10 Matrix Algebra

Hermitian: A = A'
positive definitive: A > 0 — xTAx > 0Vx # 0
strictly positive definite: A > 0 — xTAx > 0Vx # 0

A>0,B>0 = A+B>0

Eigensystem:
«;: eigenvalues
a; : orthonormal eigenvectors

Aa,- = «;a;

=A = Zaaal,f Zaafa,



Example 1
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Example 2
flx) =320 n,x”fn = fA) =72 %ann

Proof:
0o 1 n
f(A) = Zﬁfn (Zaiaia:’r)
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Example 3

fE) =x S fA) =A"" =0 ad!
Proof:

fAA = Z o; ' ojajalajal
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Proof: Geometric Expansion of Modified Propagator
D = (D7'-A)"!
- [D*‘/Z (11 —D‘/ZAD‘/Z) D*l/z]_l
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Assure convergence of geometric expansion: X < 1
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11 Gaussian Processes

Markov property:
> s: R+— R*(or C*)

P any future value is independent of past values if the present value is known:

f>t>p = P, ") =P |s)

> present isolates the future from the past:

fz12p = Pl sl = Ps) P(s']s”)




11.1.2 Wiener Process

ds'
dt

i =

s : known process values

s process values of interest (f > p)

=o' ¢, with P(£) = G(&, 1) and known o'
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11.1.2 Wiener Process
Conditional probability:

= PO) = [ DEPOIES) PIES) = [ Desls - (7 + L) GlE )
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Uncertainty Dispersion of the Wiener Process

pt = ((s" —d) (St/ —d))(slay
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11.1.3 Future Expectation

» Gaussian process s : R — R
» mean: m =0

> prior: 17 = (s"157)

> data:d = s’

Wiener filter formula:

Ny = Frd=(d)y(dd)yd = {s") (')

f>t>p




11.1.3 Future Expectation

Proof:
Wick’s theorem:

(sfsts’s”)(s) = 2805 4 ghstt
Markov property:
P(s'.s',s") = P(s,s"|s") P(s") = P(s/|s") P(s"|s") P(s")

= (s = / ds' / ds’ / ds’ ' P(S)s') " P(s"]s") s's' P(s")

—1 —1
= <<Sf>(sf|st)<Sp>(sp|&1)stst>(st) = (Sﬂ (S”) SIS[” (S") StStSt>(Xt)
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St 381st = 385 Lo s 4 gt

S §'sP = sPst O



11.1.4 Example: Evolution of Stock Price

s
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Evolution of a stock prize signal in case of a constant volatility o.



11.1.4 Example: Evolution of Stock Price

p:: stock price at time ¢
q;: evolution of corresponding stock market index
s;: buy/sell signal

Y

= In——-In—
P’ q°

buy stock: <Sf>(sf‘st) >s' forf >t>p
sell stock: (s’ Yy < ' forf>1t>p

No arbitrage condition: signal s is a martingale
> <sf>(sf‘sf) =s'forallf > ¢
> sis Markov




11.1.4 Example: Evolution of Stock Price

» prior: P(s) = G(s, S)

> posterior: P(s|s") = G(s — s',D) = G(s — s'|Dy)
> volatility: o’

(y = I () s'=s"=> 5 =5"forallf >1
% "= (0)>0= 5" > 5" forallf >1
= 5o min{S*, $*”} Wiener process
St o's! with P(§) = G(¢&, 1)




11.1.4 Example: Evolution of Stock Price

pr (o'|s") T Is) — qP

pP qp p 61”

Proof:
> (5 — ") i) = 0. () riey = € (€ ) i)
> P(s/|s) = G — 5/, D) = G(A, %)

o f g o =1, .,
@y = € e = gas) = ZE@ )G(a.5)
n=0
T S S =1 (2n),
- Z(Zn) (A%g(a.) ;(2@1 il



End



