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ABSTRACT

Cosmic rays (CRs) play a decisive role within our own Gal&tyey provide partial pressure support against gravity trece past energetic
events such as supernovae, and they reveal the underlyireguse of the baryonic matter distribution through theikeractions.To study the
impact of CRs on galaxy and cosmic structure formation amduéon, we develop an approximative framework for tregtitynamical and
radiative éfects of CRs in cosmological simulations. Our guiding ppfeiis to try to find a balance between capturing as many palysic
properties of CR populations as possible while at the same tequiring as little extra computational resources asiplessWe approximate
the CR spectrum of each fluid element by a single power-lath spatially and temporally varying normalisation, loweegy cut-df, and
spectral index. Principles of conservation of particle bem energy, and pressure are then used to derive evolujitatiens for the basic
variables describing the CR spectrum, both due to adiabhaticnon-adiabatic processes. The processes considehedeimompression and
rarefaction, CR injection via shocks in supernova remnangsction in structure formation shock waves, in-situaeeleration of CRs, CR
spatial ditusion, CR energy losses due to Coulomb interactions, itaisisses, Bremsstrahlung losses, and, finally, hadintécactions with
the background gas, including the associatady and radio emission due to subsequent pion decay.We statvihe formalism reproduces
CR energy densities, pressure, and cooling rates with arramcof~ 10% in steady state conditions where CR injection balancebng. It

is therefore a promising formulation to allow simulationsexe CR physics is included. Finally, we briefly discuss hlogvformalism can be
included in Lagrangian simulation methods such as the smedqparticle hydrodynamics technique.Our framework isatoee well suited to
be included into numerical simulation schemes of galaxysingtture formation.

Key words. Cosmic rays — galaxies: ISM — intergalactic medium — gakodkister: general — acceleration of particles — radiatiechanisms:
non-thermal

1. Introduction CRs behave quite fierently compared to the thermal gas.
o Their equation of state is softer, they are able to travelelgt
1.1. Motivation over macroscopic distances, and their energy loss timessca

The interstellar medium (ISM) of galaxies is highly comare typlcal!y larger than the thermal ones. F“rthermO‘i"JW .
. half of their energy losses are due to Coulomb and ionisation
plex, with an energy budget composed both of thermal an .
Inferactions and thereby heat the thermal gas. TherefdRe, C
non-thermal components. Each of the non-thermal compenent | vions are an important aalactic storaqe for enerom fr
which are magnetic fields and cosmic rays (CRs) are knownptop P 9 9 %

. supernova explosions, and thereby help to maintain dyremic
contribute roughly as much energy and pressure to the ISM:a ) ;
. feedback of star formation for periods longer than thernaal g
the thermal gas does, at least in our own Galaxy.

2 physics alone would permit. The spectral distribution ofsCR
Magnetic fields permeate the ISM and seem to have ordefgdch broader than that of thermal populations, which has

and turbulent field components. Very likely they play an imy, pe taken into account in estimating their dynamical prop-
portant role in moderating molecular cloud collapse and sigyjes. The dynamical important part of CR spectral distrib
formation. They are the ISM ingredient which couples othefi g in momentum spaces easily encompasses a few orders of

wise dynamically independent ingreqlientg like thg ISMplas magnitude, whereas thermal distributions appear nearlyomo
the CR gas, and (charged) dust particles into a single, m"’eé(nergetic on logarithmic scales (see Fig. 1).
complex fluid.

Numerical simulations and semi-analytical models of
Send offorint requests to: T. A. EnRlin galaxy and large-scale structure formation neglected the e
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fects of CRs and magnetic fields so far, despite their dynaimic
importance. Although there have been attempts to equip SPH |10 eV "Lkev '0.1mev!
galaxy formation codes with magnetic field descriptionsten t
MHD level (Dolag et al. 1999), a fully dynamical treatment ;o4
of the CR component has not yet been attempted due to the} o

lllllll

very complex CR physics involved. There have been pioneer- ¢ ;

ing efforts to furnish grid-based MHD codes with afdsive 2

CR component in order to study isolatefteets like Parkerin- & ;

stabilities (Kuwabara et al. 2004; Hanasz & Lesch 2003) er th E‘ i i

injection of CRs into the wider IGM (Miniati et al. 2001; Ryu v | o
et al. 2003; Ryu & Kang 2003, 2004) and ISM (Snodinetal. o F 9
2006). However, these codes are not suited for galaxy forma-% r ; ]
tion simulations in a cosmological setting due to the mgsin ¢ / 1
adaptive resolution capability, and the lack of a treatnant :

cosmological components such as dark matter and stellar pop i

ulations. There have also been numerical implementatibnso 1 1 | | |

discretised CR energy spectra on top of grid-based cosmolog 100 100 100 100 100 10t 10? 10°

ical simulations (Miniati 2001), but these implementasore- P

glected the hydrodynamic pressure of the CR component. In i

addition, the amount of computer resources required fasethd '9-1- Thermal and power-law (CR) proton spectra for a variety
! of temperatures and spectral indicesNo low momentum cuti®

models in terms of memory and CPU-time is substantial. Thvb%s imposed onto the CR populations. Displayed is the engegy
renders this approach unattractive for self-consistenulsi- ' 0

) . o . . . logarithmic momentum interval over dimensionless protanmanta
tions of gqlaxy format.|0n and inhibits the |ncI.US|on of CRB] p = Py/(m, ¢2). This form of presentation permits to reafi-the dy-

cosmological simulations of structure formation, whefg itot - namically important momentum ranges of the populationkspectra
clear ab initio if CRs are crucial or not. are normalised to exhibit the same pressure. The thick fe@esents

An accurate description of CRs should follow the evolutiof possible location in the hot medium of our Galaky (= 10 eV,

S . .~a = 2.75) where thermal equals CR pressure. The break in the CR
of the spectral energy distribution ,0f CRs a,s a functhnm’étl energy di)stributions is solel?/ due to thpe change in the ldrertergy
and space, and keep track of their dynamical, non-linear cQ&tmuiae in the trans-relativistic regime.
pling with the hydrodynamics. In order to allow the inclusio
of CRs and their fects into numerical simulations and semi- o .
analytic descriptions of galaxy formation, we develop a-singarded as a significant improvement compared to the current
plified description of the CR dynamics and physics. We se&luation where the CRs are ignored completely. -
a compromise between two opposite requirements, namgly: (i In this paper, we give the theoretical basis and justifica-
to capture as many physical properties and peculiariti€Rof tion of our formalism. An implementation and first applica-
populations as possible, and (ii) to require as little exten- tions of our formalism are described by two companion pa-
putational resources as possible. In our model, the enmplsasiPers. Jubelgas et al. (2006) describe the implementation in
given to the dynamical impact of CRs on hydrodynamics, atide GADGET code and presentfirst results on galaxy formation
not on an accurate spectral representation of the CRs. Tile gincluding CRs. Pfrommer et al. (2006) develop a SPH Mach
ing principles are energy, pressure, and particle number cfumber measuring scheme, which is a necessary prerequisite
servations, as well as adiabatic invariants. Non-adialmat- t0 study CRs injected at accretion shock waves in the cosmic

cesses will be mapped onto modifications of these principledarge-scale structure.

The goal of the formalism is to permit explorative studies o )
investigating under which circumstances CRs are likelyfto al-2. Approximations and assumptions

fect galactic or cosmic structure formation processes.ae A number of simplifying assumptions are necessary in orler t
proach is phenomenological, which implies that any adoptggyce the large number of degrees of freedom of a CR popula-
model parameter like CR injectiorifigiency or difusivity has jon pefore it can be included in a numerical tractable sehem
to be verified by.mdependent.means before definite conelgsig-, transparency, we list the main assumptions here:

may be drawn, if the conclusions depend strongly on those as-

sumptions. Nevertheless, it is plausible that in many cises 1. Protonsdominatethe CR population: We only model the
overall physical picture will not sensitively depend on thee dominant CR proton population, assuming that the pres-
tails of the CR description, but merely on the presence of. CRs ence ofa-particles and heavier ions would not change
An implementation of the formalism in a cosmic structure for the dynamical picture. In contrast to heavier ions,
mation code will therefore allow an identification of regisrie particles carry a significant fraction of the total CR en-
which CRs are likely to have a significant impact on the prop- ergy. Nevertheless, our assumption is a reasonable approx-
erties of galaxies and galaxy clusters. We want to streds tha imation, since the energy density @fparticles can be ab-
including “only” an approximate description of CR dynamics sorbed into the proton spectrum. As a coarse approxima-
into galaxy and structure formation calculations shoulddse tion, a GeV energw-particle can be regarded as an ensem-
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ble of four individual nucleons traveling together due te th  not the focus of our formalism, are therefore treated very
relatively weak MeV nuclear binding energies compared to coarsely.

the kinetic energy of relativistic protons. For hadronie in

teractions, the fact that the four nucleons are bound is\8% present two models for the description of the CR popula-
minor importance. Since Coulomb cooling and ionisatidiion that difer in the degree of their complexity. In the simpler
losses are proportional to the square of the nucleus’ charg@del, we assume the CR spectral indeto be the same ev-
each of the four nucleons of the-particle is experienc- erywhere, while in the more complex model we allow it to vary
ing a loss of kinetic energy which is identical to the lost# space and time. The model with the constant spectral index
that a free CR proton with exactly the same specific energyppresses a number of CR phenomena like spectral stegpenin
would experience. Furthermore, due to their low galactiiie to transportféects, or spectral flattening due to fresh parti-
energy density, but also due to their more complex radiele injection. However, thesdfects are probably not essential
tive losses, we ignore CR electron populations. Only a digr a first order description of the global dynamical impaict o
scription of quasi-equilibrium secondary electrons resuCRs.

ing from hadronic CR-gas interactions is provided, which

has some restricted applicability in galaxy cluster phgisic
. A momentum power-law is a typical spectrum: We as-
sume that the CR momentum spectrum can be well deur framework is set up to accommodate a number of essential
scribed by a power-law with spectral index This is physical processes of CR gases, like particle acceletatibn

not only consistent with the observation of Galactic CRsision, and particle interactions. Thefférent components of

(@ =~ 2.75) but is also predicted by many CR acceleratiasur framework are of dierent relevance in the various astro-
and ditusion models, which frequently give momentunphysical environments:

power-law spectra (see Schlickeiser 2002, for a review).

Especially CR injection at shock waves in the test-particlé. CR energy is an important energy storage within galactic
limit predicts power-law spectra in momentum space. The metabolisms. In our Galaxy, the CR energy density is com-
dynamically relevant physical quantities of the CR popu- parable to the thermal one.

lation are its kinetic energy densigeg, the average en- 2. CR pressure is suspected to play an important role in form-
ergy Tcr = ecr/Ncr, and the pressurBcg. For an as- ing galactic winds.

sumed power-law spectrum with steep spectral indet 3. Adiabatic energy losses and gains of CRs are the mechani-
high CR momenta, these two quantities are completely de- cal way to exchange energy with the thermal gas, and there-
termined by a specification of the normalisation constant fore relevant for CR driven winds or radio bubbles in cluster

1.3. Captured physics

C and the low-momentum cufioq of the power-law. No

high-momentum cutd of the spectrum is considered, sinces.

for a suficiently steep spectrumx(> 2), the high-energy
range is dynamically unimportant. Instead, the dynamics is
dominated by particles with momenta closestta, ¢ (the
particles at the lower cuff), or aroundm, ¢, whichever is

larger (and the latter only i# < 3, otherwise the particles 5.

atqm, c dominate always).
. Energy, particle number, and pressure are the relevant

atmospheres.

Shock acceleration is believed to be an important soudrce o
CRs. In the galactic context, supernova shock waves should
dominate the energy injection, in galaxy clusters, the-clus
ter merger and accretion shock waves may be mfie e
cient.

The role of CR dfusion is actually not always clear.
Diffusive escape times in galaxy clusters exceed the Hubble
time for GeV particles, whereas we know that CRs escape

CR variables: The many degrees of freedom a CR spec- from our own galaxy on time-scales of 1@ears, which
trum have to be reduced to simplified evolution equations certainly involves diusive CR transport.

for the spectral normalisation constaiitfor the cutdf g, 6. In situ CR re-acceleration by plasma waves may energise
and eventually for the spectral index The mapping of relativistic electrons in several astrophysical enviremis.

the full spectral dynamics on this restricted set of vagabl ~ This process may be important for cluster radio halos
is not unique. However, physical intuition tells us that the but also in several other astrophysical situations (Galaxy
most relevant quantities, which should be reproduced in the Sun,..).

formalism with highest accuracy, are the CR energy de~ Coulomb and ionisation energy losses of the CRs are heat-
sity, the number density, and the pressure. CR pressure,ing the gas, thereby possibly maintaining a minimum tem-
which is very similar to the CR energy density, will only  perature and ionisation in dense molecular clouds.

be used if a varying spectral index is chosen. Therefor8, Bremsstrahlung from CR protons is not an importdiga
whenever a physicalfiect modifies a CR spectrum, the — to our knowledge —, neither for the CR cooling, nor for
changes orC, g, and eventuallyr will be calculated by the production of high-energy photons.

taking energy, particle and eventually pressure conservat 9. Hadronic interactions is the onlyfigient non-adiabatic en-
into account. Whenever we have to make a choice we will ergy loss process of ultra-relativistic protons. Theircsec
favour accuracy in CR energy over accuracy in CR number daries (photons, electrons) are important tracers of CR pop
density. This choice is motivated by our aim to study the ulations. Gamma rays from such interactions are observed
dynamical &ects of a CR population on their host envi- from our Galaxy. In galaxy clusters, synchrotron emission
ronment. Spectral details of the CR populations, which are of secondary electrons is proposed as a possible origin of
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the giant radio halos (among other possibilities, see polt Formalism

6)- In this section, we develop a description of a CR population

o ) _in a volume element which is comoving with the background
Thus, theseféects should allow realistic studies of the imgiq This Lagrangian perspective results in a significamt s
pact of a variety of physical processes of CRs on galaxies; Cljiication, since the advective transport processes afg fu

ters of galaxies, and on the large-scale intergalactic umdi .5 4 terised by a description of thieets of adiabatic vol-

including: ume changes. We will introduce convenient, adiabatically i
variant variables which are constant in time in the abseffice o
1. hydrodynamicalfects of CRs, non-adiabatic processes. When non-adiabatic processes ar
2. CR injection by ditusive shock acceleration, cluded, they can be expressed in terms of evolutionary equa-
3. in-situ re-acceleration by plasma waves, tions for the adiabatically invariant variables. The chofm-
4. non-local feedback from CR injection due to CR@ion, malism is well suited for the implementation in Lagrangiar n
5. CR modified shock structures, merical simulation codes, as will be discussed in more Hetai
6. heating of cold gas by CRs, Sect. 5 for the example of SPH codes.
7. CR driven galactic winds,
8. Parker instabilities of spiral galaxy disks, ) . .
9. rough morphology of gamma ray emission, 2.1. Basic cosmic ray variables
10. rough morphology of radio emission due to secondary el&ince we only consider CR protons, which are at least in our

trons. Galaxy the dominant CR species, it is convenient to intreduc
the dimensionless momentum= Pp/(m, c). We assume that

We like to point out that our approach is a phenomenolotiie diferential particle momentum spectrum per volume ele-
ical one which does not provide first principle descriptionmient can be approximated by a single power-law above the
of the above physicalftects. It is also not always accurateminimum momentunaj:
especially when spectralfects become relevant and devia- d
tions from power-law spectra are expected, e.g. in the cad®) = dpav ~ Cp*o(p-a), 1)
of non-linear shock acceleration. Although our formalisap-c
tures many properties only approximately, it allows to gtu
many astrophysical consequences in greater detail thamebe
and also permits to study the influence of the adopted CR
rameters like injectionficiency, difusivity, etc. on observable
quantities.

theree(x) denotes the Heaviside step function. Note that we
se an #ective one-dimensional distribution functidifp) =

4rp?f@)(p). The diferential CR spectrum can vary spatially

R#d temporally (although for brevity we suppress this in our

notation) through the spatial dependence of the normalisat

C = C(x,t) and the cutfi g = g(x,t). In the simpler of our

two models, we assume the CR spectral indé® be constant

1.4. Structure of paper in space and time, while the more complex model allows for a

spatial and temporal variation afas well.

Our basic formalism is outlined in Sect. 2, in which the ap- Adiabatic compression or expansion leaves the phase-space

proximative description of the CR gas is introduced and itkensity of the CR population invariant, leading to a momantu

adiabatic evolution is described (Sect. 2.1). A model with shift according topy — p = (0/p0)*® po for a change in den-

constant spectral index for the power-law description @ tlsity from pg to p. Since this is fully reversible, it is useful to

CR population is given in Sect. 2.2 while the more generaitroduce an invariant cufbgy and a normalisatio®, which

approach with a spatially and temporally varying spectmal idescribe the CR population via Egn. (1) if the gas is adiabati

dex is presented in Sect. 2.3. Sect. 3 contains the technically compressed or expanded relative to the referencetgens

description of the various non-adiabatic processes: C&injpg. The actual parameters of the spectrum are then given by

tion via shocks waves of structure formation (Sect. 3.1.1 1 as2

and of supernova remnants (Sect. 3.1.2); CR spatifision (J(p) = (p/po)* Qo and Clp) = (p/po) = Co. (2)

(Sect. 3.2); in-situ re-acceleration of CRs (Sect. 3.3);@R The variablegjp andC, are hence a convenient choice for a

ergy losses due to Coulomb interactions (Sect. 3.4), itinisa Lagrangian description of the ISM or the intra-cluster noedli

losses (Sect. 3.5), Bremsstrahlung (Sect. 3.6), and hiadren (ICM).

teractions with the background gas (Sect. 3.7), includig t ~ The CR number density is given by

associated-radiation from ther®-decays (Sect. 3.8) and the 00 cqgte GCo qé’” 0

radio emission of the electrons and positrons resultingifrdicr = | dpf(p) = —— = ———- ~. 3)

r*-decays (Sect. 3.9). Steady state CR spectra, for which in- . — po :

jection and cooling balance each other, and freely cooliRg CErOV.'deda > 1. The kinetic energy density of the CR popula-

spectra are calculated exactly and with our formalism ane-col'o" 1 .

pared in Sect. 4. Section 5 describes how the formalism can, — fdp f(p) To(p) = Cmy ¢

be included into a simulation code based on smoothed parti- 0 a-1

le hydrod ics (SPH). Finally, i lusions i - -
cle hydrodynamics ( ). Finally, we give our conclusians i [1B; (a 23 a)+q1‘“(\/?qz—1)}, @
1+q2

Sect. 6. 2 )
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whereTy(p) = (y/1+ p2 — 1)m,c? is the kinetic energy of
. . 17 T TTHHW T TTHHW T TTHHW T TTHHW T T TTTTIT
a proton with momentunp. Bx(a, b) denotes the incomplete E

Beta-function, andr > 2 is assumed. The average CR kinetic c
energyTcr = ecr/Ncr IS therefore

a—1

_|d -2 33—« 5 2
TCR—[ > 3ﬁ(—2 — )+ V1+q 1]mpc- ®)

The CR pressure is

2 e Cmyc? -2 3-
Pen= "y [aptmsp= 05 (“52 2500

whereg = v/c = p/+/1+ p? is the dimensionless velocity
of the CR particle. The CR population can hydrodynamically
be described by an isotropic pressure component as long as E “
the CRs are coupled to the thermal gas by small scale chaotic 1.3C + il vl vl vl
magnetic fields. Note, that for 2 @ < 3 the kinetic energy 0001 0010 0-100 q 1.000 10000 100.000
density and pressure of the CR populations are well defined fo
the limitq — 0, although the total CR number density divergesig. 2. Adiabatic indexycg of a CR population as a function of the
The local adiabatic exponent of the CR population is dewer momentum cut q for a variety of spectral indices (solid
fined by lines). Furthermore, the pseudo-adiabatic inggx= 1+ Pcr/ecr re-
lating the total CR pressure and energy density is alsoalispl (dot-
ted lines). Only for a polytropic gas behaviour we havg = yi.
(") This applies approximately for CR populations which arberitom-
pletely non- or completely ultra-relativistic. Howeven,the here im-
where the derivative has to be taken at constant entBpyPortant case of trans-relativistic CR populations polyiccequations
Using Egns. (2) and (6), we obtain for the CR adiabatic e%f state can not be assumed.

ponent

a =200

1111111]111111111]111111111]11111111

dlogPcr

YCR = “dloao logp

s
S

of the particles during an infinitesimal time interval @he im-
9PcrdC  OPcr @) plied change inG, g) is then given by

oC g 0q 0
g o -1 ( dc ) _ ( dC/oncr 0C/decr ) ( dncr )

arz_ %qu{lﬁ(Q) [BL (QT_Z 3_705)} . (8 \da) \da/oncr da/dscr |\ decr )’
1+q2

3
The inverse of the Jacobian can be straight forwardly cated|
Note that the CR adiabatic exponent is time dependent duauting the definitions in Eqns. (3) and (4) which can easily be
its dependence on the lower ctitef the CR populationg, inverted to yield
which is shown in Fig. 2. For a mixture of thermal and CR gas, decr — Tp(a) dncr

YCR = L(
Pcr

(10)

it is appropriate to define arffective adiabatic index by dc =C , (112)
ecr — Tp(Q) Ncr
dlog(Pi + Pcr) Yth Pih + Ycr Pcr q decr— TcrdNcr
= = . 9 d = . 12
vet dlogp s Pth + Pcr © a—1 ecr— Tp(q) Ncr (12)

These relations are reasonable, which can also be verified by
) ) ) the following gedanken experiments: if a process increases
2.2. Formalism with a constant spectral index scr andncg simultaneously by the same factor15, so that

The spectrum of the CR population within a given fluid elemeffcr/écr = dncr/Ncr = 6, one gets only a change in the
is shaped by a number offErent physical processes, such giormalisation (@ = 6C), but not in the cutfi (dq = 0), as
particle injection and escape, continuous and hadronilggne't shoulld be. If one ao_lds an infinitesimal amount of particles
losses, or re-acceleration. While all of these processagla dNcr With exactly the kinetic energy of the cufd 5(q), so that
characteristic signature in the CR spectrum, in the franmewdecr = Tp(0) dnice, the normalisation is unchangedXd- 0),

of our simplified model we have to describe theifeets in bﬂ}he cutd is lowered (@) = —qdncr/[(a ~1)ncr] = Ner o«
terms of the two dynamical variabl&®andq (orCo andgp). In &) @gain as expected. , ,

order to approximate the key features of the real CR dynamics The adiabatically invariant variables change according to

with our description, we have to make a proper choice for how P -2 decr — To() dncr
to modify our variables by the fierent processes. The guidingiCy = (—) dC =GCy Tp reu (13)
principle for this are energy and particle number consewsat Pl gcr ~ Tp(A) Ner

Consider a non-adiabatic process leading to a change d doe = (£ w3 g — Qo decr— Tcrdncr (14)
in the number density and a changglin the energy density ~ =51 ecr— Tp(A) Ncr
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where we used a notation which is mixed in the variant and imdependent of the spectral index (see Fig. 2). Howeveraas ¢

variant variables, for convenience. Ways to numericallplean be seen in Sect. 4, the dynamics of CR cooling always pushes

ment the evolution o€ andqp are discussed in Appendix A.1.the low-energy cut into the trans-relativistic regime, where
this formalism should work.

2.3. Formalism with a variable spectral index

The modeling of certainféects of CR physics such as spectra%' Non-adiabatic processes

steepening due to transpoiffexts, or spectral flattening duein the following, we discuss various non-adiabatic soure a

to fresh particle injection requires a more elaborate deen sink processes of the CR population. In each subsection, we
of the CR population. Thus, we generalise the above formaltline the physical motivation of each process and describ
ism by allowing the spectral index to vary in space and time a§ effects in terms of a change in energy and number density.
well. To this end, we now consider the CR population to be dafterwards, we generalise to the more complex case of a spa-
scribed by three dynamical variablésq, anda. In addition to tially and temporally varying CR spectral index.

energy and particle number conservation, we invoke pressur

conservation. As a word of caution, we note that the resyltin .

formalism is considerably more demanding in terms of compd:1- CR shock acceleration

tational resources than the formulation with a constanttspe |n, this section, we discuss CR acceleration processes ek sho
index. We hence suggest that this description is only usieeif \yaves due to gas accretion and galaxy mergers, using the
problem under consideration requires this additionalrimi®-  framework ofdiffusive shock acceleration. Our description is
tion. a modification of the approach of Miniati (2001). The shock
For notational purposes, we define a three-vector with tgrface separates two regions: tipstream regime defines the
dynamical CR variables aa = (C,q,a)", where the expo- region in front of the shock which is causally unconnected fo
nent denotes the transpose of the vector. Similarly, we elefigper sonic shock waves, whereasdbenstream regime lies
a vector of hydrodynamic CR quantitiés= (ncr. ecr, Pcr)"-  in the wake of the shock wave. The shock front itself is the
Consider a non-adiabatic process leading to an infinitdsimagion in which the mean plasma velocity changes rapidly on
change dcr in the number density,&dr in the energy density, small scales, governed by plasma physics. In the rest frdme o
and Pcrin the pressure of the particles during an infinitesimghe shock, particles are impinging onto the shock surface at
time interval d. This implies a change i = (C,q,@)" given 3 rate per unit area gfv = pyv1. Herevs anduv, give the

by plasma velocities (relative to the shock’s rest frame) eup-

3 stream and downstream regimes of the shock, respectivedy. T
da = Z %dhj o da=Adh. (15) corresponding mass densities are denoteghtandp..

1 oh; We assume that after passing though the shock front most

. . ) . of the gas thermalises to a Maxwell-Boltzmann distribution
Since the entries of the Jacobi&rcannot be straightforwardly , .+ characteristic post-shock temperatiige

obtained, we propose to compute them by inverting the imvers

of the Jacobiam~. Once this is achieved, the changesid ) myc2 p2

the dynamical CR variables can be easily obtained. Thesevefin2(p) = 4n i | 5— =] p“exp(— , (20)
S 2n KT, 2KkT,

of the Jacobian is given by

3/2

where the number density of particles of the thermal distrib

n a-1 Joncr

O
0

< ~q "er o tion in the downstream regimay, = np, as well asT, can be
o ecR _a=1, T decr inferred by means of the mass, momentum, and energy con-
AT =T q Ner C) oa |» (16)  servation laws at the shock surface for a gas composed of CRs
Pcr mpcz(a -1) OPcr and thermal constituents. In a companion paper, we describe

C _f'g(q) NerR g4 a formalism for instantaneously and self-consistentlgiirihg

the shock strength and all other relevant quantities in tvend

where the last column can be explicitly expressed as ! o .
plcitly exp stream regime of the shock within the framework of SPH simu-

Oncr _ Ncr [1+(a—1)Ing] (17) lations (Pfrommer et al. 2006). Assuming that a fractiorhef t

Oa a-1 ’ thermalised particles experience stochastic shock aetiele
decr 0 by diffusing back and forth over the shock front, the test particle

9o fodep(p) f(p) Inp. (18) theory of difusive shock acceleration predicts a resulting CR
OPcr myc? [ power-law distribution in momentum space. Within our model

= —— fdp pA(p) f(p) Inp. (19) this CRinjection mechanism can be treated as an instanianeo
aa 3 0
process.

We discuss ways to numerically implement the time evolution For a particle in the downstream region of the shock to re-
of Co, qo, anda in Appendix A.2. turn upstream it is necessary to meet two requirements. The

A note of caution should be in order. For ultra-relativistiparticle’s dfective velocity component parallel to the shock
CR populations the formalism with varying spectral index beormal has to be larger than the velocity of the shock wave,
comes degenerate, since in this regimes the equation efistatind secondly, its energy has to be large enough to escape the
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“trapping” process by Alfvén that are generated in the dowithe dissipated energy density in the downstream regime,
stream turbulence (Malkov & Volk 1995; Malkov & Volk Aggiss, iS given by the dference of the thermal energy den-
1998). Thus, only particles of the high-energy tail of thetiii ~ sities in the pre- and post-shock regimes, corrected focahe
bution are able to return to the upstream shock regime irrordigbution of the adiabatic part of the energy increase duado

to become accelerated. The complicated detailed physical pcompression of the gas over the shock.

cesses of the specific underlying acceleration mechaniem ar In order to obey energy conservation as well as the equa-
conveniently compressed into a few parameters (Jones & Kaitms of the linear theory of usive shock acceleratiofj, has
1993; Berezhko et al. 1994; Kang & Jones 1995), one of whigh fulfill a boundary condition which ensures that the dynam-
defines the momentum threshold for the particles of the thernical pressure exerted by CRs is smaller than the ram pressure

distribution to be accelerated, pu? of the flow, yielding
2KT> ne

Clinj = Xinj Pth = Xin 4 /— (21) Pcr _ (@-1)Cncrin 41 @-23-a\_,
mPC2 Plvi 6 v102 qlnj Bwlizni —2 T <1, (28)

Since Coulomb and ionisation losséB@ently modify the low

energy part of the injected CR spectrum, we propose to folldW'€"®® = @nj- _ _ _
the recipe presented at the end of Sect. 3.1.2, i.e. to simply _ N typical applications like cosmological SPH simulatipns

crease the low energy spectral break of the actually irnjieclr@is boundary condition can'be subgtgntiglly simplifiedtHie
spectrum without changing the normalisation of the CR spe2d, We propose the following modification of the CR energy
trum. injection dficiency in order to account for the saturatidteet

In the linear regime of CR acceleration, the thermal distt high values of the Mach number:
bution joins in a smooth manner into the resulting CR power- '
!aw dist'ribut.ic'm aujn; SO thatkn; represents the only parametey;; = [1 - exp(— Slin )} Lmaxe (29)
in our simplified difusive shock acceleration model, Smax

p\ ™™ Numerical studies of shock acceleration suggest a value of
ferin(p) = fth(qi”j)(qi_nj) 6(p = Gliny)- (22) Zmax =~ 0.5 for the limiting case of the CR energy injection
. L . efficiency (Ryu et al. 2003). One can then infer the injected
F|X|r!g the normghsaﬂon of the injected C.R spectrgm by th@R energy density in terms of the energy injectidficiency
continuity condition automatlgally det.ermlné%j which de- of diffusive shock acceleration processes,
pends on the second adiabatic invariant. The slope of the in-

jected CR spectrum is given by Aecrin = LinjAsdiss (30)
r+2 p2 U1
@inj = 7 where r = o =% (23) ' We note that nonlinearkects, in the form of back-reactions of

) ) _ the accelerated particles upon the shock, change the axpect
denotes the shock compression ratio (Bell 1978a,b; Drygy.,s \yith respect to the linear case. Theleas are expected

1983). In the linear regime, the number density of inject® G o important well before the limit given by Eqn. (29) (see

particles is given by Eichler 1979; Drury & Voelk 1981: Axford et al. 1982; Malkov
- inj et al. 2000; Blasi 2002; Blasi et al. 2005; Kang & Jones 2005,
ANcriin = fo dp fegin(P) = fin(Gin) = (24) " and many others).
(DELETED TEXT)

This enables us to infer the particle injectidfi@ency which is

a measure of the fraction of downstream thermal gas pestic{% nThfwi\ﬁ;%?z ﬁgﬁﬂfnexﬁﬁgé&ﬁwi?ﬁdg alg Ir:{/eecn-
which experience dliusive shock acceleration, P P P ®i 1S 0

by Egn. (34), but with the lower CR momentum cfiitof

_ ANncrjin 4 xﬁﬂ e Eqgn. (21). In combination yvith the slopgy;, .the.value OfXin;

TICRlin = N = % i — 1 e m. (25) regulates the amount of kinetic energy which is transfetoed
o ! o the CRs. Theoretical studies of shock acceleration at galac

The particle injection ficiency is independent of the dOW”'supernova remnants suggest a rangepf~ 3.3 to 36, im-

stream post-shock temperatdrge These considerations aIIowp|ying a particle injection fiiciency ofjcrin ~ 1074 to 1073

us to infer the dynamically relevant injected CR energy @gns prury et al. 1989; Jones & Kang 1993; Berezhko et al. 1994;

in the linear regime: Kang & Jones 1995; Malkov & Volk 1995).

Agcrijin = 1criin Ter(@inj» Ginj) Nn(T2). (26) Fig. 3 shows the CR energy injectioffieiency i as a

o o _ _ function of spectral indexiy;. It can be clearly seen that our

In our description, the CR energy injectiofieiency in the lin- - simpjified model for the dfusive shock acceleration fails in

ear regime is defined to be the energy density ratio of freshie Jimit of weak shocks where it over-predicts the injestio

injected CRs to the total dissipated energy density in thendo efficiency. Especially in this regime, Coulomb and ionisation

stream regime, losses have to be taken into account which remove the low-
A&cRiin » energetic part of the injected CR spectrufiiciently on a short
din = where Aégiss = &tz — &l (27)  timescale (cf. Sect. 3.4 & 3.5). This gives rise to feetive CR
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Mach numbei 3.1.1. CR injection by structure formation shock waves
105 & % e %
Tr Ceosomp ] For estimating the CR injection at structure formation $hoc
~—~— i ] waves in a numerical simulation a dynamical Mach-number

finder is required, which identifies and characterises shock
] waves on the fly. Such a Mach number finder for SPH simu-
lations is presented and tested in Pfrommer et al. (200@), an
applied to the problem of CR injectiorffiziencies of the dif-
ferent shock waves in the large scale structure.

o
[N
o

3.1.2. CR injection by supernovae

kT, = 10 keV

Shock waves in supernova remnants are believed to be the
most important CR injection mechanism in the galactic con-
ST text. However, for typical simulations of galaxy and sturet
@inj formation the spatial scales of supernovae are below the res
olution length. Therefore we need a sub-grid descriptian fo

o
o
=2

kT, = 0.3 keV

CR energy injectionfiiciencyinj, {coulomb

F kT, =001keV

N

Fig. 3. CR energy injectionfiiciency for the difusive shock accelera-

) . L supernova CR injection.
tion process. Shown is the CR energy injectidiiceency i, (dotted) e . S
for the three post-shock temperatuids/keV = 0.01,0.3, and 10. A significant fractionfsy ~ 0.1~ 0.3 of the kinetic energy

An effective CR energyficiency Zcouoms (Solid) is obtained by con- Of @ supernova may end up in the CR population. Therefore we

sidering Coulomb losses which remove the low-energetit gfahe ~ S€t the energy injection rates into the CR and thermal pools t

injected CR spectrum on a short timescale. In this figure, deped (decr/dt)sn = {sndesn/dt and (Gn/dt)sn = (1-4sn) desn/dt,

the following values for our model parametexs; = 3.5, {max = 0.5, respectively. Here gky/dt is the total SN energy release rate

anddcoutomn = 0.03. per volume. The increase in CR number density is given by
(dncr/dt)sn = (decr/dt)sn/ T, Where

energy diciencycoulompWhich is obtained by keeping the nor-

malisation of the CR spectrum fixed while simultaneously ifqini _ ., .2

creasing the cutli inj — Qeoulomb ™ Thus, in the linear regime,

the dfectively injected CR energy density is given by

Qinj—1
Qinj a-2 3-«a >
2 Bﬁ(T’T)*\/“qim_l(M)

is the average kinetic energy of an injection power-law spec
QCoqumb)l_ainj 3 trum with spectral indexi,; and lower momentum cufogy;.

A plausible value for the injection spectral indexdis; = 2.4
in a galactic context. The low-momentum cfitoan be set to

A&cRiin,Coulomb = ANcRJin TCR(a’inj , dcoulomb) (
inj

The dfective CR energyféciencylcouombin the linear regime

P 2 i _ i
is obtained by analogy to the previous considerations, Clinj \/kT/(mPC ) S|.nce the power-law spectrum resulting
from shock acceleration reaches down to the thermal popula-

i (32) tion with temperatur&T.

Agdiss However, in numerical practice it may be more economical
Following our suggestion for saturatiorffects of the shock to use a somewhat higher value gy, because in many cir-
acceleration given in Eqn. (29), we can obtain tHeee cumstances Coulomb and ionisation losses will rapidly nesno
tively injected CR energy density in the non-linear regimée low energy part of the CR spectrum, so that the energy of
Agcrijnj,coulomb ASsuming a dominant thermal gas componeritiese CRs is near!y_lnst_antaneo_usly reappearing as thermal
the spectral index:i; can be translated into the Mach numergy shortly after injection. A slight re-calibration ¢y can

ber of the shockM, depending on the adiabatic index of théake this into account, so that a numerical code does not have

A&cR|jin,coulomb
glin,Coqumb = .

thermal gaw, to explicitly follow the appearance of a short-lived, lowneegy,
super-thermal CR population.
My = / 2 (2+ ainj) (33) A critle.rion to find an adequatey is the reqL_lirement
1+ 2ain; — 3y’ that the injected CR spectrum abogg has a cooling time

_ Teool(Clinj» @in) Which equals the energy injection timescaig
For a pure thermal gas, the spectral indgx = 2 formally gefined as the ratio of the present CR energy to the energy in-
corresponds to an infinite Mach number. In the case of a vajyction rate (aboveyy;).2 The rational behind this approach is
ing spectral index, we re-map the changegrinj, ANcrinj»  that injected CRs witlp < gj,; would not survive energy losses
and the computed value of the injection spectral indgx =
(r + 2)/(r - 1) onto the dynamical CR variableS, @, @) which 2 Another criterion could also be given by the requirement tha

describe the total CR population. the Coulomb-loss timescale(Ginj) = [Tp(Clin))/(dTp(Gin)/dt)cl (see
Eqn. (54)) of the particles near the injection diitshould be on the

1 Solely for illustration purposes, we sketch how the acedien order of the simulation time-step. However, this approaab two
efficiency is modified for a constant Coulomb cfiitewhile we refer to potential shortcomings: First, the dynamics becomes ftiyntiane-
Jubelgas et al. (2006) for an algorithm to compute thisf€uto the step dependent, although the Coulomb cooling dynamicdavikly
fly in simulations. compensate for this. Second, if small numerical timestegsnip
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sufficiently long to make a significant change to the existing C&en if a large-scale mean field dominates the general magnet

population given the current injection rate. Further mathg- field orientation. The resultingiective difusion codficientx,

cal details about this description can be found in Sec. 4.1.2 is difficult to estimate from first principles (see the discussion
In the case of a varying spectral index, we also have to cai-Enf3lin 2003), but its dependence on the particle momentum

culate the pressure injection raer for the injection spectrum is the same as that of the paralleffdsion codicient, due to

according to Eq. (6). the dominant role the parallel filision plays in the fective
cross field transport. We therefore assume
3.2. CR diffusion k1(p) = 6. «(P) @37

The ubiquitous cosmic magnetic fields prevent charged relgith typically 5, ~ 10 — 1072 (Giacalone & Jokipii 1999;
tivistic particles to travel macroscopic distances witkitin- EnRlin 2003), but see Narayan & Medvedev (2001) for argu-
trinsic velocity close to the speed of light. Instead, thetipa ments of a larges, ~ 107L. In order to be flexible about the
cles gyrate around, and travel slowly along magnetic fieledi underlying MHD turbulence which fixes the momentum depen-
Occasionally, they get scattered on magnetic irreguéaritOn dency ofx;, we assume

macroscopic scales, the transport can often be describad as, =~ B 4od _ o dl do1

diffusion process if the gyro-radius can be regarded to be smiIfP) = «i(P) = koS P y™ = ko P ™. (38)

The difusion is highly anisotropic with respect to the directiofrhe velocity factop expresses the reduction ofitision speed

of the local magnetic field, characterised by a paraileind  for non-relativistic particles. For a power-law turbulerspec-

a perpendiculat, diffusion codicient. Both are usually func- trym of the forme(k) dk o« k-2 dk one obtaingly = 2 — @

tions of location and particle momentum. andd, = 0, e.g.dy = % for a Kolmogorov-type spectrum.
Microscopically, the scattering of the CR on magnetic ifye have included the parametérin order to allow for low-

regularities of MHD waves SlOWS dOWﬂ the parallel transporénergy deviations from a pure momentum power-|aw depen_

but allows the perpendicular transport since it de-plabes fjence. Such deviations can for example be caused by modifi-

gyro-centre of the CRs. Therefore, both microscopftudion  cations of the turbulence spectrum due to MHD-wave-damping

codfficients depend on the scattering frequengyy but with by the low-energy bulk of the CR population with small gyro-
inverse proportionalitiesy o vei;andx, o vscar Particles radii.

are best scattered by MHD waves with a wavelength compara- |t should be noted that turbulent motions in the gas also
ble to the CR'’s gyro-radii, which itself depends on the [géeti |ead to an fective difusion (e.g. Cho & Lazarian 2004). Due
momentum. The various wavelength bands are populated Wfthe Lagrangian nature of our CR-fluid description, any tur
different strength. Therefore, the scattering frequency is uglent difusion due to numerically resolved eddies is automat-
ally a function of the particle momentum. The exact funaﬁbnica"y included. Unresolved turbulence, however, may have
dependence is determined by the plasma turbulence spectjéfaken separately into account by adding a momentum inde-

on scales comparable to the CR gyro-radii. pendent dfusion term to Eqgn. (38).
In this picture (e.g. see Bieber & Matthaeus 1997), the dif- The equation describing the evolution of the CR spectrum

fusion codficients can be written as f(x, p, t) due to difusion is
K = ~eehm 35) (of\ o of

& - = a0 Kij 35 (39)

£ ot diff 0% 0x
KL = 77— 5 KBohm- (36) .

l+e where the dfusion tensor

Here,e < 1 is the ratio of the scattering frequene¥ar .\ _ T R R = o el -1

to the gyro-frequency2 = V/rg, and kgonm = VIg/3 = () = () [bibj +6. (31 —biby)] = ij P>y (40)

vpm,c?/(3ZeB) is the Bohm difusion codicient. In most is anisotropic with respect to the local main magnetic fiedd d

circumstancesy, will be many orders of magnitude smallerectionb(x) = B(x)/B(x). Since we are interested in a simpli-

thank. Thus, from a microscopic point of view, CR cross fieldied description, we have to translate Eqn. (39) into chanfies

diffusion seems to be nearly impossible. CR number and energy density. Integrating Eqn. (39) qwer
Macroscopically, the cross-field particle transport is mudeads to an equation governing the change in CR number den-

faster than the microscopicflision codficient suggests. The sity due to dffusion:

reason for this is that any small displacement from the 3 ) { 14,

2

[q—a+2+dp (1+ qZ) _

tial field line, which a CR achieved by a perpendicular micr oncr)  _ i/? 9 ¢

K S Y — 2 — d.
scopic difusion step, can be strongly (often exponentially) an- 9t Jair 9% 7 9% L@ —2~-dp
plified if the CR travels along its new field line (Rechester & 1-4d, 3. a-1-dp-dy 4+dp-a (41)
Rosenbluth 1978; Diiy et al. 1995). This is caused by diverg- 2 prd 2 ’ 2 ’

ing magnetic field lines due to a random walk in a turbulent en

. . his can only lead to reasonable results if the condition
vironment. This fect should always be present at some Iev¢fr1 y

+dp + d, is fulfilled. For a Kolmogorov-turbulencefiusion

Gnj < d ~ 1, the large number of low energy CRs injected may dragpéficient @p = £, d, = 0), this translates inta > 1.33. o

an existing CR population to lower energies, due to our sfiedlCR One could assume that the transported energy is simply
dynamics. (decr)git = Tcr(dncr)gis. However, this ansatz would ignore
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that the more energetic particlegtdse faster, implying that the spectrum with a considerable rate (compared to the wave-
effective CR energy diusion is more rapid than the CR num-<cascade or -decay time of the turbulence), the wave spectrum
ber difusion. In order to model this, we multiply Eqn. (39) bytself would be modified, reducing the acceleratidgficgency.

To(p) and integrate ovep. This leads to A self-consistent description would therefore also neefbito
low the wave spectrum and its modification due to the energy
(3SCR) _ 9. i{ Cmyc? y extraction by CRs (e.g. Miller et al. 1996; Brunetti et al020
ot Jyr 0% ax; la-2-dp Ptuskin et al. 2005; Brunetti & Lazarian 2007). Howeversthi

& dyt is beyond the scope of this paper. Thus, as soon the cosmic

—a+2+d 2\ 2 2\ 2 . . .

q P (1 +q ) - (1 +q ) + ray population becomes important due to re-acceleration, o
B a4 B description has probably left its range of validity.

1-d, B 1 (a 1-dp dy, 4+dp a) + Taking the appropriate moments of Eqn. (45) leads to evo-
2 e 2 2 lution equations for the CR number density, Eqn. (44), amd fo

d a-2-dy-dy, 4+dp-a the CR energy density,

Ey Bulqz ( 2 : y’ Zp )]} (42) Y Y

Oecr 2
This equation can only give reasonable results if the cait (T)“_Lacc = (2+a)CDomye
a > 2+dp+d, is fulfilled. For a Kolmogorov-turbulencefdii- 1 a+a,+a, -2 2-a-a,
sion codiicient dp = 1, d, = 0), this translates into > 2.33. X 1272 ( > , > )
In the case of a varying spectral index, we need to compute
(8Pcr/dt)air which can be obtained by multiplying Eqn. (39) N ( f+q- 1) G (1+ q2)<1‘av)/2], 7)
by pB(p) and integrating ovep. This results in

which is valid fore > 2 — a, — a,. This energy has to be taken
from the kinetic-energy dissipation budget of the hydraaiyn
ical flow. In the case of a varying spectral index, we can obtai

9Pcr — i,}.. iC—mpCZ
ot )iz 0% 'dx; 6

% B 1 @-2-dp-dy 4+dp-a (43) the evolution equation for the CR pressure by taking the@ppr
prr 2 ’ 2 ’ priate moment of Eqn. (45),
This equation can only lead to reasonable results if ag&n foPcr _ o cD mpc?
conditiona > 2 + d, + d, is fulfilled. ), = (GraCho—5=

a+ap+a, 2—-a-ap
3.3. CR in-situ re-acceleration X Bnlqz ( 2 ’ 2 )
The difusive propagation of CRs implies that CR particles L lg (a tapta - 2’ 4-a- ap)
scatter resonantly on plasma waves with wavelength compa- 2w 2 2
rable to their gyro-radii. Since these waves are propaggtie b (1 " qz)fay/z ] ’ (48)
CRs exchange not only momentum, but also energy with the

waves, leading to a re-acceleration of an existing cosnyic fgnich is valid fora > 2 — ap - a,.

population. Since the CR-number is not changed by this pro- The parameterisation of the momentunfiukion coef-

cess, we can state: ficient is chosen to be similar to the one for the spatial

ONcr diffusion codicient because of their related physical back-

(T) 0. (44) ground: both are due to scattering on the same plasma waves.
re-acc Quasi-linear calculations of the Fokker-Planck transposf-

The change in the CR energy can be derived from the FokkBgient of charged particles interacting with plasma wases(

Planck equation for the 3-dimensional momentum distrdsuti Schlickeiser 2002) demonstrate that both, the spatial-thad

functionf®(p) = f(p)/(4n p? of an isotropic CR distribution: momentum-diusion codficient depend mainly on the pitch-
angle difusion codicientD,,, = D,,(p, ), whereu = cosg is

at®)(p) 10, 0f® the cosine of the pitch-angie
[ o N (45)
ot re-acc p (9p ap pz V2 1
_ A
whereD,, is the (pitch-angle averaged) momentum-space dPJ’ TR j:ld“ DuaP. 1) (49)
fusion codficient. Dy, is a function ofp, which we parametrise 2 (L (1= 22
b K = — f du ———. (50)
y ! 8 J1 " Duu(p,n)
_ 1-a, . 1-
Dp=Dop ™y . (46) Here,V, is the phase-velocity of the scattering plasma waves

We note that here, as in the section on CRugiion, a power- which are usually assumed to be Alfvén wabesth Va =

law spectrum of the relevant plasma waves is assumed, assitalso the stronger damped fast magneto-sonic waves aressisgu
is expected in the inertial range of MHD turbulence. In casg dficient accelerators due to their higher phase velocity Eilgk
the CRs are numerous enough to extract energy from the wageé9; Cassano & Brunetti 2005).
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B/ +/4n p. In the relevant inertia ranges of the MHD-turbulenceElement Z 17 Yoz Y1z az kz
spectra, it is expected that the amplitude but not the composz 1 136evV 176In10 3In10 0.34 501
tion of waves changes with wavelendtfiherefore, the pitch- _He 2 246ev 2DIn10 3In10 098 411

angle difusion codicient should be separable jnandy, e.g. Table 1. Atomic parameters as given by Sternheimer (1952). The

D;m(p’ﬂ) = D1(p) Do(u). This allows us to relate the two dif- Hydrogen measurements were done with molecular hydroggmado

fusion codficients via significant changes for atomic hydrogen are expected witherac-
curacy required for our description.

Dpky = p*VaXe, (51)
whereX; is a constant of order unity, and is formally given by
1 a-1 a-2
1t L(1- )2 "58122( 2 2 )} (59)
X == duD fd —) 52 .
=g [o) ([ 55 (52)

Since Coulomb losses onlyffact the lower energy part of
Therefore, in the framework of a quasi-linear approximatiothe spectrum and therefore should leave the normalisatien u
the parameters describing in-situ re-acceleration afidsion affected, we propose to setrigk/dt)c = (decr/dt)c/Tp(0).
are related by This mimics the &ect of Coulomb losses on a spectrum quiet
well, since Coulomb losses remove the lowest energy pesticl

_ _ —_\/2
3 =dp, a=dy, and Do =VaXo/xo, 53)  most d@ficiently from the spectrum, moving them into the ther-
e.g. for a Kolmogorov-like spectrum of Alfvén waves = mal pool. Because also their energy is thermalised, we have
dp= 1. a, =d, =0, andX, ~ O(1). (dew/dt)e = —(decr/dt)c and (dy/dt)c = —(dncr/dt)c. The

second equation (which expresses proton number conserva-
tion) can be neglected for convenience due to the smallrfess o
the dfect. The case of a varying spectral index can be treated in
The energy loss of a proton with < m,/me by Coulomb the same way as for a constant spectral index because Coulomb

3.4. Coulomb losses

losses in a plasma is given by Gould (1972): losses do not significantly modify the spectral index of the
4 ) ) ultra-relativistic CR population.
B (dTp(p)) _4re'ne [In (ngc 59) _ 13_] _ (54) The Coulomb loss time scales= ecr/(écr)c 0f CR pop-
dt Jo megc hawp 2 ulations are shown in 4.

Here,wp = 4r€ne/me is the plasma frequency, andis the
number density of free electrons. We note that in a neutmal g&5. lonisation losses

the Coulomb losses can coarsely be estimated with the sgme . .
) : onisation losses of a proton can be calculated with the &eth
formulae, providedh, is taken to be the total electron humbe

density (free plus bound). However, atomic charge shigldiélOCh equation (Groom & Klein 2000), which we cast into the

effects lower the Coulomb losses significantly. A more accurate
description of ionisation losses is given in Sect. 3.5. ~ (dTp(p)) _ Axé S zn [In (Zmeczpz) iy 5_2} (56)

In order to obtain the Coulomb energy losses of the CR\ dt " mefcC > ‘ 12 b(y) 2|
population, one has to integrate Eqn. (54) over the spectrum . ) ) . i
f(p). This integration can certainly be performed numericallfi€ré; Nz is the number density of atomic species with
For fast and iicient applications, an approximative analyticaf/€ctron numbeZ, and | its ionisation potentialb(y) =
expression might be more practical. We derive such an expr;gﬁl + 2yme/my, + (Me/My)? is @ minor correction factor for the

sion by replacing the terti p in the Coulomb logarithm with here relevant regimg < my/m, which we ignore in the fol-
its mean value for the given spectrum, which can be writtgswing. The density correction factég is usually not signifi-

as(B p) = 3Pcr/(m, ¢* ncr).> The Coulomb energy losses argant for gases, but should be given here for completeness:
then

2y-Dg Yiz <Y
2 _ 5
_ decr ~ 27Tce4ne In 2meC- (B P) B a 1, o 6z=42y-Dz+az((yrz-y)/In ].O)kZ Yoz <Y<VYiz (57)
dt e Me C h wpi w2\ 2 2 0 Y <Yoz

# This wont be the case anymore as soon some part of the CR podiere,y = Inp, D, = 1 - 2In( wpi/lz) andyoz, Y1z, az, kz
lation extract a significant amount of the wave-energy bufigenthe  are empirical constants, which characterise the atomiciepe
spectral range they can resonate with. In this case the CRvawve (Sternheimer 1952). The values for Hydrogen and Helium can
spectra become interdependent and a decompositon of tiegigle be found in Table 1. It is apparent that the densifge can be
diffusion codicient into a momentum and a pitch-angle dependeﬂ'églected below 60 GeV, and therefore we propose to ignore it

function is impossible (e.g. Miller et al. 1996; Brunettiat 2004; . S . ) . .S
Ptuskin et al. 2005). in applications in which the CR spectrum is trans-relatigis

5 This leads to a slight overestimate of the energy lossesightsl Note that the high energy limit of Eq. (56) is similar, but

underestimate results by settiggip) — o7/ yI+ c in Eqn. 55. As not e'xa'ctly identical to the Coulomb loss formula Eq. (54).
long these two terms lead to similar loss rates our apprdeiyireat- Similar to the case of the Coulomb losses, we insert char-

ment is a good description. Otherwise the integration hasetper- acteristic momenta into the logarithmic factors in ordeako
formed numerically. low for an analytical integration of the energy losses ower t
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3.7. Hadronic losses

1000.0

Another important process is the inelastic reaction of CR nu
clei with atoms and molecules of interstellar and intergéda
P A matter. The CR protons interact hadronically with the ambi-
1000 T2 oot ent thermal gas and produce mainly neutral and charged pi-
' C s ons, provided their momentum exceeds the kinematic thresh-
old qthrrrbc2 = 0.78 GeV for the reaction. The neutral pions
decay after a mean lifetime 0f9107" s intoy-rays while the
charged pions decay into secondary electrons (and nesitrino

T T TT1TT

T T TT1TT

10.0

Teool/ Myr

T TTTTHW

T > g+ v vy > €+ ve/Vet+ vy +

1.0 0 = 2y.

With hadronic interactions, only the CR population abowe th

kinematic thresholdyy, is visible through its decay products

. A ayam | L in y-rays and synchrotron emission. Because of baryon num-
0.01 010 1.00 10.00 ber conservation in strong and electro-weak interactiores,

always end up with pions and two protons in this CR-proton

Fig.4. Cooling times of CR spectra with spectral indices= 2.25, hadronic interaction (the possibly produced neutron vettaly

2.50, and 2.75 as a function of the cfitq (thin solid lines) in a pure after a mean lifetime of 886 s into a second proton). Thus, the

hydrogen plasma witm, = 1 cnt3. Coulomb and hadronic energyCR number density is conserved, implyingnégl/dt)haq = O.

loss times are also displayed with dotted and dashed liespec- The total energy loss of CRs is independent of the detailed

tively. The thick solid lines gives the total cooling time afmono- mechanisms of how the energy has been imparted on pions dur-

energetic CR population with = g. The feature afj = 0.83 is due to  jng hadronic interactions and given by
the onset of the hadronic losses above this momentum.

T TTTTHW

dE
_ . _id—tp) = cny oppKp Tp 8(Pp — Ghir)- (60)
CR spectrum. Since the losses are dominated by the trans- had

relativistic rzegime, we proposelto use ;impt}?) ~ BP) = Here, oy is the total pion cross section which is given by
3Pcr/(Mpc"ncr) and to sey = 3 In(p) in order to estimate gqn ' (g4), K, =~ 1/2 denotes the inelasticity of the reac-

dz. This yields tion in the limiting regime (Mannheim & Schlickeiser 1994),
1 .

d 2:Ce? oM (P2 5 andny = ne/(1 — 5Xue) denotes the target nucleon density

—( Z(;R) ~ Z Znz {[In (M) ~ 21 % (58) in the ICM, assuming primordial element composition with

Xpe = 0.24. The change in energy density of CRs because of
a-1 «a a-1 a-2 hadronic losses is given by
BL _’ - A - 1 _’ =T a
1+q? 2 2 142 2 2 -
decr - (dof dE,
A by-product of the energy losses is the generation of freg gt g Jo pT(p) ot had
electrons. The production rate of free electrons in a Hyenog NN oppKp £cr (Max@, Ginr)) » (61)
gas can be estimated using the empirical observation that pe

36 eV lost by the proton on average a free electron is produceghere scr is given by Eqn. (4) in which the lower spectral
either as a direct or as a secondary knock-on electron (liongsreakq has to be replace by max(,). The case of a vary-

1992). Therefore, the ionisation rate is ing spectral index can be dealt with in the same way as a con-
dn 1 /d stant spectral index because hadronic losses do not saytific
—e) o[ Z2R) (59) modify the CR spectral index. The hadronic loss time scales
dt /, 36eVv\ dt ),

7 = ecr/(écr)n Of CR populations are shown in 4.

The remaining fraction (21,/36eV = 62 %) of the energy loss
is heating the medium directly. This electron productiamte 3 g Gamma ray emission

can be included in any ionisation equilibrium calculatian f
the medium. An analytic formula describing the omnidirectionaffdrential

y-ray source function resulting from pion-decay of a poveer-|
CR population is given in Pfrommer & Enf3lin (2004), yielding
in our notation:

Bremsstrahlung energy losses of protons are usually rielgljg 2'C opp [ My \°
since they are suppressed by a factgfng ~ 310" compared S,(E,) dE, dV ~ B0 Mo (Z—m,,o)
with electron bremsstrahlung losses, which are in turn lysua M s

: i 2E, \° ([ 2E, \""
already small. Therefore, we do not include bremsstrahdumg y [( y ) N ( y ) ] dE, aV. (62)

3.6. Bremsstrahlung losses

ergy losses of protons in our description. Myo C2 Myo C2
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The formalism also includes the detailed physical procease where the &ective CR-proton cross sectiary, is given by
the threshold of pion production like the velocity distiimm Eqn. (64) o1 is the Thomson cross sectia, = B?/(8r) is the

of CRs, momentum dependent inelastic CR-proton cross skwal magnetic field energy density, asyl = ecvs +&starsiS the
tion, and kaon decay channels. The shape paramieted the energy density of the cosmic microwave background (CMB)
effective cross sectioorp, depend on the spectral index of theand starlight photon fieldgcme = BéMB/(Sn) can be expressed

y-ray spectruna according to by an equivalent field strengBcwg = 3.24 (1+ 2)%uG. &stars
either has to be guessed or calculated from informationef th
§ ~ 014a7*°+044  and (63) star distribution, or ignored.
opp = 32 (O.96+ e“""z"“’) mbarn (64) The synchrotron emissivity, at frequency and per stera-

_ _ . o _ dian of such a CR electron population (68), which is located
There is a detailed discussion in Pfrommer & Enl3lin (2004) an isotropic distribution of magnetic fields (Eqn. (6.36)
how they-ray spectral indexr, relates to the spectral indexrypicki & Lightman 1979), is obtained after averaging over a

of the parent CR populatioa. In Dermer's model, the pion jsotropic distribution of electron pitch angles, yielding
multiplicity is independent of energy yielding the relatie, =

(a,+1)/2

a (Dermer 1986a,b). _— 3 a,+1. —a,

The derivation of the pion-decay inducedray source " ~ Acon(e) Ce [s C] o eore BT (70)
function implicitly assumed the kinematic threshalg to be I Y
above the lower break of the CR spectrgmThis assump- Bc = +/8rep, = BeW(EeVZ ~ (GHZ) HG, (71)
tion is satisfied in the case of our Galaxy, where a flattening (a1 \ 1 3aet 7\ - { aet5
of the CR spectrum occurs below the kinematic energy thresh- V3 BceS aet 3 F( 12 )F( 12 )F( 1 ) (72)
old Eyy = 1.22 GeV (Simpson 1983). If the inequality< Qinr Ean = 3)p mMeC2 @e + 1 F("eT”) ’

is violated in the simulation for sficiently long timescales, the

resultingy-ray emission maps have to be treated with cautiomvhere I'(a) denotes thel-function (Abramowitz & Stegun
Provided the CR population has a power-law spectrum, th865),a, = (ee — 1)/2 = a/2, andB. denotes a (frequency de-

integratedy-ray source densityl, for pion decay induceg- pendent) characteristic magnetic field strength which iesp

rays can be obtained by integrating eay source function characteristic magnetic energy density.

s,(E,) in Eqgn. (62) over an energy interval yielding

E 4. Testing the accuracy of the formalism
by = A(Fr. Bo) = ) dE, 5,(&,) 65 The rigid spectral form of a single power-law with ctfto
ac P @ 1 a—1\1° which is imposed on the CR populations in our formalism,
= ﬁm{o TN (Zmp ) [ x(az—é,az—&)] , (66) leads to inaccuracies compared to the proper spectral@ut
@ M Mho X of the evolution equations of the CR spectra. The question is
M,oC2 201” ) how large are the inaccuracies foffdrent physical quantities,
X =11 ( 2E, ) for ie ({12} (67) and under which circumstances they can or cannot be toterate
Two tests are presented: a steady state situation, where
cooling balances injection and a time dependent, freely-coo
3.9. Hadronically induced synchrotron emission ing CR spectrum, without injection.

This section describes the hadronically induced radio syn-

chrotron emission while employing the steady-state agprox.1. Steady state CR spectrum
mation for the CR electron spectrum following Dolag & Enf3lin

(2000) and Pfrommer & EnRlin (2004). This is only justified1-1- Accurate steady state spectrum

if the dynamical gnd diusive timescales are long compared tth order to address these questions we analyse a steady state
the synchrotron timescale. This may well be the case in@lsistsjtuation in which accurate and approximated spectra can be

of galaxies, however, probably notin our own Galaxy. Pdssibyorked out analytically. In a homogeneous environment tRe C
re-acceleration processes of CR electrons like continireus spectrumf (p, t) should follow the evolution equation

situ acceleration via resonant pitch angle scattering byutu

lent Alfvén waves as well as CR electron injection by othet(P-0) | 9. ((p) F(p.1) = Q(p) - fp.Y (73)
processes are neglected in this approach. ot ap Tioss(P)

Assuming that the parent CR proton population is reprgmere
sented by the power-law of Egn. (1), the CR electron popula-

-1
tion above a GeV is therefore described by a power-law spegy) — [( dTp(P)) . (dTp(p)) J (dTp(p)) (74)
trum dt c dt cat dp
Ce Ee \ % is the momentum loss rate due to Coulomb- and hadronic
fe(Ee) = GeV (Gev) ’ (68) |osses (see Egs. (54) & (60)). We assume a fully ionized
and C.. = 162 a-ppn‘éc“ nnC mpC2 ot (69) 6 We approximate here the hadronic losses as a continuougyener
7 @e-2 orGeV ep+epn\GeV) loss.
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Hydrogen plasma with a thermal electron densityngf = The injected number of particles must be balanced by the

1 cnt3. A time-independent CR injection spectrum number of particles removed from the CR population due to
A 75 Coulomb losses, since hadronic losses conserve partiate nu

Q(P) = Qi P~ . (75) " per in the spectrum:mg/dt = (dncg/dt)n; + (dncr/dt)c = O.

with an injection normalisatio®i,; = 1 Myr~1 (for a here un- Since (dcr/dt)c = (decr/dt)c/Tp(p) we get

specified volume element) angh; = 2.5 is assumed. The envi- Ner &cr(C, G, @)

ronment is assumed to befBoiently extended so that pal’tlde(T(Qinj, qinj,ainj))inj = m . (83)

escape can be ignored, implyirgss(p) = oo except for the
thermalisation of CRs at very low momenta. Dividing Eq. (81) by Eq. (83) yields
The steady state spectrum is then given by

N TC(q’ Cl')
~ Qinj pl—mni Qinj p*ﬁinj p3 : p < p. TCR(qlnj,aln]) - Tp(q) (1 + Tihad(q, a')) B (84)
O = Bl am -1~ am - DA ¢ p»p O
PLP)I (@inj Qinj * * which is free of any normalisation consta@t Cirj) and defines

and its energy distribution can be seen in Fig. 5. The asyn@® implicit function relating the injection cutiogi,; and the
totic approximations assume negligible hadronic and Gablo equilibrium cutdf g = q(Ginj, @inj, @).

losses in the low and high energy regimes, respectively. In order to specifyq fully a second condition betweemn
Furthermore, the weak logarithmic dependence of the Conlo@nd ginj is required. A very simplistic, but — as we will see
losses on the particle momentum was ignored in the asyrptdti posteriori — sometimes reasonable choice, is the conditio
equations. The cross-over momentpm~ 1 depends on the Ginj = 4. However, our criterion to specifgi; is the require-

ratio of the Coulomb to hadronic loss rates fiméents ment that the injected CR spectrum abayg has a cooling
time Tcool(Qinj» @inj)) Which equals the energy injection time-

Ac = Amene In (Zmeczﬁp) (77) scalet,; defined as the ratio of the present CR energy to the
Me C hap) energy injection rate (abowg,). Therefore, we have

= K 3 78
Anad = 0ppKp My €N (78) Teool = Tinj , Where (85)
and is given by £cr(Cinj, Glinj» inj)

Teool = Teool(Qinj» @inj) = - , and

JA L [AnetneIn(@mec?)/ (wp)) (decr(Cinj, Ginj, @inj)/dt)c+ had

p. = — = ~ 1.087. (79) 8CR(C q Q’)
Anad Me My, €4 0ppKip Ny Tinj = Tinj(Clinj @inj» C, 0, @) = —

, L , (decr(Cinj» linj» @inj)/dt)inj
Here, we have inserted a fiducial electron densityngf=

1 cnm2 and assumed a pure hydrogen plasmas 1.1 is accu-
rate to 10% for electron densities in the ran.ge*[j,mo?'] cm3, Teool(Glnjs ¥ing) = Teool(Gh @) (86)

As a reference case for an analytic approximation to thelgtea o _

state equilibrium CR spectrum we introduce a simple match@dich indeed impliesjn = q in the casexinj = a. In other

asymptotic solution: cases one has to solve Egs. (84) and (86) numericallg{or

andg. The normalisation of the equilibrium CR spectrum can

This leads to the condition

Qinj p~n th : N
f ~ i 80 en be derived from Eq. (83) and is given by

aporoi ) (@inj = 1)Ac (=2 + p3) . T g

which is also displayed in Fig. 5. C = Qi 7c(. @) p(@  1-a G 87)

Ter(@ @) 1-ainy gt

The resulting spectra fari,; = 2.5 anda = 2.25, 25, and 275
are displayed in Fig. 5.

In this section, we calculate the equilibrium spectrum pro-

vided by our simplified CR formalism. Since our formalism .
is based on CR particle and energy conservation, the irujecflel's' Comparison of the spectra

particle number and energy should balance the ones dueatthough Fig. 5 shows that the approximated and correct CR
Coulomb and hadronic losses. CR energy balance therefgpectra are dierent in detail, their integral properties are very

yields tecr/dt = (decr/dt)in + (decr/dt)coor = O Which is  similar. The total energy in the approximated spectrum with
equivalentto « = ainp = 2.5 is only 10% above the correct one, and the

pressure dference is even smaller with 5%. Since the low en-

4.1.2. Approximate steady state spectrum

%(Qinj’ qinj,a'inj)) = w (81) ergy part of the spectrum is ignored in our formalism, it i$ no
t inj  Toool(0 @) surprising that the total CR number density is underestrhat
The CR cooling time-scale due to Coulomb and hadronic losd&60%. Similarly, the Coulomb heating of the thermal back-
is defined by ground gas by the approximated CR spectrum seems to be un-
derestimated by 80%. However, this is not correct, sinceiin o
(%2(C.0.0)., . formalism the CRs injected below the cfitq return their en-

-1 _ -1 -1 _
Teool(® @) = 7¢ (G, @) + T, @) = cnCaa) ( ergy instantaneously to the thermal gas. If one takes this in
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Fig. 5. Spectral energy distribution per logarithmic momentunerival of a steady state CR population within a volume eleroéur test
system in log-linear (left) and log-log (right) represeita. CRs are injected with an spectral indexagf = 2.5. The thick line gives the
correct spectrum of the full problem, the dashed line is tla¢cined asymptotic solution, and the profiles with the lowsmaotum cutff are
equilibrium spectra in our formalism for the assumed spgdtidicese = 2.25 (dotted curve)p = a@inj = 2.5 (solid line), ande = 2.75
(dash-dotted curve). The small bumppat 0.83 in the correct spectrum is due to vanishing hadronic kbséow this momentum. The areas
under the curves in this plot are proportional to the CR enesdpich differ less than 20% between approximate and accurate spestra (s
Tab. 2).

4.2. Freely cooling CR spectra
Table 2. Relative accuracy of CR energy, pressure, number, and
Coulomb loss rate in the various spectral approximatiosplayed Setting the right-hand side in Eqn. (73) to zero describes th
in Fig. 5, compared to the numerical solution of the probletsd cooling of an initially injected spectrum. Fig. 6 shows thmee
displayed in Fig. 5). evolution of numerically exact and approximate spectrdnwit
an initial condition described byp, qo, @) = (1,10°3,2.5) and
(Co, qo, @) = (1,10% 2.5), respectively. The numerically exact
spectra were obtained using the CR spectrum evolution cpde b
i i . Jasche et al. (2007, submitted). The approximative CR spect
accountone finds that the Coulomb heating rates agree with [%4. . - |culated using the implementation of the approxima-
accuracy. Since our description is energy conservingiiiis e cRr evolution by Jubelgas et al. (2006). A fully ionized

plies that the hadronic losses, and thereby the total hadiron Hydrogen-only plasma with electron density of 1 Grwas as-
duced radiation in gamma rays, electrons and neutrinoeeag§umed

also on a 1% level. However, the agreement of thedéntial

radiation spectra at a given photon, electron or neutrimoggn ~ For timescales below the cooling time-50 Myr most of
isworse ¢ 10%. .. 30% overestimate), due to theffidirent nor-  the spectral evolution happens in the low-energy fuémd the
malisation of the high energy part of the approximated aed tapproximate treatment captures the evolution of the exdist s
correct CR spectra. tion quite well. Both solution approach a similar asymputoti

For comparison, we also calculate the accuracy of tff8aPe, with a low energy cutfcclose to the trans-relativistic
matched asymptotic spectrum and equilibrium spectra of d§gime. However, the cooling rate seems to kiedent for the
formalism for spectral indices flerent from the injection in- WO descriptions, the approximate solution seems to coal on
dex, namelyr = 2.25 anda = 2.75. The corresponding rela-Slightly Iarger tllmescale.. T.h|s inaccuracy is a conseqaaic
tive accuracies of CR energy, pressure, number, and Couloii @Pproximative description.
loss rates are similar and can be found in Tab. 2. The momentum losses per hadronic interaction are lower

This demonstrates that, despite the roughness of the rip-trans-relativistic particles than for ultra-relastic parti-
resentation of the CR spectrum in our formalism, CR energles. In our approximative description the ultra-relatiia par-
density and pressure are calculated with an accuracy addeptticles benefit therefore from the reduced energy losseseof th
for first exploration studies of the influence of CRs on galaxyans-relativistic CRs. ThisEect should therefore vanish for an
and structure formation. The limitations of the approadh, eultra-relativistic-only CR spectrum. Indeed, as can basee
pecially in representing the detailed spectral shape of2lRe the right panel of Fig. 6, as long as all CRs are ultra-reistiiy,
population, have also become clearer. the approximative solution follows very closely the exatwto
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Fig. 6. Spectral energy distribution per logarithmic momenturerival of a freely cooling CR populations within a volume etmof our test

system. The initial CR populations are described®y; ¢o, @) = (1,10°3,2.5) (left panel) andCo, ¢o, @) = (1, 10%, 2.5) (right panel). Spectra
are shown for cooling ages of(0.01,0.1, 1, 10, 100, 300) Myr. The numerically exact solutions are shown witlicsibhes. The approximative
solutions are displayed by dotted lines.

To summarize, within one hadronic cooling time, the apvhere the rhs allows for non-adiabatic changes discussed in
proximative spectral evolution is accurate if the corrgecs Sect. 3. The density evolves according to
tral index is set. However, the long-term evolution of a fyee
cooling CR population becomes inaccurate after a few cgolitiinp/dt = -V - t, (90)
times. This is the more the case the steeper the CR spectrum
is. For applications where first ordeffects of the CR dynam- and the magnetic field according to the MHD-induction law:
ics are considered, this level of accuracy should Hacsent.
For applications which require a high level of accuracy oveéiB

several cooling times a proper treatment of the spectrdlievo gt VXx(frxB-nVxB) (1)
tion would be needed. However, this is beyond the scope ®f thi
work. 5.2. SPH formulation

In smoothed particle hydrodynamics (SPH), the fluid is dis-
5. Smoothed particle hydrodynamics cretised as an ensemble of particles which carry the mass,
. ] ) ) energy, and thermodynamic properties of the fluid elements.
In this section, we describe how the dynamidégets of a CR \jacroscopic properties of the medium such as the density at
population can be included into the smoothed particle hydiositionr; of thei-th particle are calculated with adaptive ker-
dynamics (SPH) simulation technique. nel estimation in the form

5.1. Lagrangian fluid dynamics pi = Z m; W(ri — 1l hi)., (92)
J

The Lagrange density of a magneto-hydrodynamical gas-CR
medium is wherem; is the mass of thg-th fluid element and\N(r, h) is

the SPH smoothing kernel. The SPH particle positignare
. 1 ., the dynamical variables of the simulation. However, foliogv
L(r. 1) = Pl 2n(p, A) ~ ecr(p, Co, Go) — 28, 8)  the approach of Springel & Hernquist (2002) which we extend
in this work to include an additional CR population and to al-
whereein, = p Ao (0/p0)” "t/ (y—1) is the thermal energy densitylow for a general equation of state of the gas, the smoothing-
of a gas with adiabatic indexand an entropy described by theékernel lengthsy will be considered as dynamical variables of
adiabatic invarianA. Any adiabatic invarianK € {Ag, Co,do} a Lagrangian function.

is simply advected with an adiabatic flow: We introduce the CR spectrum of théh SPH particle
_dX (—dx) £ dNcr m  dNcr m

- . (89) m fi(p)=m = - 93
dt dt non-adiabatic '(p) dpdm p(fi) dp av P(ri) I(p) ( )
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with the help of the CR number per momentum and unit g&s3. Equations of motion

massfi(p). Our power-law template spectra are then describﬁj]e equations of motions (of the adiabatic, non-magnetiy pa

by of the SPH description follow from the Hamilton principle,
fim) = G po(p- ). (o4) namely

: - doL_orL_g (98)
whereC; = C(r;)/p(ri) denotes the CR normalisation constart 8 oq

of thei-th SPH particle. Similarly, we introduce the CR en-
ergy, CR density, and thermal energy per unit gas mass with The equation determining the smoothing length ofittie
&cr = ecr/ps AcrR = Ncr/p, and &, = am/p, respectively. particle follows from the variation of the action with respe
The equations defining these quantities and their changes Buthe Lagrange-multiplies;. The corresponding part of the
to adiabatic and non-adiabatic processes in tern ahdq Euler-Lagrange equations yields
can be obtained from the corresponding formulae in this pa% -0 (99)
by replacingC with C. For instance, Eqn. (4) yields ' ’

which for the special form chosen in Eqn. (97) leads to an im-

R 0o é C2 . . . . . _
Bemi = j;dp f(p) To(p) = Cuy”_‘pl N Egglt equation forh; that has to be solved numerically in prac
_ _ Variation with respect tty leads to an equation for:
[}Bl (—“ 23 “)+q}-a(\/rq?-1)}, (95) pect a '
2 nZ\ 2 2 ! a 11 2 40 -1
' _%a %] _ 9% 9pi [%} (100)
and so on. ' ohy | ohy apioh [ ohi |
The Lagrange formalism provides an elegant way for dersing now Eqn. (97), one gets
riving the equations of motions for SPH simulations. The SPH .
discretised Lagrangian is . 3m3@ g, with g = |1+ 1%] . (101)
m 47 h3 dpi 3pi ohy
Y WL 2 2 b
L= ZA 2 i Z M+ Z Aidi. (96) Furthermore, the thermodynamical pressure is defined as
wheres; = &y +£cr is the total energy per mass of thth SPH p = — (E) , (102)
particle, andq = ({ri}, {hi}, {4;}), which should not to be con- Vs

fused with the CR spectral cufa, denotes all degrees of freeyyheres = S; denotes the entropy of a SPH particle volume
dom of the system. These are the components of the SPH pfgment of siz&/ = V; = p;/m and internal energg = m .
ticle positionsr; and the smoothing lengttis and their veloc- This pressure definition can be used to express the desvativ
ities. Thed;s are Lagrange multipliers introduced by Springgjf the SPH particle energy with respect to the local density i
& Hernquist (2002) in order to incorporate the choice of thrms of the total (thermal plus CR) thermodynamical pressu
smoothing lengtlh; into the Lagrangian via the function
0& _ Pi _ P+ Pcri (103)
() AT s opi 2 o2
¢i(a) = 3 h? pi — Mspy, 97) i i
One might argue that this derivation should only be correct

whereMspy is the required mass within the smoothing kernefor thermodynamic systems, and therefore not necessarily f

Here, we have ignored the description of magnetic field@R populations which do not exhibit a Boltzmann distribatio
within the SPH-Lagrangian. For the moment, we treat the evionction. However, the concept of entropy, and the concépt o
lution of the magnetic field separately from this Lagrangiaadiabatic processes, which do not change phase spaceydensit
formalism, adding instead the magnetic forces ad-hoc to thed therefore leave entropy constant, is well defined forlain a
momentum equations of the SPH patrticles. This is along thrary distribution function. Therefore, Eqn. (103) is a gelly
lines of Dolag et al. (1999), and seems to work well in typicafalid result, which can also be confirmed by an explicit calcu
cosmological settings. However, we note that the dynaririeal lation.’
fluence of magnetic fields can in principle also be includéal in ~ Thus, the Lagrange-formalism for a variable SPH smooth-
the SPH Lagrange-function as Price & Monaghan (2004ajby length introduced by Springel & Hernquist (2002) for a
demonstrate. polytropic equation of state can easily be generalised &na g

If one derives the SPH-equation of motion from &ral equation of state by replacing the thermal gas pressure
Lagrangian, one obtains a Qynamlcal sy.stem. which opeys 7 The internal energy per SPH particle of an ideal (thermafand
ergy and entropy conservation. Non-adiabatic procesies, | .. .~ . . ~

L relagivistic) gas can be written ag & = m Zafdpfai(p) Ta(p),

shock waves, rad'at'Ye_ e'nerg.y losses and energY EXChangﬁllﬂjrea is the index over the particle species (electrons, protons,
the thermal and relativistic fluids, thermal conductiord &R etc.) with momentum-space distribution functiofis(p), and Ta(p)
diffusion have to be added into these equations. The way sy relativistic correct kinetic energy of the particlesj(E (5)). A
process should be implemented in case of CR populatigfigightforward calculation oz /dp;, which uses the first equality
should become clear from this work. in Eqn. (6), leads then to Eqn. (103).
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the total pressure of all fluid components. A calculatiomglo Appendix A: Numerically updating the CR
the lines of Springel & Hernquist (2002) shows that the SPH- spectrum

particle equations of motion read
A.1. Constant spectral index

dv; P, P; Updating the adiabatic invariant variabl€s and g is most
i Z m; | Gi Evi Wij(hi) +g; F?Vi Wijhj)| . (104) conveniently done via Eqn. (13) and (14). However, if the rel
I : ! ative changes during a numerical time-step are large, aay. d

to rapid CR production at a location without a substantial in

with vi = I, Pi = Py + Pcri the thermal plus CR pressuretial CR population, these equations would have to be inte-

andW;(h) = W(Ir; — rjl, hy). grated on a refined time-grid, or solved with an implicit inte
gration scheme. Both methods would be very time-consuming.
Therefore, we propose another updating scheme: from the ini
tial variablesCy(to) andgo(to) at timety, the corresponding in-

6. Conclusion stantaneously particle numhesg, energy densitycg, and av-

. N _ .. erage particle enerdlcr are calculated according to Eqns. (2)
We have introduced a simplified model for the description of (5). Thenricr, &, and Ter are updated using the non-

cosmic ray physics with the goal of facilitating cosmol@gic 5 yiaghatic CR energy and number losses or gains during that

hydrodynamical simulations that self-consistently actdor time-step. And finally, these updated values have to be-trans

the dynamical ffects of CRs during structure formation. W8,ted back into updated values 6%(t;) and qo(ty). This is

have shown how various adiabatic and non-adiabatic presess, ciast by first inverting Eqn. (5) in order to calculgteand

can be described in terms of a simple model for the local GRen to use Eqgns. (2) and (3) to get the updafeft;) and
spectrum, consisting of a power-layv with varying normalisqqo(tl)_ The inversion of Eqn. (5) has to be done numerically
tion and low-energy cutd. In our basic model, the CR spectra%or Ter ~ M2, e.g. using pre-calculated numerical tables.

index is helq fixed and chosen in advance t9 resgmble a tyﬂbwever, for the asymptotic regimes we propose the follgwin
cal spectral index for the system under consideration. We h%pproximate inversion formulae:

also described an extended model where the spectral index'is

allowed to vary as well, which leads to a numerically more in- o
volved scheme. Oa + (—ar 7=Ter/(M?) <« 1
_ 3—-a)B’
We have demonstrated that dynamical quantities like (%ZT) - w2 ’ (A1)
energy, pressure, and energy loss rates are all reasonalble w a—1 (r+1), 7=Ter/(Mpc?) > 1
represented by our approximative treatment of the CR spec- 27\ v-2 3—a
tra in case of a steady state situation in which CR injection with (s = (E) ,and8 = B(T, T).(A.Z)

and cooling balance each other. The accuracy 0% even

if the spectral indices of CR injection and population do not

match. Given the large uncertainties in our knowledge of the 2. Variable spectral index
parameters determining the CR physics like CR injectifiin e ~
ciency, the level of accuracy of our numerical treatmentrsee If the relative changes of the dynamic CR varialiles), ande

to be sificient. Thus, the formalism is suitable for explorationduring a numerical time-step are large we propose the fellow
of the possible dynamical impact of CRs on galaxy and largé&g numerically dicient updating scheme (instead of updating
scale structure formation. via Egns. (15) and (16)): from the initial variableg(to), qo(to),
daf(tp) at timetp, the corresponding instantaneous particle
mberncg, energy densitydg, and pressuré’CR are calcu-
ated according to Eqgns. (2) to (6). Thesr, écr, and Pcr

re updated according to the losses or gains of non-adiabati

We have explained how our description of the CR physié'fg1
can be self-consistently included into the SPH simulati
methodology. The formulation we propose manifestly co
serves energy and particle number. In particular, CR ewtro . . .
is exactly conserved in adiabatic processes, and the dgaam R energy, pressure, and number density during that tigfe-st

f f CR dient derived f - trAnd finally, these updated values have to b.e translated béok i
porirﬁiii)ltraom pressure gradients are derivedirom a vana updated values d€y(t1), qo(t1), anda(ty). This can be done by

i , , numerically solving the following equation for the ramt
This paper has outlined a basic framework for future work

on the impact of CR populations on galaxy and Iarge-sca&gz oe@ My (@ -2 3-a(q)
iFCR - -

structure formation. It is accompanied by two papers dbscri—— = B , , and (A.3)
ing the implementation and testing of (i) the CR formalism acR a(Q) -1 6 e 2 2

described here in the GADGET simulation code (Jubelgasetal () 1 = Pecr (A.4)
2006), and (ii) a shock capturing method for SPH that allows ecr — Tp(A)Ncr

on-the-fly estimation of the Mach number of structure forma-

tion shock waves, which is essential to follow CR injecti@n a These equations are obtained by combining Egns. (3), (4),
curately (Pfrommer et al. 2006). Further science appboati and (6). The new CR spectral indexandC are obtained by
are in preparation. Egns. (A.4) and (3).
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