9. Wiener Filter Theory

d = Rs+n

i = Rsin
P(n,s) = G(s,S)G(n, N)
P(sld) = G(s—m, D)
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9.1 Statistical Homogeneity

> s.d,n: R* >R, C
> complete data: d = s+ n
P statistical homgogeneous signal:

Y=
> statistical homogeneous noise:

NY =

Figure: Possible correlation functions



9.2 Fourier Space

Fourier transform of a function f : R* — C:
1w = [ e
f) = [ ke
Absorb 27-factor, k = 27k:
=1 = [ are

ffe) = [ St




Fourier Transformation Operator

Fourier transformation operator:

Ff = ¢k applied via scalar product a'b = / dxa,b,
(F~'r = e ™ applied via scalar product a'b = dk b
k= pp p = an bi

F!' = F' = F orthonormal transformation



9.3 Power Spectra

§Y = Cs(x —y) correlation translational invariant = homogeneous
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9.3.1 Units

> [sK] = deeikxsx] = Vs
> [Cs(n)] = [(s%)] =[]
> [Py(0)] = [ dreCy(r)] = Vs = BF
> 30— k) = | —vorame) =V
=Pk = <|S‘k,|2>
S = (2m) Sk = K)Py(k) = (55 ) () = 1 kk{wﬁ
1% = Qa)s(k— k)




9.3.2 Wiener-Khintchin Theorem

P statistical homogeneous signal s
> stationary auto-correlation $* = (s%s7) () = Cs(x — y)

= diagonal covariance matrix in Fourier space
S = () = @n)ok—K) C(k)
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P = Jim 5 [ asseR) ) = e




9.3.2 Wiener-Khintchin Theorem

P statistical homogeneous noise n
> stationary auto-correlation N* = (n*n%) () = Cp(x — y)

= diagonal covariance matrix in Fourier space
N = <nkﬁ> = (27)"6(k — k') Cy(K)
Py(k) = lim — \/dxnxe’kx| Cn(k)

V—oo V




9.3.2 Wiener-Khintchin Theorem

Figure: Possible correlation functions (left) and corresponding power spectra (right)



9.3.3 Fourier Space Filter

» Assume:d =s+n,R=1,P(n,s) =G(n,N)G(s,S), S

NY = Cy(x—y)
» Gaussian posterior P(s|d) = G(s — m, D)
» meanm = DN~'d
» variance D = (S~! + N71)~!

= Cs(x — ),

Calculation of S~ ! :
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9.3.3 Fourier Space Filter

=DM = (s +RINTIR) M
=M
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9.3.3 Fourier Space Filter

=m = (D) =D%jy
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Filter Function

= f (k) reweighs all Fourier modes of the data independently

1
k) = —@

if Ps(k) > P,(k) = perfect pass through

= if Ps(k) < P,(k) = signal-to-noise weighting
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End



