitted in the two-photon decay of atis  In calculations of the cosmological hydrogen recombimatio
lated hydrogen atom in some given initial s or d-level wittiie  problem, we are now interested in the deviations of the full

5.1.3. Total two-photon profile in the single photon picture
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Figure5. Comparison of the two-photon emission profiles for the 4s4dhdtates. We show,“s/dﬁls, following from the full 2y
treatment according to Eq.1(7), an;tzf'ly using the 1+ 1-single photon description, as given by Hq.](19). The fie& ferms
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, see Eq.[(T7), close to the Lymanfrequency in comparison with the
according to Eq[{7), for several initial s and d-states. \Waldd the two-photon spectra by their

partial one-photon transition rate to the 2p-stdig/§-o,) and transformed to the variabyg = v/v,. For the given curves we
included the first 500 terms abowg The dashed curve corresponds to the usual Lorentziangoodfihe Lymane transition.

two-photon profile from the normal Lorentzian shape.

red wing of the Lymarw resonance, one can write

Hemghere the last step is possible, since the distant wingslof al
one should mention that in general the deviations of the 2the other resonances do not contribute significantly whenisn
emission profile, using the full two-photon treatment as delose enough to the center of the Lymairansition. The more
scribed in Secf]2, from the one in the+11-single photon de- one approaches the Lymanresonance, the better this approx-
scription (Eg.[ID)) should also be considered. Howevethén imation becomes. For the estimates carried out below, this a

n-1 1y 1y 1y 1y
14y N Ani s/d—np 1“np—>1s Ani s/d—np rnp—»ls
¢nis/d—>15 ~ Z A2 2 T A2 2
n=2 [v - Vninp] [V - ans]
A.? rly
is/d—2p~ 2p—1s
o nis/d-2p 2po1s (20)

2 b
A2 [v - V2pls]

proximation is satisfactory.
To understand the deviations of the two-photon emission
profiles close to the Lymaa-resonance, we now directly com-

pare¢? . . according to Eq.[{7) withpgi;fils*l’ as given by
Eq. (I7). For convenience we chogse= v/v, as the common

frequency variable. Then the full two-photon profile in thiw

coordinate is given bybf](y(,) = v@%d_}ls(y) /vi1s- The axis of

symmetry is then &, = £[n? - 1]n"2 instead ofy = 1/2. Since
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Figure7. Relative diference, fu ¢ 1 (Ya)/ Vs - ¢2f)/jlls+ Yyl /¢2§flls+ M(y,), of the curves given in Figl 6 with respect to nor-

malized 1+ 1-two-photon profile. Very close tg, ~ 1, the curves should be considered as extrapolated eséimate

in the vicinity of any particular resonance all the two-ptvopro- 5.3. Cosmological hydrogen recombination
files scale likd s/d—np, focusing on the Lymaia-transition, we

also re-normalized bln/d-zp. 5.3.1. Escape of photons in the red wing of the Lyman-«

resonance

In the context of cosmological hydrogen recombination, the
. . . ~ escape of photons in the red wing of the Lymanres-

In Fig.[ we give the normalized-L 1-two-photon profile in onance, which is one of the major channels to reach the
the vicinity of the Lymane transition in comparison with the re- ground state of hydrogen, plays a key role in controlling the
normalized two-photon-profiles for several initial s andtdtes. dynamics of recombination_(Varshalovich & Syunydev 1968:
One can see that at large distances the two-photon profilesgfachev & Dubrovich [ 1991; Rybicki & dell’Antonio_1904;
the full 2y-treatment deviate a lot from the Lorentzian shap@&hjuba & SunyaeV 2007a). At large distances, say at frequen-
For both the initial s and d-states, the very distant red vitng cies below, redward of the Lymane central frequency,, the
several times above the Lorentzian. Within the frequenogea propability of absorbing a photon to the continuum, theretay
0.9 < ¥, < 1.1 for the s-states, the red wing lies below, thgting a free electron, becomes very low. Photons releaded/be
blue wing above the Lorentzian, whereas the opposite isfttue . directly escape further interaction with the neutral hypno
the d-states. In particular for the d-states, the red wiRhiByS atoms and lead to the settling of an electron in the 1s-sBate.
above the Lorentzian, and unlike the s-states in the coresidethe other hand, all photons emitted at frequencies ve will
frequency range there is no additional zero below the LymaRayve a very high probability of being absorbed in the contin-
a resonance. In Fid.l6 one can also see that for the choseni&gth or undergoing transitions to higher levels, possibtgraf
of coordinates, the variation in the profiles is rather simethe  many interactions with neutral hydrogen atoms or when riétdsh
case of initial s-states, and the modifications become gietgi ing into the domain of the Lyman-resonance from frequencies
even for initial d-states abowe~ 10. V> V.

Determining the exact value of during the epoch of cos-
mological hydrogen recombination requires a full treattman
) ) ) . the radiative transfer in the Lyman+esonance. Our computa-

In Fig.[7 we show the relative fierence of the curves giveniions show (Chluba & Sunydév 2007a) thatdepends on red-

in Fig.[8 with respect to the Lorentzian of the Lymarreso- ghitt and should typically lie within 200 to 1000 Doppler hd

nance. The wing redward of the Lymantrequency lies below pe|oy the Lymane frequency. At redshift, one Doppler width
the Lorentzian for initial s-states, exceeding the levetdf0% corresponds to

at more than- 1.6x 10* natural width from the center. For initial

d-states, in all shown cases the wing redward of the Lyman- (1+2)"? s[(1+2)]"?
frequency lies above the Lorentzian. The relative coroectd Avp = 580 1100 GHz~ 2.35x 107 1100 |
the Lorentzian scales roughly linearly witty = v — v, in this

regime. Therefore the net change in the rate of photon produc 1+2 Y2 1

S ; i P ~ 925 | A (22)
tion in the red wing of the Lyman-transition at frequencies in 1100 2p—1¢’

the rangen < v < v» depends logarithmically on the ratio of

andvz: AN, « fvzz ﬁ X Avdy o log[vo/v1]. Here we used hencéve—v,l/ve ~ 1073 -1072, or in terms of the 2p-line width
the wing approximation of the Lorentzidne 1/[v — v,]2 This Ve = val/T3h ;o ~ 10* - 10%,

estimate shows that the value of théeetive two-photon decay  In computations of the hydrogen recombination histong it i
rate does not depend very stronglywr(see Secf. bl3). therefore important to know how many photons reach the very
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Figure9. Effective change in the rate of photon production (real profileus Lorentzian) at frequencies belog, according to
Eq. [23). To convertto the variable £ v,]/v,, one should multiplyr by ~ 2.54x 107",

distant red wing of the Lyman-resonance directly. If we wan(iii) For initial d-states, more photons are emitted in th@age

to estimate thisfect, we need to compute thefdirence in the -5x10° < xr < —10* than in the 2 1-single photon picture.
number of photons, that are directly escaping in the distéamy

by comparing the emission profiles in the full treatment oftw ) o

photon processes with the one in+11-single photon picture. Because of (i) and (iii) hydrogen recombination should eccu
This will show the relevance of this process. Sllghtly faster, while (ll) may make it a bit slower. Since=thta-

If we consider those photons emitted in the red wing of tHistical weight of d-states is 5 times higher than for s-lsvene

Lyman- resonance because of two-photon transitions from Lﬁgpects that recombination will in total be slightly fastiean in

per s or d-states, then when introducing the dimensiontess fhe standard treatment because of two-photon processes.
quency variablex-(v) = [v — v,]/T'2p, the results discussed in  In addition to the direct escape of photons in the distant red
Sect[5.2 suggest the following: wing of the Lymane transition, also significant ffierences close
to the line center arise (see FIg. 7). Understanding howethes
(i) Because of two-photon processes, more photons willgscahangesfiect the &ective escape of photon from the line center
in the very distant red wing of the Lyman+esonance (be- requires a more rigorous treatment of the radiative tramsfzh-
low xr ~ —=5x 10°) than in the &+ 1-single photon treatmentlem in the line. Also the feedback of photons emitted in thesbl
for the direct cascade emission. wing of the Lymane transition and in particular those coming
(i) For initial s-states, fewer photons are emitted in thage from the other Lyman-series transitions, should be shgimibd-
-5x10° < xr < —10*than in the & 1-single photon picture. ified when taking the full two-photon process into accourttB



Chluba and Sunyaev: Two-photon transitions in hydrogencasdnological recombination 13

aspects are beyond the scope of this paper and will be aédre$s3.3. Results for the photon production in the distant wings
in a future work.

We can now estimate théfect of the changes in théfective
escape of photons in the distant red wing of the Lymanransi-

In Fig.[8 we give the rate of photon production at frequencies
below xr within the full two-photon treatment, i.e. according to

tion. For this only the photons between the innermost rascesm Eq. (22), for se_vergl |n|t|a_l s and d-states. For the d-stéfte
in the two-photon emission spectrum are contributing (ehg:- photon production is- 10 tllm.es faster than for the correspond-
tons between the Balmerand Lymane transition for the 5s and iNd s-state. In the case of initial s-states, the plateafof; (vc)
5d-two-photon decay, see Fig. 3). This is because we only watpse toxr ~ —4x 10 is caused by the zero in the central region
to count photons up te < v, and correspondingly > vms—v..  Of the two-photon emission spectra (e.g. see [Hig. 6). As men-
Because of the symmetry of the full two-photon profile, it i§oned in Sect{3, this zero is absent in the two-photon spect
therefore sfiicient to integrat@z/d_)ls(y) fromy = 1/2 up to of2 initial d-states, and consequently no such plateau apfea
Ve = Ve/Vits. ! _15vc). Inboth cases the rate of photon production decreases
when increasing. Looking at Fig[#, just from the non-resonant

2y 1 5 (2 term one would expect the opposite behavior. However, due to

Arsiaoslve) = P f Prea—1sY) dy = f Preia1sY) dY. (22)  destructive interference this does not happen.
e vz In Fig.[@ the net change in the rate of photon production

This integral yields the total number of photons that disees- at frequencies belowg is shown. The photon production due

cape per second in the distant red wing of the Lymdine. It {0 the two-photon decay of initial s-states, at relevanteadises

should be compared with the value computed using the stand3Pm the Lymane center & > —10°), is actually slower than

1 + 1-single photon profile. Since we only consider cases velfyythe 1+ 1-single photon picture. This suggests that due to the

far in the red wing of the Lyman-transition, the integral over fUll treatment of the two-photon process for the s-statesa|

the Lorentzian resulting in the-4 1 approach can be written as Cosmological hydrogen recombination is expected to beeslow

than in the standard computations. This contrasts to th& afor
rs/dLey " diely Ansidzp 1+ Xr.ce \Wong & Scoit (2007), where both the s and d-state two-photon
Appis (V) = f $rp1s () dv > — 5= ———— (23) process leads to an increase in the rate of recombination.

0 re On the other hand, for the d-states thEeetive photon es-
cape rate is higher than in ther1l-single photon picture, hence
one expects an increase in the rate of recombination. Shrece t
statistical weights of the d-states are 5 times larger tharst
states, and also théfective increase in the wing photon produc-
tion rate is roughly additional 5 times higher (cf. Fig. 9heo

2 ns/d.1+1 still expects that, even when including the combiné@et of
APnsd-15(ve) = Ag/dals(%) - A2pgls "(ve) (24) the s and d-state, two-photon process, cosmological hgtdrog
) ) . ) recombination in total will proceed faster than in the stmad
for a fixed frequency.. Although in general. is a function eatment.

of time, below we assume that it is constant. A more rigorous We would like to mention that using the analytic approxima-

where we introduced = TI'zp.15/ve & 2.540% 107 and used
the variablexr(v) = [v — v,]/T'2p. The dtective diterence in the
photon production rate, or equivalently the photon escafgein
the distant wings, is then given by

treatment will be presented in some future work. tions given in AppendikB for the non-resonant term in connec
tion with the formulae in Sedi.2.1.3 we were able to repreduc
5.3.2. Approximate inclusion into the multi-level code the rates presented in this section.

In our formulation AAns/a—1s(vc) plays the role of th@uretwo- ) ) .
photon rate coicients used in_Dubrovich & GracHel (2005)-3-4- Comparing with earlier works

and Wong & Scott|(2007). If we want to estimate the possib|g the works of Dubrovich & Grachk{/ (2005) and Wong & Scott
impact of our results on the hydrogen recombination histoey (2007), only the combinedfiect of the two-photon process for
have to take the additional net escape of photons into atcoyRe ns ‘andnd-states on the hydrogen recombination history was
This can be accomplished by adding discussed. To compare our results for tifieetive photon pro-

duction rates with their values, we also write the combinked e
Gnsid e kT, | (25)  fective decay rate

A g/d_)ls ~ APns/d-1s(ve) [ Nns/d = 9
) o 6AAnsind—1s(Ve) = AAns-15(ve) + 5 AA1s(ve), (26)
to the rate equation of the 1s-state and subtracting it fitoen t

corresponding rate equation of the andnd-levels. HereN;s, where we implicitly assumed that time andnd-states are in full
Nns, Nng are the number density of hydrogen atom in the 1statistical equilibrium with each otheN{y = 5Nps). At the rel-
ns, andnd-states, respectively. Furthermofig, = To(1 + 2), is evant redshift, the deviations from full statistical eduium are
the temperature of the ambient blackbody radiation fieldh wirather small[(Rubifio-Martin et &l 2006; Chluba €1 al. 20&o
To = 2725 K (Fixsen & Mather 2002). The factogss = gisand  that this approximation is possible (see Sect.’.3.5).

Ond = 5gisare due to the statistical weights of the s and d-states. In Fig.[I0 we present the results f8Ansind_1s(vc) for sev-
In (28) we have neglected any possible deviation in the tiadia eral shells. If we consider thefective rate for the 3s and 3d-
field from a blackbody and also omitted stimulated two-photdevels then, even for very conservative values/gfsay 1000
emission. Both processes should only lead to higher order cBoppler width or~ 10° natural width below the Lyman-reso-
rections. Moreover we have added an inverse term, assuraingiance, we obtainAss.34-1s ~ 6.7 %, whereas from the formu-
tailed balance. This term is not important during the maioaip lae in[Dubrovich & GrachéV (2005) and Wong & Statt (2007)
of hydrogen recombinatiorz(s 1600) and was only included one can findAASS, , |~ 22st andAAYS,, |~ 1557 re-
to maintain full thermodynamic equilibrium at high red$sifA  spectively. Our value is only 3.3 times lower than the one
self-consistent derivation is beyond the scope of this pape  of Dubrovich & Grachevi(2005) but 4.5 times higher than in

1s
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the populations for each angular-momentum substate gepjara
We also performed computations with more shells, but thds di
not alter the results significantly with our approach.

The additional two-photon process was included for s and

d-states witm < n,,, where the parametep, gives the high-

est shell for which the additional two-photon decay was riake
into account. We only useb, < 10, but because of the strong
decrease ofAAns/d-15(vc)l with n (see Fig[D) and the drop in
the populations of higher shells, we do not expect any signifi
cant diferences when going beyond this. For simplicity we also
assumed that the value af is constant with time. This makes
our estimates more conservative, since both at very low and v
high redshiftsy. should be closer te, and therefore may in-
crease the impact of the two-photon process on the recombi-
nation history. We performed computations with thre@edent
values ofy.. The dfective rates for these cases are summarized
] in Table[2. We consider the case with, = —10° as pessimistic,
whereas the case . = —10* may be optimistic.

We also ran computations using the formulae according to
Dubrovich & Grachev((2005) arid Wong & Scatt (2007). In the
Figure10. Combined &ective two-photon photon productionpaper of_Dubrovich & Grachev (2005), the s and d-rates were
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rate, AAns.nd-1s(vc), computed according to EJ.{26). To connot given separately, but assumind’, | = AAZ_ for sim-
vert to the variableyf — v,]/v., one should multiplyxr by plicity, one finds
~254%x107.

ANZPD = ANIPS = 8229381 x Spe(n),  (27)

Table 2. Effective diference in the photon production rate in the o
distant wings using EqL.(24). whereSpg(n) = 9 [Qfﬂ U4l gince the deviations from
full statistical equilibrium are rather sm ino-

N %c=-10 xc=-5x10" x.=-10 [2006;[ Chluba et al. 2007), this assumption should not be very

3 -0.307/8.133  -0.951/9.882  -2.56513.883 critical and, in any case, is only meant for comparison.

g '8'%0/ g'g%g '8"2121[ g'ggg 'é'ggz 2'322 t (2007) explicitly give the rates for the

6 '0'072/ ' 0.249 3. -0.55¥ 4. 3s and 3d-states and then assume the sarsealing as
-0.074/1.497 -0.1441.8272 -0.3172.578 D ich h 5005). This vield

7 00480954 -0.09¥1.164  -0.199 1.641 Dubrovich & Grachevi(2005). This yields

8 -0.033/0.643 -0.062 0.785 -0.1331.106 2y.WS 1

9 -0.023/0454 -0.0430.553  -0.093 0.779 AR 1s = 821977 X Sws(N) (28a)
- - - 2y, WS =

10 0.017/0.331 0.032 0.404 0.068 0.569 A g_)ls - 01317151 x Sws(N), (28b)

. 2n .
with Sws(n) = Spc(n)/Spe(3) = 2 [ﬂfﬂ 141 Comparing

Wong & Scoft (2007). We would argue that for the third shellith Eq. [2T), one can see that thefdience in the approach
even values up to 10% still are reasonable, in particular atyf [Duprovich & Grachev/[(2005) and Wong & Séott (2007) is
very low (z < 1000) and highZ > 1300) redshifts, where majinly because they used a much lower rate for the d-states (a
the probability of absorption decreases. In Tdllle 2 we giVetgeor~ 1701). The assumed rate for the s-states is onlg.7
few values ofAAng/a-15(vc) for different frequencies.. Given times lower than in the computations|of Dubrovich & Gra¢hev
are the values oAAns4-1s in 1/sec for diferent frequencies _
Xre = [ve = va]/T2p-1s In €ach column the first value is for - | Fig.[T7 we present the relative change in the free electron
the s-levels, the second for the d-states. fraction when only including the additional two-photon pess
Figure (10 also shows that, in contrast to the works @by 3s and 3d-states. For comparison we show the results ob-
IDubrovich & Grachevi(2005) and Wong & Scatt (2007), the Nghined using the decay rates of Dubrovich & Grachev (2008) an
photon escape rate due to the combinééa of the s and d- \wong & Scoit (2007). One can clearly see that the dependence
state, two-photon process decreases with increasifigis im-  on the adopted value of, is not very strong. For our optimistic
plies that the relevance of the two-photon emission fromhéig yajue ofv,, close to the maximum theffect is roughly 2 times
shells is significantly less than in their computationsguse the  smg|ler than for the values of Dubrovich & Grachev (2005} an
sharp drop in the populations of levels wittwill no longer be  even in our pessimistic model, it is still more than4 times
partially canceled by the assumed linear increase infiieetéve greater than within the framework 6f Wong & Stoft (2007).
two-photon-decay rate. Comparing the curves, which we obtained within the approach
of Dubrovich & Grachev(2005) and Wong & Scott (2007), with
those in Fig. 3 of Wong & Scott (2007) one can see that our re-
sults for the changes in the electron fraction are slightipker.
We modified our multi-level hydrogen code (for more detailgVe checked that this is not due to our detailed treatmentef th
see_Rubifio-Martin et &l. 2006; Chluba etial. 2007) to takte i angular-momentum substates. This is expected since thie dev
account the additional escape of photons in the distantsvingfions from full statistical equilibrium at the relevantishifts
of the Lymane resonance due to the two-photon process uare too small to have anyfect herel(Rubifio-Martin et fal. 2006;
ing Eq. [25). For the hydrogen atom we typically included th€hluba et al. 2007). Also we computed the same correction us-
first 30 shells in our computations, following the evolutioh ing 50 shells, but found no significant increase.

5.3.5. Differences in the free electron fraction
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Figurell. Relative change in the free electron fraction. HerBigure13. Relative change in the free electron fraction when
we only included the additional two-photon process for tee 3aking the additional two-photon emission for up to 10 shell
and 3d-states. The computations were performed for a 30-sheto account. The computations were performed including 30
hydrogen atom. Thefkective two-photon rates for threefliir- shells, for three dierent values of.. For comparison, the result
ent values ofv. according to Tabl€l2 were used. For compathat was obtained within the approach of Wong & Scott (2007)
ison, we show the results that were obtained using the 3s aadghown, but fom,, = 40 and using a 50-shell model for the
3d two-photon decay rateslof Dubrovich & Grad 005) arigydrogen atom.

Wong & Scott (2007).

0

ered). As mentioned above, in these computations the iserea
in the two-photon decay rates with(cf. Eqn. [2¥) and[{28))
partially cancels the decrease in the population of thedrigv-
els, and therefore enhances the impact of their contribwa
compared to the lower shells. For examplezat 1200 (i.e
close to the maximum of the changesNQ) the populations
of the excited states are still nearly in Saha-equilibriurthw
the continuuml(Chluba et lal. 2007). Therefore the populatio
the fourth shell is roughly a factor @™/ ~ 0.19 smaller
than in the third shell. Also thefiective 2/-rate decreases by
~ 1.8, whereas in the picture of Dubrovich & Grachev (2005)
and Wong & Scott/(2007) it would have increased..9 times.
From Fig[I2 it is also clear that the strongeeet for our es-

N timates of the ffective decay rates comes from the 3s and 3d-

T T
T

-0.05

e
Ly |

-0.1

T T
T

e’ e,
o
[
3

T

|

AX X in%

o
)
T
|

T T
T

-0.25

= y i levels alone. This again is in strong opposition to the catapu

2y
% \ /

oal =5 Ny 1 tions of Dubrovich & Grachev (2005) and Wong & Scott (2007)
- ;

=10 X = 10 7] where more thar 75% of the correction is due to the combined

T
=}
1
AW

T T

a0 6(‘)0‘ - 8(‘30‘ - 1c‘)od - 1‘206 - 1‘405 1600 effect of higher shells.
5 In Fig.[T3 we give our final estimates for the possible changes
in the recombination history. In our optimistic model thenge
Figure12. Relative change in the free electron fraction for difis AX./X. ~ —0.53% at redshifz ~ 1150, and it drops to
ferentvalues offip,. The computations were performedincluding\x,/X, ~ -0.32% for the pessimistic case. Including more
30 shells. shells in the model for the hydrogen atom did not change these
results. For comparison we also computed the changes in the
ionization history by applying the formulae m&ton
In Fig.[I2 we illustrate the impact of the two-photon prof2007), but usingy,, = 40 and 50 shells for the model of the
cess from higher shells. With our estimates of tifeative two- hydrogen atom. Although our discussion has shown that the
photon decay rates, like in the studies of Dubrovich & Grachealues computed by Cresser et al. (1986) for 3s and 3d-states
(2005) and Wong & Scott (2007), theéfect increases with,,. are likely not related to the cosmological hydrogen recembi
However, the strong decrease in théeetive rates within our nation problem and that extrapolating those values to highe
computations (see Tabl@ 2) implies that the result prdtticashells is rather rough, our final results are numerically gam
does not change when including the additional two-photen @ble with those obtained using the approach_of Wong & Scott
fect for more than 5 shells. This strongly contrasts the wark (2007). However, within our approach the changes in the ion-
v[(2005) and Wong & Scatt (2007), wherization history close to the maximum of the Thomson visibil-
the total change in the free electron fraction radicallyetets ity function (Sunyaev & Zeldovich 1970) are larger than ie th
on the chosen value of,, (even up ton,, = 40 was consid- computations of Wong & Scott (2007). Therefore the changes
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in the cosmic microwave background temperature and palariZurthermore, for some high level (likely abowe- 20-50), even

tion power spectra are also expected to be a bit larger. thdebke residual disturbances from the small amount of pertarbe

it seems that the corrections to the ionization history duthé that are presentin the Universe will destroy the coherehtieeo
two-photon decay from higher shells does not reach the percpossible multi-photon emission coming from very high liti
level, and that the impact of this process was overestimagedlevels.

Dubrovich & Grachevi(2005). One could also consider the three-photon decay of the 2p-
state. Here, just as in the 2s-two-photon decay, no inteated

. resonances are involved; and due to momentum conservation,
5.3.6. Additional remarks this process is allowed. However, simple estimates shottiisa

Here we have only investigated the bound-bound two-photFocess has a rate lower tharl0-2s™ and hence negligible at
transitions directly leading to the ground state. Equatidand the Q1%-level.
(@) are also applicable when the final state is any s-level. We
also checked the rate for the two-photon transition-38s and .
3d — 2s and, as expected, found very low value€(0885 s* 6. Conclusions
for the 3s and @278s! in the case of 3d). In addition, be-We have studied in detail the emission of photons due to two-
cause all dipole transitions to the second shell are optittsih  photon transitions from high s and d-states to the grounel.lev
in the recombination problem, these corrections shoulcémnewp ton = 20 we found simple analytic fitting formulae to rep-
be important within this context. Similarly, the 2p 1s two- resent the full two-photon emission profile with very higleiac
photon transition due to its low probability- (few x 10°s™%, racy. We have discussed the deviations in the two-photos-emi
see Labzowsky et al. 2005) can be completely ignored. sion profiles from the natural Lorentzian shape and invastig
One may in addition consider the problem of two-phototine importance of the non-resonant, cascade, and intedere
transitions starting from the continuum, e.g. the recoratidm term separately.
of electrons to the 2p-state and subsequent release of ankyma Applying our results to the cosmological hydrogen recom-
a photon. Here deviations of the line profile from the normdlination shows that the corrections to the ionization jsthue
Lorentzian shape can also be expected and may lead to antinthe additional two-photon process from higher shellsljik
crease in theféective Lymane escape rate. However, since the&lo not reach the percent level. For conservative assungpien
supply of photons to the 2p-state by transitions from highénd a correctiomXe/Xe ~ —0.4% at redshifz ~ 1160. This is
shells is several times faster, the total impact of tfiisat is very numerically similar to the result of Wong & Sdolt (2007); how
likely less than the one from the/Zransitions already discussedever, the physics leading to this conclusion is rathdiedént.
here. In particular we find that the two-photon process for inigal
As mentioned above, under physical conditions like those @tates actually slows the recombination process down. diit ad
our Universe during the epoch of hydrogen recombinatiom, ttion, the dfective two-photon rates connecting the high s and
coherence of two and possibly multi-photon processes is-maid-level directly to the 1s-level decrease with principlentum
tained. Consequently one should investigate how strondetie numbern. Both aspects contrast to the rate estimates used in
ations of the corresponding emission profiles from a Loiiantz the studies by Dubrovich & Grachev (2005) and Wong & Scott
are when more than two photons are involved. This require§2007). Here it is very important that the destructive ifeeence
QED multi-photon treatment, which is beyond the scope & thbetween the cascade and non-resonant term cancels a large pa
paper. But as we have seen above, adding the two-photon prbthe additional non-resonant emission in the distant rexdjsv
cess for the 4s- and 4d-states (due to the drop in the populatdf the Lymane transition. Furthermore, in our computations the
of these levels and decrease in thdfeetive two-photon decay main correction to the ionization history stems from the 84 a
rate) has fiected the recombination history at a levekod.02% 3d-states, while in the computations|of Dubrovich & Grachev
in addition to the 3s and 3d (see Hig] 12). For thed@cay of the (200%) and Wong & Scott (2007) more than75% of the cor-
4f-level, one expects that thelative correctiorwill be close to rection is due to the combinedfect of higher shells.
the one from to the 3d two-photon decay. This is because the _
largest term in this f-description should volve at least ond e iediencrisTne auior we g o ik 5.6, Kareherbom o neny
nearly resonant transition, since the other contributiisuld  ang for pointing us towards several useful references. Eteyalso grateful
be suppressed in addition. For photons appearing closeeto #L.N. Labzowsky for his advice and detailed discussionsheftwo-photon
Lyman- line, a nearly resonant 46 3d transition, followed by emission. In particular J.C. thanks L.N. Labzowsky for fitaity during his

a quasi &-decay of the 3d-state. is most Iiker Therefore o isit in Dresden, December 2006. We also wish to thank S.@sHé&nboim and
! ' "G. lvanov for the possibility to compare our results witleit computations on

has the 3s and 3d rates prior to publication. It was a pleasuréstuds the detailed
1y physics of recombination with C. Hirata during the visit ke tAS, September
3 AA3g 18 4f—3d 2006. Furthermore the authors thank E.E. Kholupenko fordeisiled com-
AA‘&;lS ~ Ai’?;,‘?,d X 2 ~ T X AAzds1s (29)  ments on the paper.
d—1s A3d—>2p
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For the the required bound-bound radial integrals up te 5, one has
_1y-5/2
_ o 72 (N-1)
<Rls|f|Rnp> =2'n (T 152 (A.la)
n-2 n-3
(RedrRup) = 2° V2n"2(n” - 1)!/2 7&] " zims (A1b)
n-3 n-4
(Rad I IRyp) = 2*33 V3n"/2(n? — 1)1/2[7n? - 27] ﬁ (A.1c)
213 n-4 n-5
<R45| r |Rnp) =5 n’/2(n? — 1)¥2[23n* - 2887 + 768] W (A.1d)
4cd
<R55| r |Rnp> _Z 53‘/5 n7/2(n2 — 1)112
_ g\n-6
x [91n® — 25451* + 206251 — 46875]& (A.le)
(n+5)6
2533 \/i \/§ (n _ 3)n—4
(del r |Rnp> - =z 22 — 1)1/2 3 (A17)
4 e o ANi2p2 (n—4)"°
(Radl T IRop) = 3" (n? = 1)Y2[7n? — 48] (s (A.1g)
25 V25
(del r |Rnp> -7 22 _ 1y1/2
4 2 (n-5)*°
x [29n* — 5902 + ZGZS]W. (A.1h)

In addition one need&Ryj_1/ [Ru) = —3n V2 - 12,

A.2. Bound-free radial integrals

For the necessary bound-free radial integrals up te 5, using the definition
of the radial functions for the continuum states (e.g.§&Landa 7), one
obtains

X1/2 e—2 arctang)/x

Rig Ry = 2* A.2a
(Rudl T [Rxa) 1052 Voo ( )
1/2 2\1/2 A-2arctan(Z)/x
e XL+ x)T e
(Red T R = 2° V2 Lo (A.2b)
(Redt Ra) = 2433 \/§ X1/2(1 + x2)1/2[7 + 27X2] e—2arctan(3)/x (A 20)
s (1+9x2)4 Vi— ez '
Radr R) = 213 X1/2(l + X2)1/2[23 + 96X2(3 + 8X2)] e—2arctan(4k)/x (A Zd)
R 1+ 16:)5 Vi—ezx o ©
(Red T Ra) = 24545 xM2(1 + x?)Y2[91 + 5x?(509+ 4125¢ + 9375¢%)]
ol T 1+ 250)8
e—2 arctan(%)/x ( ) )
X — A.2e
V1-e2/x
(RadFIRa) 2533 \/i\/g X1/2(1 + X2)1/2 e—2arctan(3)/x (A zf)
d x1) = .
V5 (190" Vi_eok
RedIRa) = 214 X1/2(1 + x2)1/2[7 + 48X2] e—2arctan(4<)/x (A Zg)
35 (1+ 16x2)5 V1_e2x :
Red R = 2554 V25 xM2(1 + x2)12[29 + 590¢2 + 2625¢]
AT T (1+250)°
e—2 arctan(%)/x o
. Vi—e2/x’ (A.2h)

The value ofx ranges from 0 teo.

Appendix B: Non-linear fitting functions
non-resonant emission spectra
The Table§BIl and B2 contain the non-linear fittingfokents for the non-

resonant emission spectra. The non-resonant emissiotrapee then given by
S 1) = a(y)?, with o(y) = w2[ag+bo W (1+bg w8 + by w7 + ba w6 +
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bs W% + bs w4 + bg W3 + by w2 + bg w! + by w?)] andw = y(1 - y). In this
definition one hasvin, = o(y)/ /Gryi, W2, The first 200 terms in the infinite
sum were taken into account. Within the assumptions, theracg of these ap-
proximations should be better tharn0.1%. Note thaty andby have dimension
sec!/2, and¢™(1/2) has dimension set.
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TableB.1. Non-linear fitting coéficients for the non-resonamg — 1s emission spectra within the frequency range Ky < 0.999

forn < 20.
2s 3s 4s 5s 6s
Q —1.3974426528¢ 10 —2.0848318929%« 100 —-2.5412664413< 10> —-2.8856705303« 10! —3.1567507558¢ 10"
B 2.5591291935¢ 10! 5.5198239644< 1071  8.0397418838< 107!  4.8110524091x 10  2.5266888083« 107!
bo 6.6487585307% 10° 4.6179953215¢ 1(? 7.6795669026¢ 107 8.3598144011 10? 5.6902488765¢ 107
b, —5.1211954644«< 10 —9.8891531378< 100 —4.2588083735¢ 10? 5.1404483119%¢ 10 4.551908217% 10"
b, 3.4686628383« 10" 1.0769127960< 107 7.0510361599¢ 10  —7.2853184204 100 —6.7551149725¢ 10
bs 3.8515432953¢ 10 6.1301937755¢ 10! —-3.6120946105< 100 -4.9378611706< 100 —3.8327617310« 10"
by 6.7503966084« 10° —4.1466090643« 100  —4.4049919721 107 4.7383284338¢ 10t 4.4401360958¢ 10"
bs —3.1431622488¢ 10t —8.4016250015¢ 10" 2.4657329140< 107 9.9191282175¢ 10 7.4195208626¢< 10
bs -1.369763675% 10 7119175577 100  —-6.5900037717% 100 -1.0379836854« 10? —7.931230416% 10"
b, 2.4016413274< 10 —1.8695504961 10t 1.8226732411x 10* 2.9602921680< 10 2.1866188936¢ 10
bg —-9.5149995633« 10° 22794449683 10° —2.8692508508< 10° —2.863691445% 10° —1.9806370670« 10°
by 2.655541279% 10° -4.3875761781x 1071  4.404266336X 101  3.857905425% 107!  2.6143991878< 10!
¢"(1/2) 21303295046¢ 10" 25955835234« 10t 3.000878164% 10 3.5729374807% 10 4277819475 10"
7s 8s 9s 10s 11s
Q —3.372007651% 10 —3.5420358274« 10 —3.674987266% 10 —3.777979130% 10 —3.8573952826¢ 10t
B 85151589950« 102 —4.2719713121% 102 -1.3118006971x 10t -2.1932912263« 101 —2.9226372396¢< 10°*
bo 3.765603881% 107 2.7408956380« 107 2.8136510570< 10? 1.5264948382 1% 8.6437136666< 10
b, 2.798051195% 10 7.4703207553¢ 10° -1.898157989X 10t —-1.9235840320< 10 -1.9681933480« 10
b, —4.9359948916¢ 10 —2.6259765669 10 6.6356770418¢< 10° 7.1592304894« 10° 7.8432338862 10°
bs —-2.0507457345¢ 10 —-3.3913231244< 10° 1.3837014244« 10 1.397984678% 10" 1.434337171% 10
b, 3.6291414100< 10 25464049259 10t 7.8618686503«< 10° 7.3730033289% 10° 6.8679571684« 10°
bs 4.3713955958¢ 10" 1.6166653183¢ 10 —8.0358407914« 10° —8.653201597X 10° —-9.669524061% 10°
bs -5.2721158916¢ 10 —2.8335792233 10t —-4.8006902023« 10° —3.6779369765¢ 10° —-2.2948815920« 10°
b, 1.483173099% 10 8.6649789093« 10° 2.8424870765¢ 10° 2.4362978935¢ 10° 2.039076486% 10°
bg —1.3230829528¢ 10°  —7.9156543417% 10t —3.2207517000< 107t —-2.7645228408< 101 —2.3641043114¢ 10*
by 1.7474071394« 101 1.0596166967% 101 4.6227764509¢ 1072 3.9732841793< 102 34157538873« 1072
¢""(1/2) 50793294231 10t 5.952597787% 10 6.8805689403«< 10 7.8512293219¢ 10 8.8558644431 10
12s 13s 14s 15s 16s
a —-3.9188326323¢ 10t —-3.9670102478< 10 —-4.0057506143¢ 10 —-4.0380409686¢ 10 —-4.0661454371x 10
B —3.5484078761x 101  —-4.0844617686< 101 —-4.5428570381 10> —-4.6335483910< 10! —-4.905080565% 10t
bo 49431541043« 10 29197464029 10 1.7971514946¢ 10 1.598298064 1 10" 1.172474387% 10
b, -1.9750664049¢ 10 -1.9723076238< 10 -1.9651279272 10t —-2.0606406024« 10 —-2.108128316% 10t
b, 8.1838767684« 10° 8.367362453% 10° 8.4788048970« 10° 9.3338234414« 10° 9.8388495127% 10°
bs 1.4326519992 10 1.4291867041x 10 1.4206704409% 10 1.4985604253¢ 10 1.5395638329¢ 10
b4 6.4270125576¢ 10° 6.0967371906« 10° 5.8366404588< 10° 5.7371156374« 10° 5.5633379574« 10°
bs —1.003229616% 10 —-1.0363858125¢ 10t —-1.0518387038¢ 10" —1.1546724399% 10 —1.2242342508¢ 10
bs —-1.4087194335¢ 10° —6.8184121010< 10 -2.9722754662 10! 1.1575092351x 101 4.8942663430< 10!
b, 1.8482968593« 1(° 1.852996785% 10° 2151931072 10° 2.289123065% 10° 2.6782065008¢< 10°
bg —2.1185600113 101  —-1.9498101086< 101 —1.8067549402 10> -2.0119354736< 10! -1.8223251218<10*!
b 3.0555243512 1072 2.7915669075¢ 102 2.5650331467% 102 3.2820939449¢ 1072 3.0707648484< 102
9""(1/2) 9.8879969305« 10t 1.094270745% 1% 1.2016192323¢ 1(? 1.3105436054x 1% 1.4208118814x 1(?
17s 18s 19s 20s
a —4.091735590% 10t -4.1160166944«< 10 —4.1398378313« 10t —-4.1637819958¢ 10
B —4.7538949275¢ 1071 —4.4937224788 101 —4.4703263317% 10 —-4.824440530% 107!
bo 1.2547183851 10 1.4317441971% 10* 1.3339226887% 10 9.1516183240« 10°
b, -2.1972421315¢ 10t —2.2875778234¢ 10 —2.383900465 10t —-2.3934619536¢ 10
b, 1.0636513367% 10 1.1277442747% 10* 1.2219984677% 10 1.247974663% 10"
bs 1.5943304131 10 1.6640858983¢ 10 1.7332324934¢ 10 1.7384969031 10
b4 5.4874376556¢ 10° 5.6104613925¢ 10° 5.3841616235¢ 10° 5.1298737644« 10°
bs —-1.265577918% 10 -1.326018191 10 -1.4146776145¢ 10 —-1.446282199% 10
bs 4.9579530934« 107! 5.2627269447% 101 1.046107894% 1P 1.3716208664¢ 10°
b, 25916598871 10° 2.4342837775¢ 10° 2.3937323753 10° 28470359883« 10°
bg —-2.293850510% 10t —-2.780737675% 101 —-2.851950045% 10t 24816096711 10!
bg 4.2155577449¢ 1072 5.4040208750< 102 5.6731652666< 102 4.9205565009« 1072
9"(1/2) 15322255378« 107 1.6446312975¢ 10% 1.7579037822« 1(? 1.8719377215¢ 1%
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Table B.2. Non-linear fitting coéficients for the non-resonantl — 1s emission spectra within the frequency range®19y <

0.999 forn < 20.

3d 4d 5d 6d 7d

o -1.0484392971x 100  -1.452704771% 100 -1.7350074013 10" -1.952742171% 10" -2.1271595034 10

B 26115596268 1071  8.1050542323< 107 4.6206291704«< 1071 2.3419462081 10?1  6.7999906938« 1072

bo 5.3546036998 10" 17065087104« 107 2.0902445563« 107 1.453541663% 10 1.1921878150< 10

by -9.731956852% 10t  -4.2936500531 107 5.8562543507% 10t 5.9612688683 10 3.0991642200< 10t

b, 1.0624929126¢ 107 7.107228652 10? —7.850105439% 10! -8.0969461685 10" -5.2470184998& 10

bs 6.0569007312 10" -3.647286793% 100 -5.8200368181x 10' 53437128442 10" -2.3362093646¢ 10

by -4.1091307521x 10t -4.4275350080« 107 4.8846690629%« 10 4.9735078265< 10t 3.7636220223« 10t

bs -8.3346792794 10t 2.470367046% 107 11281858951 107 9.8247844915¢ 10t 4.8276486304< 10

be 6.9608223453 10"  —-6.6433743910« 100 -1.1364879196«< 10° —9.859639124% 10" -5.661122745% 10

b, -1.7046798510< 10* 1.8959198585¢ 10t 3.1841053645¢ 10t 2.656034716X 10t 1585201186 10t

bg 1605224957 1(°  -3.1192847294 10° -3.056335232%« 10°  -2.389899283X 1(°  -1.424568640X 1(°

by -2.242223558% 10! 50786391006« 10t  4.130248083% 10*  3.169377549% 107'  1.8991428606« 107!
¢"(1/2) 2091517757 10 3.4902680010< 10t 4.4901877444¢ 10 5.2879363207% 10 5.9763238933« 10t

8d 9d 10d 11d 12d
o -2.268758159% 100  -2.384099908%« 10"  -2.4781138994 10!  -2.554895619k 10"  -2.6179506753 10
B -4.041624699% 102 -1.473983463% 101 -2.347201379% 10!  -3.0648469505 101 -3.6629270128 107t
bo 1.880594111% 107 1.0632962733« 10 6.0922960536¢ 10* 3.6160368635< 10* 2.214409128% 10*
by -1.8483714555¢ 100 -1.8910499138 100  -1.9083232938« 10!  -1.935714552% 10"  —1.9508239494x 10
b, 5.815691596% 10° 6.5026790075¢ 10° 6.8739045830< 10° 7.3456517995¢ 10° 7.6357892226¢ 10°
bs 13504738304 10" 1.3795221365¢ 10* 1.392401339% 10 14140788681 10* 14314213871 10*
by 8.517741783% 10° 8.002395909% 10° 7.6277097156¢ 10° 7.2310576094« 10° 6.938985460 10°
bs -7.081759481% 10°  -7.911637565% 10°  -8.4667321100« 10°  -9.1736549163% 1(°  -9.8020559467% 1(°
be -6.323288199%« 10°  -5.0886630492 10°  -4.1097110628< 10°  —3.0436236228 10°  —2.1203514774 10
b, 3.4340616701 10° 2.9768149183« 10° 2.6171546155¢ 10° 2.2949189350¢< 10° 2.0887633671x 10°
bg -3.9664209528 101  -3.408940362X 10! -2.9766246686< 101 -2.6063687833« 101 —2.3211600328 10!
by 5.749785455% 1072 4.921378994% 1072 4.272777979% 1072 3.7171055385¢ 1072 3.2750870685¢ 1072
9""(1/2) 6.601144362% 10 7.1866675229¢ 10* 7.7466332091x 10* 8.2892729834« 10t 8.8197557986¢ 10"
13d 14d 15d 16d 17d
o -2.6702542838 10"  -2.7142749615< 100  -2.7520108750« 100  —2.7850443691 10'  —2.8146062687% 10
B -4.165535006% 101  -4.581789410% 101  -4.9230994423 10!  -4.8799319840« 101 -5.104610315% 10!
bo 14031825050« 10* 9.3536034158¢ 10° 6.5800387184 10° 6.5003185806¢ 10° 5.0269776925¢ 10°
by -1.9675880116< 100  -1.9851518345¢ 100  -2.018357458% 100  —2.054253110% 10*  —2.095381832% 10
b, 8.0418685007% 10° 8.326661211% 10° 8.823350259X 10° 8.8786234533 10° 9.348321893% 10°
bs 1.434498735% 10t 1.450726632 10 1.4666068986¢ 10 15088704084 10 15370738183 10t
by 6.5426767345¢ 10° 6.3117201027% 10° 6.007584391% 10° 6.3138200610< 10° 6.1350437791 10°
bs -1.0108197620< 100  -1.0587100158 100  -1.092056589 10!  -1.1277066540« 108  —1.1714497606« 10
be -14725216928 10°  -9.1174802515¢ 1071  -6.0110879243 1071 -8.197175889% 107! -6.0125221865¢ 107!
b, 2.0501069105¢ 10 2.1660824963« 10° 2.4592074550¢ 10° 2.6330961336¢ 10° 2.9489602434 10
bg -2.0980025116¢ 101 -1.8682379725¢ 101  -1.593309582% 10!  -2.0505355745« 101  —1.7710483631 10!
by 2.9129276734 1072 2.558973799% 1072 2.1812553698 102 3.351856336% 102 2.9819941280« 102
9""(1/2) 9.341459351% 10 9.856666579% 10t 1.0366966228 10 1.0873478648< 10 1137706084 107
18d 19d 20d

o -2.841640576% 100  -2.866863350% 100  —2.8908128993 10t

B -5.2741247590« 101 -4.8873340484 10!  -4.7794020321% 10!

bo 4.145734169% 10° 5.2856466775¢ 10° 5.2735742805¢ 10°

by -2.1898431473 100  -2.2963670035< 100  —2.3833638246¢ 10"

b, 1.0391335216¢ 10t 1.1284085887% 10t 1.2121030366¢ 10t

bs 16037472635 10t 1.6719978965¢ 10t 1.727325913% 10t

by 5.7762172996¢ 10° 5.7383329948« 10° 55675791948 10°

bs —-1.2705538272 100  -1.319445677% 100  -1.3752468820< 10"

be -1.8363323426¢ 102 7.2380465060< 102 3.058491986 10!

b, 3.162450124% 10° 2.785759107 10° 2.7454079863 10°

bg -1.405029246% 101  -2.439842258% 10! -2.706031165% 10!

by 2.5244597061 1072 4.6094366553 1072 5.2504979483 1072

#7"(1/2) 11878311140« 107

1.2377675855¢ 10

12875544820« 10
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