
12.6 Diagrammatic Expectation Values

H(φ) =
1
2
φ†D−1φ− j†φ+

1
4!
λφ4

Logarithm of partition function:

lnZ(j) = lnZG(0) + + + + +O(λ2)

⇒ lnZ(j) = lnZG(0) +
1
2

j†Dj− λ†

4!
(Dj)4 − 1

4
λ†(Dj)2D̂− 1

8
λ†D̂2 +O(λ2)



12.6 Diagrammatic Expectation Values

lnZ(j) = lnZG(0) +
1
2

j†Dj−λ
†

4!
(Dj)4−1

4
λ†(Dj)2D̂−1

8
λ†D̂2 +O(λ2)

Expectation value:

〈φ〉 =
δ lnZ
δj

= D j− λ
3!

D(Dj)3−1
2

Dλ(Dj)D̂ +O(λ2)

〈φx〉 = Dxyjy−
λ

3!

ˆ
dy Dyx(Dyzjz)3−λ

2

ˆ
dy Dyx(Dyzjz)Dyy +O(λ2)

〈φx〉 = + + +O(λ2)



12.6 Diagrammatic Expectation Values

lnZ(j) = lnZG(0) +
1
2

j†Dj−λ
†

4!
(Dj)4−1

4
λ†(Dj)2D̂−1

8
λ†D̂2 +O(λ2)

Covariance:

〈φφ†〉c =
δ lnZ
δjδj†

= D−λ
2

D(Dj)2D−λ
2

D(D̂)D+0 +O(λ2)

〈φxφy〉c = Dxy−λ
2

ˆ
dz Dzx(Dzuju)2Dzy−λ

2

ˆ
dz DxzDzzDzy +O(λ2)

〈φxφy〉c = + + +O(λ2)



12.7 Log-Normal Poisson Model Diagrammatically

Log-normal Poisson model (repetition)

H(d, s) =̂
1
2

s†S−1s− d†s + κ†es

=̂
1
2

sx((S−1)xy + κδxy)sy − (dx − κx)sx + κx

∞∑
n=3

1
n!

(sn)x

=̂
1
2

s†(S−1 + κ̂)s− j†s + κ†
∞∑

n=3

1
n!

sn

=̂
1
2

s†D−1s− j†s +

∞∑
n=3

1
n!

ˆ
dx1 ... dxn κx1 δ(x1 − x2) ... δ(x1 − xn) sx1 ... sxn

=̂
1
2

s†D−1s− j†s +

∞∑
n=0

1
n!

Λ(n)
x1...xn

sx1 . . . sxn



12.7 Log-Normal Poisson Model Diagrammatically

H(d, s) =̂
1
2

s†D−1s− j†s + κ†
∞∑

n=3

1
n!

sn

MAP:
δH
δs

∣∣∣∣
s=m

!
= 0

= D−1s− j + κ

∞∑
n=3

sn−1

(n− 1)!

∣∣∣∣
s=m

⇒ m = D

(
j− κ

∞∑
n=2

mn

n!

)

Iteration:
I i = 0: m0 = 0
I i = 1: m1 = Dj =



12.7 Log-Normal Poisson Model Diagrammatically
I i = 2 :

m2 = D

(
j− κ

∞∑
n=2

(Dj)n

n!

)
= ︸ ︷︷ ︸

n=1

+ ︸ ︷︷ ︸
n=2

+ ︸ ︷︷ ︸
n=3

+ ...

I i = 3

m3 = D

(
j− κ

∞∑
n=2

(m2)n

n!

)
= + + + ...

+ + + + ...

⇒The classical/ MAP estimate m∞ is always given by the sum of all tree diagrams with
one external point.



12.7.1 Consideration of uncertainty loops

〈s〉(s|d) =
∑

tree diagrams︸ ︷︷ ︸
MAP

+
∑

loop diagrams︸ ︷︷ ︸
uncertainty corrections

I source loops:

→ + + + + ...

I 3-vertex:

→ + + + ...



12.7.1 Consideration of uncertainty loops

I n-vertex:

→ + + + ...

⇒ −κx → −
[
κx +

1
2
κx Dxx +

1
8
κx (Dxx)2 + ...+

1
n!2nκx

(
D̂x
)n
]

no summation

−κ → −κ eD̂/2



12.7.1 Consideration of uncertainty loops

Loop-normalized MAP:

m = S(d − κem)

= S(d − κm)

κm → κmeD̂/2 = κm+D̂/2:

loop normalized solution:

m = S
(

d − κm+D̂/2

)
D =

(
S−1 + κ̂m+D̂/2

)



13 Thermodynamical Inference

Tempered posterior: T = 1
β

P(s|d, T, J) =
e−β(H(d, s)+J†s)

Z(d, β, J)

=

(
P(d, s)e−J†s

)β
ˆ
Ds
(
P(d, s)e−J†s

)β
︸ ︷︷ ︸

=Z(d, β, J)

I T = β = 1: usual inference
I T → 0, β →∞: enlarged contrast⇒P(s|d, T)→ δ(s− sMAP)

I T →∞, β → 0: weaker contrast⇒P(s|d, T)→ const



Boltzmann Entropy

P(s|d, T, J) =
e−β(H(d, s)+J†s)

Z(d, β, J)

SB = −
ˆ
DsP(s|d, T, J) ln

(
P(s|d, T, J)

const

)
∆SB =

ˆ
DsP(s|d, T, J)

[
β (H(d, s) + J†s) + lnZ(d, β, J)

]
= β

[
〈H(d, s)〉(s|d, T, J) + J†〈s〉(s|d, T, J) +

1
β

lnZ(d, β, J)

]
= β [U(d, T, J) + J†m(d, T, J)−F(d, β, J)]



Boltzmann Entropy

T∆SB = U(d, T, J) + J†m(d, T, J)−F(d, β, J)

I internal energy: U(d, T, J) = 〈H(d, s)〉(s|d, T, J)
I Helmholtz free energy: F(d, β, J) = − 1

β lnZ(d, β, J)

I mean field:

m(d, 1, J) = 〈s〉(s|d, 1, J) = − ∂
∂J lnZ(d, β = 1, J)

∣∣∣∣
J=0

= ∂F(d, β, J)
∂J

∣∣∣∣
J=0, β=1



13. Thermodynamical Inference

Ansatz:

P(s|d, T, J) ≈
∼
P (s|m, D) = G(s− m, D)

T∆
∼
SB (d, T, J) =

∼
U (d, T, J) + J†m(d, T, J)−

∼
F (d, β, J)

∼
U (d, T, J) = 〈H(d, s)〉G(s−m,D)

⇒
∼
SB (d, T, J) = −〈ln

∼
P〉∼
P

= +

ˆ
DsG(s− m, D)

[
1
2

(s− m)†D−1(s− m) +
1
2

ln |2πD|
]

=
1
2

[ˆ
Dϕ

(
G(ϕ, D) Tr(ϕϕ†D−1)

)
+ ln |2πD|

]



13. Thermodynamic Inference

⇒
∼
SB (d, T, J) =

1
2

[ˆ
Dϕ

(
G(ϕ, D) Tr(ϕϕ†D−1)

)
+ ln |2πD|

]
=

1
2

Tr
(
〈ϕϕ†〉G(ϕ,D)D

−1
)

+
1
2

ln |2πD|

=
1
2

Tr(DD−1) +
1
2

Tr(ln(2πD))

=
1
2

Tr(11 + ln(2πD))

=
∼
SB (D)

⇒
∼
F (d, β, J) =

∼
U (mJ, DJ)−

∼
T
∼
SB (DJ) + J†mJ



Legendre Transformation

F(J) = F(J0) +
∂F
∂J

∣∣∣∣†
J0

(J − J0) + ...

G = F(J0)− ∂F
∂J

∣∣∣∣†
J0

J0

F convex⇒ mJ = ∂F
∂J ⇒ F can be reconstructed from G(m)



Gibbs Free Energy

G = F − ∂F
∂J

†
J

= U − TSB + J†m− J†m

⇒
∼
G (d, β, m, D) =

∼
U (d, β, m, D)− T

∼
SB (D)



Mean Field From Minimal Gibbs Free Energy:

δG(d, m, D)

δm
= 0 ⇒ m = 〈s〉(s|d)

∣∣∣∣
T=1

Proof:

δG
δm

=
δ

δm

(
F(d, J(m))− J†(m)m

)
=

δJ(m)

δm

† δF(d, J)

δJ
− δJ†

δm
m− J

=
δJ(m)

δm

†
m− δJ†

δm
m− J

= −J !
= 0

J = 0 ⇒ m =
∂F
∂J

∣∣∣∣
J=0

= 〈s〉(s|d)



Uncertainty Dispersion From Minimal Gibbs Free Energy:

(
δ2G
δmδm†

)−1 ∣∣∣∣
m=〈s〉(s|d)

=
−δ2F
δJδJ†

∣∣∣∣
J=0

= βD

Proof: (
δ2G
δmδm†

)−1 ∣∣∣∣
m=〈s〉(s|d)

=

(
− δJ
δm

)−1 ∣∣∣∣
m=〈s〉(s|d)

= −
(
δm(J)

δJ

) ∣∣∣∣
J=0

= −δ
2F(J)

δJδJ†

∣∣∣∣
J=0

=
1
β

δ2

δJδJ†
lnZ(d, J, β)

= βD


